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TVIABA MATHAZUATAS
YUCJOBBIE PSIIbI
§ 1. BBEJEHHME

234, OcHoBHuie moHATHA. ITycTh 3amana Hekoropas OGecKoHeuHas
A0CJAE10BaTENbHOCTD YACEN

Qs Qg Q3 ... 5 Qpy ... §))
Cocrasnem{uﬂ H3 3TUX 4YucCea CHMBOA
a+a+ag+t... a4 2

Ha3niBaeTCs OGECKOHEYHHM pPANOM (Uad— npocTo—psaaoM), a
camu uacaa (l)—wuaenamu paxa. Bmecro (2), moabsysicb 3HaKOM
CYMMH, 4aCTO NHWIYT TaK:

2 oy (22)

ykasateab n npoGeraer smech BCe 3HaueHus oTf 1 7o oo *).
CraneM nOCHEAOBATENILHO CKJAAABIBATh WIEHH psfa, COCTaBass (B Gec-
KOHEYHOM KOJUYECTBE) CYMMbE

Ay==a,, Ay==a,-}-ay, Ag=a,}ay3-}a,, ... }
ooy Ap=aytag+...Fa, ...

HX Ha3BBAIOT YACTHYHHMH CYMMaMy WIM OTPe3KaMu psia.
91y 1n0CAENOBATENBHOCTD YacTHYHBIX cymM {A,} Mm Bcerza Gyzem co-
NOCTaBaAATh € PAAOM (2): POJIb TOr0 CHMBOJA M 3aKJAI0Y3ETCH B NOPO-
HAECHUU YNOMAHYTOR HOCJENOBATEAbHOCTH.

Koneunnii uan OeckoHeunpii npedea A #acmuunoi cyumot A,
pada (2) npu n— co:

3)

A=lim A,

¥) BnpoueM, HyMepaumwio YAEHOB PALA HMHOIAA GbIBaeT yHOGHee HAYMHATDH He
€ enMHHMUH, @ € HYJ s WM Xe C KAKOro-am6o HaTypPaibHOro YMCAa, GOAblIEro
€LUHHALLE,
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Ha3egaom cy Mmool pAOa ¥ NUUYT

A=a o+t A +...=

@y
1

iMs

npuaaBas TEM CaMbiM cuMBOJY (2) mam (2a) uucioBoit cmeica. Ecau pad
uMeem KOHEUHY IO CYMMY, €20 HA3bL8aI0OM € X 00 AUy MC A, 8 NPo-
musroM gice cayiae (m. e. ecau cymma pasra —&= co, aubo sce cyMMbl
goBce Hem)—pacxoo0LuuMCA,

Taxkam 006pasoM, BONpPoC O CXOMUMOCTH psida (2), mo ompene-
A€HHUI0, PaBHOCHJEH BONPOCY O CYUIECTBOBAHAM KOHEYHOTrO INpeAeaa
nns nocaenoBareabHocT (3). OOGparthHO, Kakyio OB NOC/JENOBATENbHOCTD

Xy Xgs X3 eur 3 Xpy ons

HanepeJl HHU B3Th, BONPOC O HAJMUHA JJs Hee KOHEYyHOro npesea
MOxeT OBTh CBEJEH K BONPOCY O CXOJUMOCTH DAAa

x1+(x2—x1)+(x3""x2)+---+(xn—xn-1)+--- ’ €))]

IJS KOTOPOrO YaCTHYHHIMH CyMMaM#d KaK pa3 # GyAyT YJeHBl 3TOH Mo-
caeposareapHocTd. Ilpn sToM cymma psna coBmagaer ¢ npeesioM Io-
CAENOBATENbHOCTH.

WapiMu  cnoBamm, paccMoTpeHne OECKOHEUHOrO psiia U €ro CYMMH
€CTh NPOCTO HOBas ¢ OPMa U3yYeHHs TNOCJELOBATENbHOCTA W €€ mpe-
gena. Ho ara ¢opma, Kak vyuratenp yBUAUT M3 JAJbHEHIIEro H3A0XKe-
HUsl, TPEACTABJAET HEOUEHUMHIE NPEMMYIIECTBA KaK NpPU YCTAHOBJAEHHU
€CaMOro CyleCTBOBaHUS TNpEeaeaa, TaK ¥ IPHU €ro BBIYUCJACHMH. ITO 06-
CTOATENBCTBO JIeNaeT OECKOHEYHHE DsAAsl BaXHEHIIUM OpYyAueM uccie-
JOBAaHWS B MaTEeMari4€CKOM aHaJM3e U €ro NPHJIOKEHHSIX.

HDpumEepb. 1) Ipocrefimnuit npuMep GeCKOHEYHOro psfa MOJAYYaeM, CyM-
MUpya (ye SHAKOMYIO YHTATEN0) T€OMETPHYECKYIO NMPOTpPeccuio:

ataq+tag®4-...+ag"r ...
Ero vacruuHas cymma 6ymer (ecan gz£1)

a— agq®
$p= 2
l—gq
Ecnv snamenarenb mporpeccu, ¢, no a6COMOTHOH BeIMYHHE MEHbIIE eIURMLb,
T0 [xak Mbl yxe 3uaeM, n° 30, 6)] s, uMeeT KoHeuHn# mpexen

Szl—__—a,

T. €. HAall AN CXOAWTCA, ¥ § GyneT ero CymMMofi.

fpu | g{==1 1a we nporpeccua maer mpumep pacxoxsuierocs pama. Ecan
g=1, 10 ero cymmolt 6ymer - co maM —oo (CMOTPA NO 3HaKy 4); B NPOYMX
cayyasx Cymmbl Bosce HeT. OTMeTHM mOGONLITHHH PAN, KOTOPHHA HOMyyaerca
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nmpu a=1, g=—1:
l—14+t—14. =1+ D+H1+H(=1D)F...%).
Ero uacTuuHble CyMMbl HonmepeMeHHO pasHbl 10 1, To 0.
2) Jlerko yCTaHOBHTb PacXOXMMOCTb PAxa
=]
1 1 1 1
—_—=] + —— —_= see = .
P yrtys Tt yRt
B camom jene, Tak Kak uneHs ero yGuBaioT, TO €ro n-g YaCTHYHad CyMMa
1 1 1 1 —
— + —_— R > (] n
vetys Tty =Y
U pacTer A0 GeCKOHEYHOCTH BMeECTE C 7.
3) Hakonen, MeHee TpuBuanbHBI NpUMEp HaM HOCTAaBUT NepeMeHHaA

1 1 1
Vn=1+‘ﬂ+’2*!+ "‘+—n—l’

npo KoTopyio B n°49 Mbl IOKa3and, YTO OHA CTPEMHTICA K YHCAY €. ITO PaBHO«
CHIbHO YTBEPXKNEHHUIO, YTO ¢ ABIAETCA CyMMO# GeckoHeyHOro psaja:

[eo]
1 1 1 1
e=1 TS o - =1 Z e
Ftrtgteetat. T2
n=1
Bcrnomunas npuGmmkenHoe BhrUMCIeHue ymcaa e B n° 49, yuratenb Ha 9TOM
NPUMEPE CMOXET OlEHHTb BBEITOLY MOCHENOBAaTENbHOrO BBEJEHHA BCe MEHee W
MeHee 3HaYMTeAbHHIX WONPAaBOK, MOCTENEHHO YAYUWIAWUIMX [oAyyYaeMbele B BULE
YaCTHYHBIX CYMM NPUGTHXEHHBIE 3HAaYeHUA e, -
236. Ilpocrefimue Teopembl, Eciu B psze (2) or6pocurs nepshie
m YJEHOB, TO NOJYYNTCA DA

am+1+am+g+-n+am+k+---= 2 A ®)

HaspiBaeMeih 0OCTaTKoOM paaa (2) mocae m-ro 4AeHa.

1°, Ecau cxodumcs paod (2), mo cxodumen u 41000i u3 e20 ocmain-
Kxo8 (5); obpamuo, us cxodumocmu ocmamra (5) sumeraem c¢xodu-
Mocms ucxodrozo psoa (2).

dukcupyem m u 0603HaUNM R-10 4acTHUHYK cymmy psiza (5) yepes Ax

A=yt Cpyg o 2
A’k == Am+k - Am' (6)

Ecin psn (2) cxommurcs, Tak 4ro A,~ A, TO—npr GearpaHnuHOM.
BO3pacTaHun &k — CyL1eCTBYeT KOHEUHHH mpesen

A=A—A, )
M o cyMMH A, UTO W O3HauaeT CXOAMMOCTh pana (5).

Torma, ouesuaHo,

*) Ecnu Kakol-1m6o 4ieH @ pala OKA3piBAETCA OTPHUATEABHHM YHCs
fnom: a=—> (rae »>0), ro BmMecto ...+ (— 8) ... mumyT ... —b4...
[Tonuepxnem, uTo wieHom pana 3fech GyJer BCe xe —b, a He b,
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OGparHo, ecam nmaHo, uto cxomurcs pax (5), rak uro Ap— A’, 10
nepenuimeM paseHcTBo (6), moaaras B HeM R==n-—m (npu n_>m),

TaK: An=Am+A;l—m;

OTCIOfd MOMKHO YCMOTDETb, YTO — NPH Oe3rpaHHYHOM BO3PACTAHUU 7L-—
yacTHyHas cyMma A, uMeeT mpeaen

A=Ap+ 4, @®
T. €. cxomuTcs psxm (2).

Wapvu crioBamu, ombpacsisanue KOHELHO20 4UCAQ HAYAABHBLX H/e-
KO8 psda uau npucoeOuHeHue 8 HAYAAE €20 HeCKOAbKUX HOBLLX #AEHOS
He ompadcaemcs Ha nogedexnuu psoa (B CMHCAE €ro CXOAMMOCTH
AIM PACXOOUMOCTH).

Cymmy psga (5), ecnm oH cxomurcs, obGosHaunm BMecto A’ cumso-
JOM s yKRSHBaﬂ BHAYKOM, I10CJe€ KaKoro u4JjeHa GGPETCSI OCTaTOK.
Torxa cdopmynn (8) u (7) mepennuyTcs CHAEAYIONLMM 0OPasoM:

A=Ayt oy ay=A— A, C)]

Ecan yBenwuusath m A0 GECKOHEYHOCTH, TO Ap—— A ¥ a, — 0. Hrax:

2°. Ecau pad (2) cxodumcs, mo cymMa a, €20 Ocmamra nocie
mM-20 44eHQ € BO3PACMAHUEM M CHIPEMUMCS K HYAI0.

YnomsHeM creaylomue NpocTHe CBOHCTBA CXONMIUHMXCS PSIOB:

3% Ecau uaenn cxodauezocs psade (2) yMHONMCUMS HE 00UK U mom
Jice MHOYCUMEAb €, MO €20 CX00UMOCImE He HAPYWUMCS, @ CYMMQ
AUMG Y MHONCUMCA HA C.

B camom Aene, 4acThiHasg CyMma Z—n pana

cay+cag+-...-Fca, ... ,

OYEeBH/IHO, pPaBHa

Z—,,=ca1+cag—[—...—[—ca,,=0(a1+as+---Jr“an):"‘An

4 HMEET mpemesoM cA.
4°, Hsa cxodamuxcs pada

A::at—{—ag—{—...—{—a,,—{—...
B==by by by ...

MOJHCHO ROHAREHNO CKAQOBBAMS UAN Bbi4umams, max wmo psd
(@Eb)+ (e Exb)+...+ (@, b)+...
maxce cxodumcs, U e20 CyMMa pasHa, coomsemcmeenno, A B.
Ecau A,, B, u C, 03HaualoT YaCTAYHHIE CYMMbH YTOMSHYTHX DSIOB,
TO, OUYEBHIHO,
Co=(a1£ b))+ (@t b)) +... 4 (a, b =
=(@ta-t...+ae)EO+bi+...+b)=A4,%B,
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Ilepexona K npezeay, HalizeM, yro
limC,=lim A, *1lim B,,

YTO W NOKAaSHBAaeT Hallle yTBePHAECHHE.
B sakmouerne chenaeM eme OJHO 3aMeYaHHe.
5° O6wmuift waer a, cxodauezocs paoa cmpesMumcs K HYHo.
D10 MOXeT OHTL [OKA3aHO COBEPIUEHHO SJNEMEHTaPHO: Pas A,
(a c HuM u A,_y) uMeeT KoHeuHH# npemen A, To

a,=A,—A,1—0.

B npenuaymieM yTBEpXKOEHUM COIAECPKUTCA Heobxodumoe yciosue
04 cxodumocmu padea, KOTOPDHM MH OyZeM 4acTO NOJb30BATHCSA,
I[Ipu HapymeHHH €ro PAX 8aBEeIOMO pacxoAauTcs Omnako
BaXHO TMOMYEPKHYTb, 4YTO 3TO YCJAOBHE HE HBJASETCA CamMo 1o cebe
NOCTAaTOYHHM AN CXOAUMOCTH paja. VIHHMHA caoBaMu, Aaxe NpH
BHNOJHEHHH €ro paA MOXeT pacXoxZuThcd Ilpumepom

STOrO CHYKUT PRI
E 1
Ve

ne=i

paccmoTpenHsit  Buime [n®284, 2)]; mHorouuc/eHHsie APYrHE NPHMEPH
STOrO K€ PONa yuTaTeAb HaHZeT B NOC/IERYIOLIEM.

§ 2. CXOIHMOCTDb NMOJOXHTENbLHBIX PAROB

236. YcaoBue CXOXHMOCTH HOJOXKHTENLHOIO PAa. 3alMeMca Teneps
BOTMPOCOM 00 YCTaHOBJEHHH CXOIMMOCTH UJM PaCXOXMMOCTH Dspa. DTOT
BONPOC BCEr0 Npolle pemaercs A pPAJOB, WIEHH KOTOPHX HEOTpH-
UATE/NLHB, A/ KPAaTKOCTH TakWe DAl Mu OyldeM HasHBaTh NPOCTO
NONOXUTEALHHMH.

Mycre pan

n§14n=al+as+.-.+an+... (A)

Oyner mnojowurespHEM, T. € @,=0 (n==1, 2, 3, .,). Toraa oue-
BHUIHO,
An+1=An+an+1>Am

T. €. INepeMeHHas A, OKasHBaeTci Bo3pacTalomel. Bcemomunas
TEOpeMy O Npeneie MOHOTOHHOH mepemenHo#t [n° 44)], mm uenocpen-
CTBEHHO NPHXOJMM K CHEAYIOUWIEMY OCHOBHOMY B TEOPHH IOJOKHTEMb-
HBIX PSAOB NPEIJOKEHHIO:

Teopema. [Tonoscumensroiti pad (A) sce2da umeem cymmy; sma
cymma Gydem KoredHok (&, cAe008aMEAbHO, PAO — CXOORUUMCR), ECAR
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HACMUYHbE CYMMbL POQ O2DAHULEHH CBEpXY, U OecKoHewHOl (a prd—
pacxodsuurscs) 8 HpomugHOM cAaydae.

Bce mpakruyeckue TPUSHAKK CXOAUMOCTH H PacXOMMMOCTH MOMOMKHU-
TEJbHBIX PANOB, B KOHEYHOM CYeTe, OCHOBaHH Ha 3TOH MpOCTOH TeopeMe.
Ho HenmocpelACTBeHHOE ee NpUMEHEHHE JHLIb B PERKUX CIAydasx
NO3BOJIIET CyUWTb O Xapakrepe pspa. Ilpusenem mpumepst sTOro poja.

1) PaccmotpuM pan

\ ! 1,1
1
Na=ltgtgtotot...,
n=1
H3BECTHbIY 1OJ] UMCHEM TapMOHM YECKOT O paxa ¥).
Umeem ouesmaHoe HEPABEHCTBO:

1 1 1 1 1

—t =t et s 5 T e 1
PRy e AT e ey e rhak M
Ecan BCce yneHs! rapMOHHYECKOro Psfa, HAUMHAA CO BTOPOTO, TMOCAEAOBATENbHO
pas3GuTh Ha rpynnel no 2, 4, 8, ... yjeHOB B Kawuofl

1 1.1 1 1 1.1 1
et tstestmigtotniees
[N

p) 2t 2

1 1
W_l_ ..,+7j;‘_—_—1'; cee y
h k-1
1
TO KaxJIas U3 STUX CyMM B OTHEIbHOCTH 6yler Goabmie 5 B 9TOM Jerko yG6e-

matbea, monaras B (1) moouepemuo n=2, 4, 8, ..., 2¢¥1, ... O6o3nauum n-0
YACTHYHYI0 CYMMY rapMOHHYeCKoro psaga uepe3 H,; Toria, OYeBHIHO,

Hyp >k ;—

Mu BHIMM, YTO YaCTHYHbIE CYMMBbl HE MOTYT GbiTh OrpaHHYeHbl CBEpXY: p Al
HMeEeeT 6ECKOHEUHYI0 CYMMY.

YnomaHeM yxe 3uech, yTo f, ¢ BO3pacTaHHWeM 7 BO3PACTaeT OYEHb Mel-
IeHHO, Diinep, HanpuMep, BHIUHCIMI, YTO

Hi000=T48 ..., Hioo0000=1439 ... 1 7. 1.
BriocneacTsun Mpt 6yneM mMerb ciyyalf ToyHee OXapakTepH30BaTh BO3PACTaHUC
cymm Hp, [n® 238, 4)].
2) PaccmorpuM Tenepb Gonee obumwuit pan
< 1,1 1
n—s=1+§§+3—s+ ...+’—1§+ cee s
n==1
*) Kaxnoifi unen ero, HauMHas co BTOpOTro, NpeicTaBiser coGolf cpenuee

TAPpPMOHUYECK O€ IBYX COCEIHMX UNEHOB. Uucio ¢ HasbiBaeTcs CPEenHUM
TAapMOHBHYECKHM ynucen a v b, €CIn

1 1/1 1
c=z(5+7)
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rje s — no6oe BemeCTBEHHOE YHCHO, OH COXEPXUT B cebe, KaK yacTHbift cay-
vall (npu s==1), npexsiaymuit pan. Ilo cxomcrBy ¢ panoM (1), u aToT pAN TOXe
Ha3biBAOT TAPMOHHNYECKH M.

Tax kak mpm s <<1 uymeHnl paccMarpuBaeMoro psga Goiblie COOTBETCTBYIO-
IUX 4IeHoB pana (1), To, B 3TOM NPEnNONTO¥EHUH, YaCTHYHHE CYMMb U NMOKABHO
He OTPaHMYeHb CBepXy, TaK YTO PAK PACXOJMTCA

alimemca cayuaem, Korma §>>1; momoxum amna ymo6ersa s=1-}o, rae
¢>0. Ananoruyso (1), MMeeM Ha 3TOT pas:

1 1 1 1 1

wtEr T T e T ©

Bunigeasd, Kak ¥ BhIIE, INOCAeXOBaTeAbHbIE TpyHnne! YJ€HOB:
1 1 1 1 1 1 1 1
st ptetetm st T

2 28 28

1 1
zﬁ;:;;g + ... + ?Qﬁj::-fjg'; ceey

9k-1

¢ moMompio (2) JAerko NOKa3aTh, YTO 9TH CYMMHE! COOTBETCTBEHHO MeEHbIIE uie-
HOB Nporpeccuu

11 _1 1 _1 11
T FT P g @ g

B Takom cnyvae fAcHO, YTO KaKyo Gbl YAaCTUYHYI CYMMYy PacCMarpHBaeMOro pajia
HH B3ATb, OHa GyjeT MeHbIIE MOCTOSHHOrO YHCIA

CII€N0BATENbHO, PAX CXO MM T C A,

237. Teopembi cpapHeHust psgoB. CXOZUMOCTh WIM PacXOmUMOCTb
NOJIOKUTENILHOrO  Pfila 4acTO YCTaHABJMBAOT IIYTEM CPaBHEHHA €ro C
JApyruM psaOM, 3aBEIOMO CXONAIMAMCA MM pacxolsuumcsa. B ocHose
TAKOro CPaBHEHUS JIEXUT CHENyIolias NMPOCTas TeopeMa.

Teopema 1. Ilycms danp 08a nosoxHcumenrsHux pada

Elan=al—|—a2—l—...+aﬂ—!—... A

u

X by=bi byt byt ®)

Ecau, xomsn 0o HAYUHASA ¢ Heomopozo Mecma (CKaweM, 1as n > N),
BBNOAHACMCS HepaseHcmBo: @p<<b,, mo u3 cxodumocmu psada (B)
sumexaem cxodumocmy pada (A) wau—4mo mo oge — u3 pacxo-
Ouxocmu pada (A) caedyem pacxodumocms psda (B).
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HoxasaTEabcTBO. Ha ocHOBaHMM ToOro, uro or6GpachHBaHue Ko-
HEYHOr0 YHCAa HAYaJbHHX WYJACHOB DA He OTpPaxaercs Ha €ro nobse-
nenns [n°235, 1°], MB MOXeM CuMTaTh, He Hapymas OOWIHOCTH, YTO
a,<<b, npu pcex sHavenmax n==1, 2, 3, ,,. OGosnauus uYacTHUHHE
cymmet pamos (A) u (B), coorsercreenHo, uepes A, u B, OyzeM
HMeTb:

A, <B,

Tlycrs pam (B) cxommrcs; Torka, no ocHoBHOH Teopeme [n°236],
CyMMH B, OrpaHUYeHh:

B,<<L (L==const; n==1, 2, 3, ..).
B cuny mpenmiymiero HepaBeHCTB3, M MOLABHO
A, <l

a 10, MO TOH He TeopeMe, Bieuer 3a coGoft cxommmocTs psma (A).
Mnorna Ha npaktuke Gonee ynoGHa CleRyiollas TEOPEM3, BHITEKAlO-
mas M3 mneproik
Teopema 2. Ecau cywecmsyem npedes

limg=K*% (O0<K<oo),
n

mo u3 cxodunmocmu pada (B), npu K< oo, sumexaem cxodurocms
pada (A), a u3 pacxodumocmu nepsozo psda, npu K >0, sumerxaem
pacxodumocms smopozo, [Taxum oGpasom, npn 0<K<Coo ob6a pana
CXOAATCA MR 00a PACXONATCA OJHOBPEMEHHO.]

HDoxkasaTeabctBo, Ilycrs pag (B) cxomarcs m K<Coo. Bsss
NpOH3BONbHOE uYKCAO € >0, [0 caMoMy ONPEAENEHUI0 Npefeaa, AAd
OOCTaroyHo Ooabuimx 7 6yaeM HMeTh

5 <K-+e omyna a, <(K+¢) by

B cuny n°285,3° onHoBpemenHo ¢ pszom (B) Gymer cxomuThcs M psn
S (K-|-¢)b,, nonyuenHmi#i yMHOXEHHEM €ro UJIEHOB Ha IOCTOSHHOE
wncno K-f-e. Orciopa, no npeasaymelt TeopeMe, BHTEKAET CXOMUMOCTD
psaa (A).

Eciu we panx (B) pacxomurcs w K >0, T0 B 3TOM Caiyyae obpar-
HOE OTHOWIEHWe _* HMeeT KOHEUHHH mnpemen; pan (A) momken Owrb

n
pacxopsmuMmcs, u6o, ecau Ob OH CXOAWJCH, TO, MO JOKA3aHHOMY, CXO-
manca 6u u pan (B).
Haxonen, npuseneM eme OAHY TEOPEMY CPaBHEHHs, TaKke Mpen-
crapasiomyio cobo#t caexcrsue mepsol.

#) Mp npexmonaraeM npH 5TOM, 4TO b, 0.
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Teopema 3. Ecan, xoms 6s Hawunas ¢ Hexomopozo mecma (cka-
gicesm, 04 n_>N), spinoansemesn Hepasencmso

a b

n+1< n+ *)’ (3)

an n
mo u3 cxodumocmu psda (B) sumerxaem cxodumocms psda (A)
uall —4mo mo e —u3 pacxodumocmu psda (A) ssmexaem pacxo-
dumocms psoa (B).

IlokasateabcTBO. Kak ¥ BHiNe, NpPH [OKAa3aTeAbCTBE TEO-
pemel 1, He yManad OOIIHOCTH, MOXHO CUYHTaTh, 4TO HepaBeHCTBO (3)
CrpaBelInBO M9 BCeX sHauenu#t n—1, 2, 3, ,.. B Takom cayuae
6yAeM HMEThb:

bs ay bs On_ bn
yees y =
b1 ay by ayy  bpy’

nepeMHO)KHB NMOYACHHO 3TU HEPABCHCTBA, MOAYUUM:

a,,<bb_ Wi a, << —-b (n=1, 2, 3, ..)
i

Nycts psag (B) cxoamrcs; BMECTe € HHM CXOOHUTCH pfmx%-bn, no-

1 al

E.

A Torma, no Teopeme 1, cxomurca m psax (A), uto ¥ TpeGoBaAOCH XO-
Ka3aTsb.

TlepedineM Temepp K npuMEpaM YCTaHOBJEHHS CXOAMUMOCTH WIW pac-

X0AUMOCTH PANOB HENOCPENCTBEHHBIM NpDHMEHEHHEM TEeOpPpEeM Cpas-
HEeHRA,

le'-IEHHbIﬂ YMHOXEHUEM €ro 4Y/JACHOB Ha NOCTOAHHBIE MHOXUTE/b

o0
238. MMpumepn. 1) 2 —g—:l-)-;- CXORUTCH, TaK Kak
n=1

(n)? n!
@l — 27 2= <&

(Teopema 1).

2) CpasHenne € rapMOHHYECKUMU PSAAMHA [n° 236] nossoaser ycra-
HoBuTb MoBeJeHue MHOrux psmos. Ilo Teopeme 1:

1 1
R

© ,;2 (lnln_)p (p>0) pacxomurca: (Inn)’<m nans  AOCTAaTOYHO

GOJBILKX 77

*) lpu atoM @, u b,, KOHeYHO, MPEANONALAOTCA OTAHYHHMH OT Hyas.
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1 . 1 1 -1
(8) Z2W CXONUTCS (nmne — gt <7 A%8 BOCTAaTouHO
n=

6oabLINX 7.
3) Ilo Teopeme 2:
o0

X
(a) Z sin ’—I—(O<x<ﬁ) pacxoaurcs: sin ;’:- :%—-»x; aHalorAYHo,
n=1
PacXOZATCS M ALK
(o]

Y (145) >0, i (Va—1)(@>1)
n=1 n=1

(o]
X x\ 1 x?
©) 21 (1 — cos;) CXOmUTCS (1 — €08 ;) AT
n==
4) Hakoxen, paccMOTpuM psn

3 (L — ),

n=1

Meronamu nudepeHINaNbHOrO WCUNC/EHUS JIETKO YCTaHOBHTbL He-

PaBEHCTRO:
ml+x)<<x @#£0, —1x< o)

l’Io.m;syncx, UM, MOXEM HalUCarb:

2 = (14 4) <5

M B TO XKe BpeMs

al + 1 no_ 1 1
=—1In +1-——1n<1—n+1)>m.
Hostomy
al + 1 1 1 1
0< <7—n—|—l<n(n—|-1)<?‘
TakuMm 006pasoM, Y/EHH [JAHHOrO pPsAAa IOJOKATENbHH W MEHbIE

o]

1
COOTBETCTBEHHBIX UJIEHOB CXOJALIErocs psaia 2 7 [n°236], crenosa-
n=1
TEAbHO, W JNaHHHHA Dax CxomuTCd.
Ecan 00GosHauuth ero cymmy uepes C, TO 4acTHyHad CyMMa

n

) (%——lnk_“l)_l-]n—ln(n—i—l)——»c

k=1
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(H, ofo3nauaeT, Kak Bcerja, YaCTHYHYI0O CYMMy FapMOHHYECKOro Dsla).
Moxuo 3aMeHPl‘ll‘b siecb In(n--1) Ha Inm, TaKk Kak uX DasHOCTb,
pasHas In (l—l—;), crpemMutcs K Hymo. OxonyarenbHo: o6osHayas uye-
pe3 7, HeKOTOpyio OecKOHeuHO Maayio, uMmeeM Ais [, 3aMeuaTe/bHYIO

(popmyay
H,=mn4-C1, C)

Ouna nNOKaskiBaeT, YTO npu OeCKOHEYHOM BO3PACTaHMM 7 YacTHYHAs
cymMa H, TapMOHHYECKOTO psaa pacTeT, Kak Inn.

durypupyromias B ¢opmyae (4) nocrosHHas C HasbiBaeTcsi 3 Hae-
poBo#t NMocrodHHOH Ee uuciennoe sHaueHue (KOTOpOe YHAETCA
BBIYACAUTb U3 APYTHX COOOpaxeHult) TakoBO:

C=10,577215...
239, Ilpusnaku Komu m HdanamGepa. CpaBHeHHe HZaHHOrO pafa
(o]
2 e=a+at..ta ... (A
n=

C pasMMuHBIME CTAaHZAPTHHMH psAjaMd, B8aBeJOMO CXOASUIUMUCH
WM PAacXONMUUUMHCH, MOXeT OHTb NPOBENEHO M B OPYro#, Tak cka-
3ath, 60Jiee OpPraHU3OBaHHOH QopMe.

BospmMeM gns cpaBHeHuss B KauectBe psaga (B), ¢ oaHo#t CTOpOHBI
CXONAIWYIOCA reOMETPUYECKYIO NPOrpeccuio

D =qg+g@+.. ... (0<g<D),

a ¢ apyro#f CTOPOHH — PaCXOASAULYIOCH TNPOrpeccuio

Dl=141-F 14,

CpapuuBas wucnutyemblt pag (A) ¢ oTuMu psmaMu NoO CXeMe Teo-
peMn 1, mpmaeM K CJAERyIOIEMYy NPH3HaKy:
IMpusnax Kowu. Cocmasum 041 psda (A) ewipasicenue

nr—
?apnz [/ Q,.

EC/lu, npu docmanmouno Goasuux n, BbINOARAEMCS HEPABEHCMBO
€, <<gq,

20e ¢q—nOCMmMOAHHOE HUCAO, MEHEUEE €QUHULSL, MO PAD cX00Umcs;
ecau ogice, HAWURASRL C HEKOMOopo20 Mecma,

C,=1,
mo pad pacxodumces,



22 CJ1. XV, YUCTOBHE PANH 239

DleticreurensHo, HepasencTBa 3 a,<<q nm Va,=1 pasrocaabHm,
COOTBETCTBEHHO, TaKUM: @, <<q" WIH @,==1; OoCTaeTcs MNPHUMEHHTb TEO-
pemy 1 %),

Yame, onHako, 3TOT NPUSHAK NPUMEHAOT B JAPyrofl, nMpeneab-
HO i, dopwme:

Honycmun, wmo swpaxcenue €, umeem npedes (KoMewHbili uan

Hem).
lim%,=%.

Tozda npu & <1 pad cxodumcs, a npu & >1 pad pacxodumcs.
Ecin & <1, TO BOSbMEM MOJOKUTENbHOE YHCAO €, MEHbLIEE, HEM
1—&, 1ak uto n & +e<1. Ilo onpenenenno npeaena, naa n >N

Oyner:
C—el?,<C+}e

Yucno & -}-¢ wrpaer poab wucia g B Npexsayuied ¢opMyMpoBKe:
PRE CXOAUTCH,

Ecmu xe & > 1 u KoHeuHo, 10, B3sB =8 — 1, Tak yr0 & —e=1,
s DOCTaroyHo GoJbLIMX SHayeHHu# »n Ha 9TOT pa3 GymeM HMeTh
&, > 1: psan pacxomutcs. AHaJOrMYHBIA pesyabTar M npm & = oo.

B cayuae, korma =1, 5T0T NpuH3HAaK He JaeT BO3-
MOMXHOCTH CYyAHTb O NOBEAEHHUHN palLa,

Ecmu cpaBueHse papa (A) ¢ YKa3aHHHIMM CTaHZApPTHHIMA PSIaMH
NPOU3BOAUTb MO TeopeMe 3, TO NMPHUAEM K TaKOMY MNPUSHAKY:

Ipusnax HaasamGepa. Paccmompur 0an psada (A) omuowerue

T
Tn="a

Ecau, npu docmamourno 6orsuux n, BHNOIHAEMCS HEPABEHCMEO
D,<q,
20e g—nocmoAHKKOE HUCAO, MENbULEE eQUHUYb, MO PAO cxodumcs;
ecAau Jice, HAYUNASL C HEKOMOPO0 Mecma,
2 =1,
mo pad pacxodumcsa *¥),
YnoGHee, 0HAKO, NOJL30BaTbCd NpeneabHo# dQopMo#t npushaka:
Honycmum, umo omnowernue &, umeem npedes (KOHewHuLE uAu

Hem).
imY, =9,

¥) PacxomumocTh pana, KOHEYHO, MOXET OHTb YCTaHOBAEHa M NPOCTOR
CCRIIKOA Ha HapymeHne HeoGXoamMoro ycaosua cxomumoctu |[n® 235,5°.
**) Mapech pacXONHMOCTD NPAMO BHITEKaeT U3 HAapYILIEHNd He 0 6 X O-

e
HIMMOTIO YCHOBHA CXONMMOCTH: Bejb, ecim —23i

MOMET CTPEMHTLCA K HYIIO,

=1 nan ayy, =8, T0 G, HE
Gn
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Tozda npu D <1 pad cxodumesn, a npu & >1 pad pacxodumcs.
JlokasaTe/ bCTBO — TaKoe Xe€, Kak M B CAydae npuaHaka Komm.

M 5TOT NpPUBHAK HHYEro He NaeT, €CJIH OKa3HBaeTCH,
yro & =1.

3amMeEyAHHuE Mu coXpaHnIH 32 H3M0XEHHHM npu3Hakom ums JazamGepa,
Kak sTo menmaerca ofwiyHo. Ho ma nene y [anamGepa He 6bl10 OTYETAHBOTO
NPEeACTABICHHUA O CXOIUMOCTH PsAla U 06 €ro CyMMe Kak Ipenene YaCTHYHBIX
cymM. [lanamGep mpenocreperaer OT NMONb30OBAHHA PANAMH, Y KOTOPHIX OTHOUIE-
HHe TOCHeNyIoulero YjeHa K MPERbIAyIeMy OKOHYaTelbHO CTAHOBHTCA aGCOMIOTHO
GOMBPUINM €JMHMUB M CYNTAeT TaKHe DANH <OMHGOYHHIMM», A TOro YTOOB!
pax Gbi <XOPOIIMM ¥ HEOMuGOYHHIM®, OH TpeGyeT IHIIBb, YTOGH YHOMAHYTOE
OTHOIIEHHE OKOHYATENbHO CTAHOBHJAOCH (26COMIOTHO) MEHbLIMM € MM HH I B,
noxyepkHeM, YTO Mul MOTPeGOBanM BHIle APYTOoro, a MMEHHO, YTOGH 9TO OTHO-
LIeHNe CTaHOBHIOCH MEHbIIHM TOCTOAHHOM NMpPpaBHABHOH Apo6H ¢! Ycno-
pue Jlanam6epa HeXOCTaTOYHO AAS CXONXHMOCTH DANA B COBPEMEHHOM CMbiCHe:
OHO, HallpUMep, BHIMONHAETCA MAA 3aBeJOMO PACXOAMIIErocs TIapMOHHYECKOro

[oe]

a Y
PR ln.

B npeneabHoft gopMe Tpy3HaK Obin BIEpBHE TOYHO COHOPMYIHPOBAH W JO-
kasad Komm.

«©
2
Meumerpwn: 1) Ilycts pan pan 2(1_%>" . K Hemy ecrectBerHO
n=1
npuMeHuTs NpusHak Kowmn:

%’,.=(1—-%)", $=%<l,

TaK YTO DAL CXOAMTCA.
2) NpumenunM npusHak Jlanambepa ¥ caefylomuM psgam:

ad n
X
@ 1+ X0 >0 Fa=r, =0,
n=1
PAL CXOAUTCH, KAKOBO Gbl HH GHIO SHAYEHHE X;
> n
X
(6) Zﬂ’ (—'i‘) (x>0);‘ @n=~£ﬁ, @=‘§,

PAR CXONMTCA NpH X <<e M DPACXORATCA INIPU X >>¢; NPH X ==¢ NPH3HAK
\R
Hanam6epa, B mpeneasHo#t dopme, HAYero He AaeT, HO TAK Kak (1 +%) <e

u BCeria 97, > 1, To pAR Bce ke PACXOIHICA.
K rapmonnuecku™ panam

)
1
ns
n=|

=l gt et (630 (H,)
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YKa3aHubie NpU3Haxu He npuiaoxumbl. [delicTBHTeabHO, B STOM cayyae $,=

= s <1, Ho lim§, =1, Tak xak

1ni5,,=—s-l—n71£—>0 [° 121, 3)}

Ananoruuho, n &, = <1, mo, oueBunHo, Taxxe lim &, =1.

1
5
7]
Vs apyrux coo6pamenuit [n°236] Mbl, onHako, 3maeM, yTO TI'apMOHHYECKHI
pAL CXONUTCA NpH s >1 W pacxomurca npu §<< 1.

240. MNpusnak PaaGe. B Tex ciaydasxX, KOIMa YKa3aHHHIE NPOCTHE
NPH3HAKA HE JNAIOT OTBET3a, NPUXOAMTCA npuberaTb K GOJEE CJONKHHM
TNpU3HaKaM, OCHOBAHHBIM Ha CPaBHCHUM HCHblTyEMOI‘O pdaaa yxe C Apy-
TAMHA CTaHZapTHBIMK pPAAaMH, TaK CKasaTsh, ,,MenneHHee“ CXOIAIIUMHUCS
Wil ,MelJeHHee" PacXONAILUMAUCSH, UEM NPOrPecCus.

Mu  paccmorpum smech eme npusHak PaaGe ¥), ocyiecTasiomuit
CpaBHeHHe JaHHOTO psaza (A) mMeHHO . ¢ rapmoHuuyeckumu psgamu (H,).
Tlpu sTOM NPHUXOZWTCA PacCMaTPUBATh TAKOE BHIPAKEHHE:

%, =n(1 ——-——a’”")
n B a"
Hpusnax Paa6e. Ecau, npu O0ocmamouto G6OoAswux n, 8unOA-

HAaemc uepaseucmso
F, =T,

20e T—nocmosHHOe Hucio, O0asmee edunuysl, Mo psad cxo-
oumcsi; ecau Jice, HAUURASL ¢ HEKoImopo20 Mecma,

F,<1,
mo pad pacxodumcs.
Hrak, nycrts npu AOCTaTOYHO GOJMBUIAX 71 MMEEM

a a, r
nl1 — 8nu >r>1 WK =2 I L
a, a, n

BoabmeM Teneph Kakoe-HuGyap uucao s Mewny 1 m ri 1<s<{r. Tax
KaK — 110 M3BECTHOMY Npene/bHoMy coortHoumenuio [n°65, 3)] —

e
. n
lim ———l—-—:S,
>0

n

*) Hosed Jlioneur Paabe (1801—1859) — nemenxnit MaTreMaruk.
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TO IS NOCTaToOuHO Gosbunx n 6ymer [n°36, 1°]

1\
=ty o
T—<r A <1 -——n—) P
n
a CJIEIOBATENbHO, W
i ~( 1Y
a, << n/°
OTO HEPABEHCTBO MOMKHO MEPemucath CAEAYIOWHM 00pasoM:
1

Upyy n—I1\s __  n’
S (P =——.
=1

CnpaBa MBI MMECM OTHOWICHHE J[BYX IMOCJHECAOBATC/HbHBIX YJIECHOB CXO-
namerocs pasa (Hy) (s>1!); npumenn teopemy 3, yGexmaemca B
cxomumoctu paaa (A).
Ecim xe, HaumHad C HEKOTOPOrO MECTa,
a
n(1—"m)<,

n

TO OTCHOIAa Cpasy HaxoauM, 4To

iy
pat et 3 ; ——
an

1
n—1 n
1

npuMenns k papy (A) m x pacxoasmemycsa pany (H,) Teopemy 3,
3aKJII0YaeM O DPacXOAMMOCTU psma (A).

ITpusHak PaaGe Toxe NPUMEHSETCS NPEMMYWECTBEHHO B Ipene/bHOH
dopme.

Jonycmux, 4mo 8spasicenue &%, umeem npedes (KoHeuwwlld uan

Hem):
lime%Z, =¢e7%.

To20a npu &% >1 pad cxodumcs, a npu % <1 pad pacxodumcs.

CpasumBasi npusHakn [anamGepa u PaaGe, Buaum, uTO mnocCaennuit
3HaunTeaBHO CHAbHee Mepsoro. Ecau mpepen &' =Ilim &, cywmecrsyer
¥ OTaMueH OT emuHuuB, TO 119 &%,=n(l —Z,) cywectsyer mnpe-
nen &%, papusth —-oco mpu <1 uw —oo mpu & >1. Taxum obpa-
3oM, ecan mnpusHak J[anamOepa RaeT OTBET Ha BONPOC O TMOBEAEHUH
IaHHOrO psifa, TO TpusHak PaaGe u momapHO ero maet; Goable TOro,
BCE Takue CJAydYa:n OXBATHIBAIOTCS BCErO MBYMS$ N3 BOSMOXHHEIX 3Haye-
i %, wumenHo oo, Bce ocTanbHble 3sHaueHus o%  (uckimoyas
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TakAM 06pa3oM, cayuasM, Koraa npmsHak [asamGepa 3aBefoMO OTBETa
He xaeT, notoMy uto ¥ =—=1.

B kavecrBe mpuMepa NpHMeHeHHA npu3Haka Paa6e paccMoTpuM pAL:

[o0]
(2n— 1NN 1
1+ P e
n=
13 (2n—1)
pr3nak anam6epa K 9ToMy pARY HeNPUIOKHM, 60 G ,,=2—n—(2—ﬂ_—1—5—» 1

(n nmpurom &7, <1). CocrasuM Buipaxenue PaaGe:

. @2n—1)* \  6n—1
9%"—”(1“ 2n(2n+1))—2(2n+1)'

Tak xax ¢ =1lim %, = %> 1, To panm cxoautcs,

OnHako npu &% ==1 MH Bce Xe CHOBA HE HMEEM OTBETa Ha BONPOC
0 mnoBeneHuH psnxa. B nogoGHHX ciayuasX (KOTOpPHE OUEHb peaKH) npu-
xomurcs npuberath K eme 6oJee TOHKHAM M CJAOXHEIM MPH3HAKaM,

241. Hnrerpanvnmnéi npusnak Maxaopena—Komu. B 3sak/oueHne
MBI BBHIBENIEM €LI€ OAMH NpH3HAK, OTAMYAOIMUHCE DO (Qopme OT BCEX mpe-
JBYHHX,

Iycrs npeanoxeHHsi pax umeer ¢GopMy

2}1 tn= ; £y, ®)

rae f(n) ecth sHayenue NP x==rn HexkoTOpoH Gymkumm f(x), onpe-
nenenHot ans x=1%); CyHKUMIO 5Ty NPEANOJOXHM HENPEPHBHOMH,
NOJIOKUTENLHOR ¥ MOHOTOHHO YGhiBaiomIeH.

PaccmorpuM kakyio-nuGo mepsooGpasuylo ¢yskuuio aas f(x):

F(x)= S £ (x) dx.

Tak xak ee mpoussomHas F’(x)==f(x)">0, ro F (x) BospacTaer BMecTE
C X ¥ nmpM X-—0O0 HaBEPHO wuMeeT mnpesean L, KOHEUYHHH uau
Het [n° 47]. Ha pasiuuenuu 3THX CAyYaeB W TNOCTPOEH CJAEAyOUAH
TIPDU3HAK CXOAUMOCTH M DAacXOAMMOCTH, KOTODHH OhlJ BHCKa3aH B reo-
meTpudeckoif ¢opme eme B 1742 r. MakjopesHom, HO OCTaJCs He3ame-
YEHHBIM, U BHOBb OblA OTKPHMT B 1827 r. Komm.

Humezpasvnotli npussar. Pad (5) cxodumcs, ecau npedes L
nepsoobpasnoil F(x) woueuen, u pacxodumcs, ecau L ==co.

#) HauanpueiM 3sHaveHWeM HoMepa 7, BMecto 1, Moxer GriTh u n060e Kpyroe
HATYPaldbHOE YHCIO 11y; TOTRA U DyHKUUIO f (X) HALNEKAT PaCCMATPUBATh IIPU X =11,
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OuepunHo, 6€3pasiuyHO, O Kako#t u3 MepBOOGPAa3HEIX BECTH peub,

160 moGhie ABE NepBOOOpPasSHHE MOrYT PasHUTLCA JHMINb Ha HOCTOSHHYIO;
TN0/I0KUM

F(x)= Sf(x) dx. ©)
1

Bsuny monoToHHOCTH dynkuuu f(x), nm n<<x<<n--1,
=+ <fR)<f(n)=a,

TaK 4TO H
nt1
LRSS § f(x)dxgan'
Oas pana "
o a4l
3 § f®)dx
n=l n

n-1 4acru4yHas CymMMa €CTb

n41
§f(x)dx=F(n+1);

1

SCHO, YTO 9STOT pAN CXOAHTCA MM PACXOANTCA HMEHHO B SaBHCHMO-
CTH OT Toro, Oyner aW L xoHeynmm wuan Her. Ilpm xoHeunom L, mo
«reopeme cpasHenus» 1 [n°287] cxomurca ¥ pax ¢ MEHLIUMMH YJEHaMH:

[ee]

zl}a,m, acHaM " pan (5); Hao60pOT, NPH L==0C M HOJABHO PaCXOAMICA
R

DAL ¢ GOMbIIMMH UIEHAMH: »,a,, T. €. pax (B).
1

Mrumepn. 1) PaccMorTpum mpexine BCero BHOBb FaPMOHHYECKHE PRAbI:

@ YL © i,,ls (s>1).

n==1 n=]
B cayvae (a):
1 dx
f(x)=-;, F(x)= S -;=1nx-»oo NpH X —» 0,
PAL PACXOAMTCA.
B cayuae (6):
dx _ 1

1
FR =g FO=| G=—1=

— {($~1
i 1 0 npr X — oo,

PAL CXORUTCAH,
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J1d yxe 3HaKOMble HaM pesyabTaTsl [n°236] nomoanum HOBHIM:

v I
I TR

n=2
3necs

1
A= F)= S
PAI PACXOAUTCA.

3ameTuM, 4TO Tpeaen uurterpasa (6) Opm X -— oo HA3LIBAIOT HHTE-
rpaitom oT 1 mo co*) n 060o3HAYAT TaK:

dx

————=Inlnx—oco npu X —0O,
x-lnx

F(co)= S f(x)dx.
1

Takum 00pasoM, MOXHO CKa3aTb, YTO npedtodsicennslii psad (5) cxo-
oumcs uau pacxoOumcs, CMOmMpPs RO MOMY, UMEEN AU SMOm uxme-
2pan KOHewHOe 3HaHeHue usu Hem.

B taxo#t dopme uHTErpasibHbIE NPU3HAK AOMYCKAeT NPOCTOE IeoMeTpu-
YECKOE HCTOJKOBaHMe, O/uskoe K ugee Makaopena. Ecam uzobpasuts
¢yskumio  f(x) Kpuso#
(puc. 1), 710 wmMHTErpan
F (x) 6yaer Bripaxarh 1o~
wWaas (UrypH, OIPaHHYEH-
HOH 3TOH KpuBOH, OCblO X
U JABYMS OpDIHHATAMM; WH-
Terpan xe F(o0), B HeKo-
TOPOM  CMHICJE, MOXHO

Puc. 1. paccmarpuBaTh, Kak BHpa-

JKEHUE O NJOILAAK B Ce it

GeckOHEUHO mpocrupaioieiics Haupaso ¢urypst mox kpusoit. C  apyro#

We CTOPOHB, WIEHH 4y, Qg ..., &, ... PSAa (D) BHPAKAOT BEJUYHUHBI

OpAMHAT B TOYKax x=1, 2, ..., n, ... W4, YTO TO XK€, IJOWAAY¥ nps-

MOYTOJIbHAKOB C OCHOBAHHSME 1 ¥ C BBICOTaMH, PAaBHHIMH YNOMSIHYTHIM
OpJHHATaM,

Taxkum oOpasom, cymMa psga (5) ecTb He YTO HHOe, Kak CyMMa
naomiazed BH XO LALLM X NPIMOYrONbHUKOB, M JMIb IEPBHIM UICHOM
OT/IMYAETCST OT CyMMbl MJomane# BXOAZAILUX INPIMOYFOJbHUKOB. ITO
JIeIaeT COBEPLIEHHO HArJsAHBIM YCTAaHOBJEHHHH BhIlIE€ pE3yAbTaT: €Ciu
IUIOLafb KPHUBOJMHERHOH (DUrypsl KOHEYH3, TO M MNOJaBHO KOHEYHa IIIO-
aJb 3aKJIOUEHHOK B He# CTynmeHyaToll ¢GUrype, B IPEIJIOXKEHHBIH pan
CXONHUTCS; €CJH JKe IVIOMaNb KpPUBOJUHeHHOH ¢urypel GECKOHEYHa, TO
OeCKOHeYHa M TIOIMALb COAEpXailed ee CTyHNeHYaTOW (uryps, TaK 4TO
B 9TOM C/lyyae psii PacXOAUTCH.

Q —
0 1 2 3 n o n+l

#) 9To Tak Ha3bBaeMbii HEeCOGCTBEeHHHH MHTErpal; NOLOGHEIMHA
HHTErpasaMy Mol GyneMm saHmMatbCsi B rnase XVIL
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§ 3. CXOOUMOCTb NMPOU3BOJILHBIX PSIAOB

242. TIpunnun cxoxumocTH., O6patumMca K BOMPOCY O CXOAMMOCTH
pAnoB, YWICHH KOTOPHX MOryT HMETb IIPOH3BOJIbHBIE SHAKH. Mpl - 3Haem
[n°284], uro —mo caMoMy oONpesENEHMIO — BOTIPOC O CXOAUMOCTA pana

gan=al+a2+ veo Flpt o Gt

TOXACCTBEH C BONPOCOM O CYHMIECTBOBAHHM KOHEYHOro Mpenena s
NOC/ACA0BATE/ALHOCTH YAaCTHYHBIX CYMM

A]_; Ag, ceey An, An+b Tee) Arg-{-m; ‘e (1)

B n°62 6bl1 ycraHOBJEH NPUHLHUN CXOAHMOCTH IA9 NOCAEIOBA-
TENBHOCTH, Jaiommi obmee ycaosne, HeoGXONUMOE M JZOCTATOYHOE MJIA
CYLLECTBOBaHMs Takoro mnpenena. Ilepedpasupys sTOT NpHHUMN nNpuMe-
HATEJBHO K TnocaenoBareapHocTd (1), MOXHO Temeps cHOPMYMHPOBATH
€ro Tax:

Aas moz0 wmobo. psd (A) cxoduacs, HeoOxodumo u docmamoyHo,
4mobu. Kascdomy wucay € >0 omsedar maroii Homep N, 4moGb. npu
n>N Hepasencmeo

[Anim— Ap| =]t nia 4 oo Fapn|<e )]

BbIOAHANOCH, KaKoB0o Obt Hu Obiao m=1, 2, 3, ...*).

(3mecb n-}m wurpaer poas Broporo Homepa n’ B n°52, Korophift
HE BaBUCHT OT 1 H, 0€3 yMaqeHHs OOLIHOCTH, MOXeT OHTb B3AT G0ab-
waM, yeM 1)

Ecan, npeanonaras psx cXoAdmmMcd, B HEPaBeHCTBE (2), B 4aCTHO-
CTH, NOJOXHT, m==1, TO NOJYy4uM;

[a1|<e (upn n>N),

Ta&K uTO0 @,y — 0 wmmm (40 TO X€) @,— 0, m M BO3BpaulaEeMca
K HeoGxonumomy ycaosuo n°235,5° Ouno camo mo cebe eme He
ofecrieynBaeT CXOZUMOCTH DPsSija, M HMEHHO TOTOMY, 4YTO JajeKo
HE VNCYEPNHIBAET COJEPMKAHMA BBHICKAa3aHHOrO BHIE YCJOBHS: HYXKHO HE
TOJbKO, 4TOObH JOCTATOYHO JAaJEKHE WIEHH psiga B OTAEJABbHOCTH
6blIM1 CKOJB YrOZHO Majbl, HO ¥ YTOOB CYMMBH TaKHX YJEHOB OKa3bl-
BANACh CKOJb YrOAHO MaJbhIMH, HE3aBHCHUMO OT TOTFO, CKOJABKO
UX HM B8HTh. ITO XOPOIIO HJHOCTPUPYETCS INPHUMEPOM TapMOHMYE-

(=]
i
CKoro psana 2%, Y KOTOpOro ofmuit wien (= 7{) crpemurca K 0, n
n=1

*) ABropnl 9TOrO ycmosusa— Boapmano m Komm— 06a nanu ero npumeng-
TeIbHO MMEHHO K BONPOCY O CXOAMMOCTH GeCKOHEYHOro psla.
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B TO e BPEMS, €CaW 8a 3TUM UJIEHOM B3aTh eme n— 1 caegywomux
1
uZeHOB, TO CyMMa BCeX OKashBaeTcd > [n°236, (1)].

243. AGcomoTHas CXOHHMOCTb. TaKk KaK HENOCPEACTBEHHOE Mpume-
HEHHE NPUHLMNA CXONMMOCTH YAINe BCErO BHISHIBAaET SaTPYAHEHHS, TO
NpenCTaBasieT HHTEpEC nsyqex-me KJ/aCCoB CayuaeB, KOrpa BONPOC pe-
LIaeTCs C NOMOIIbIo 6oJiee NMPOCTHX CPEACTS.

Ms! pusesn B npesbinymieM naparpadge, 4TO B OTHONIEHHH MOJIOXH-
TENLHBHIX PAAOB CXONMMOCTh N0 GOJBIIEH YaCTM YCTAHABIMBAETCH JETKO,
6naromap Haianumio pspa yAOOHHX mpusHakoB, ITostomy ecTecTBeHHO
HayaTb C TEX CAyYaeB, KOTA BOMPOC O CXOAMMOCTH JaHHOrO psiia NpH-
BOIWTCA K BOMPOCY O CXOAMMOCTH MOJIONHTEJABHOIO PsAfa.

Ecau unenm paxa HE BCE MOJOXKWUTEC/bHBI, HO, HayYHHAaA C HEKOTOpOI‘O
MECTa, CTaHOBATCA TNOJIOXUTEJbHHMH, TO, OTOPOCHB HOCTaTOYHOE KOMH-
UEeCTBO HAayalbHHX YaIeHOB pada [n°235, 1°], ceemeM meno K HCCAEROBa-
HUIO MONOXHTENbHOrO psfa. EcAW uieHH pAfa OTPULATEAbHH WIH, IO
Kpafinell Mepe, € HEKOTOPOTO MECTa CTaHOBATCS OTDPHIATEJbHEIMY, TO
MB BEPHEMCH K Y€ DacCMOTPEHHHIM Ciy4asM IyTEM H3MEHEHus 3HaKOB
Bcex uneHos [n°236,3°). Takum 06pasoM, CYMIECTBEHHO HOBHIM CIHyvaeM
OyneT TOT, KOIZA CPeNH YJAEHOB Psga ecTh GeCKOHEeUHOe KOJUYECTBO
KaK NOJOXHTEAbHHX, TaK W OTPHUATEAbHBHIX YJICHOB.

lanum creayomee onpeieneHue: ecau psd

gan=al+a,—l— RN (A)

cxo0umcs 0OKOBPEMEHHO ¢ PAOOM

gsan1=;al|+xagi+...+ta,,|+.... (A%)

mo pad (A) Ha3wsaemcs abcoOAOMHO CXOOAUWUMCS.

Himeer mecro

Teopema Kown. Cxodumocms odnozo auws pada (A¥), cocmasren-
HO20 U3 QOCOMOMHKHX BeAUUUH 4AeH08 0aHHO20 psda (A), saewem 3a
co6oii yaice u cxodumocms 3mo20 nociedHe20.

IIOKABATENABLCTBO CPa3y MOJAYYaeTCd U3 NPHUHIMNA CXOAMMOCTH:
HEPABEHCTBO

Ian+l+an+ﬂ+ e +an+m|<!an+ll+lan+%]+ e +Ian+m|

NIOKA3BIBAET, UTO €C/AU YCJAOBUE CXOAMMOCTH BHINOJNHSETCS mas psaza (A¥),
T0 OHO TeM Gonee sumouHsteTcs mis pama (A).

MoxHo pacCysxnarh ¥ HHaue. PaccMoTpuM B OTAE€JABbHOCTH INOJO-
WUTENBHHIE UJeHH psaa (A) ¥ aGCONIOTHHE BEJAHYUHH €ro orpa-
uareJbHBX uacHoB, IlepeHyMepoBaB m Te u JApYyrue B TOM TODRAKe,
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B KakoM 5TH WICHH BCTpevalorcss B psge (A), cocrasEM nsa (MOJOMH-
TEJbHBX) paaa

kilbk-:'bl—%“bg‘l" “os (B)1 §10m=6’1+6g+ LR (C)'

M3 cxomumoctd psaxa (A*) BuITeKaeT CXOOMMOCTh O6OMX STUX DPANOB.
HeficTBuTensHo, mobas yacTHyHas cymMa, B, nwa C,, TOro wWix Apyroro
u3 HUX MoxeT OHTb NpeBsOWAEHa HEKOTOpOH uacTHyHOH CcymMolt psna
(A¥) u, caemoBaTeNbHO, OCTaeTCA MeHbilet cymmn A* sToro psanma
[n°236].

Ecam psath Temepb uacThunyio cymmy A, pama (A), T0 ee MOXHO
NPEACTaBHTL B BUAE PasHOCTH

An=Bk_ ms

rie k& W m O03HavYalT, COOTBETCTBEHHO, YHCJIO MOJOKHTEALHHX HJIH
OTPHIATENbHHX CHAaraeMHX B COCTaBe CyMMM A, Tak 410 2 M m 3aBu-
CAT OT 7 U BOSPAacTalT BMecTe C n Ho Oeckoneunoctu *). Torma, oue-
BUJIHO, CYUIECTBYET KOHEYHH#t npenes

A=IlimA,=B—C, 3)

rae B u C—cymmu psamos (B) u (C), u cxozmumocts psaa (A) xzoka-
3aHa, BmecTe ¢ T€M MONYTHO JONONHUTENbHO YCTZHOBJEHO MOJESHOE
YTBEDXKAEHHE, YTO NpPA CHENAHHHIX TNPEANOJOXEHHAX CyMMa JaHHOrO
psla paBHa PpAaSHOCTH MEXILy CYMMOH psiia, COCTaBJIEHHOTO U3 ORHHUX
NONOKUTE/IBHEIX €70 YIEHOB, B CyMMO# psfa, cOCTaBjeHHoro us a6co-
AIOTHBIX BEAHYHH OTPHIATENbHHX YJ/JEHOB.

Takum oOpasom, onHoRt aumb cxoaumoctd paga (A¥) nocratouso
nis aGcomoTHOH cxommMocTd pama (A).

Kak ypunum Huie, BosMOXHMW cayuad, KorZa pan (A) cxomurcs, a
psan (A*) —mer. Toz0a psd (A) Haswsawm HealGCOAWMHO CXO-
osuuMes.

Ilns ycranosnenus abconoTHo# cxommmoctn psma (A) k mosno-
KuTeabHOMYy pamy (A*) moryT OHTb NIPHMEHEHH BCE NPH3HAKM CXO I H-
MO CTH, MByueHHHE B OpeisAymeM naparpade. Ho nyxno Omth ocTo-
POXHHM C TIPUBHAKAMH DPAaCXOLHMOCTH: ecau jpaxe pas (A¥) oxa-
KETCH PacXOoufiuMCcs, TO psn (A) MOKET BCe e CXORUThes (Heabco-
AwTHO), HCKkioyeHme nPeACTaBAMOT TOJAbKO npusHakn Komwm u
IanamGepa, ¥ HMEHHO NOTOMY, YTO, KOrAa OHM KOHCTaTHPYIOT pPacxo-
auMocTh pana (A¥), TO 9TO 3HaumMT, uTO OOWME uneH |a@,| paga (A¥)
He CTPeMHUTCs K Hyuao *¥), a Torma m @, K Hymo He CTPEMHTCH, TaK 4TO
u pan (A) rakxke pacxomurcsd. IlosToMy ynoMsHyTHe NDHSHaKM MOryT

*) Mu Bce BpeMs MMeeM B BHAY cnyuaft, Korna Cpeax YaeHoB pama (A)
6ECKOHEYHO MHOrO M MONOXUTENbHHX M OTPHUATEAbHBHIX.
*%) CM. CHOCKH Ha cTp. 22,
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GbiTh TepedpasUpPOBaHE NPUMEHHTENbHO K nNpomssoasHoMy psny. Cre-
NaeM 3710, Hanpumep, AAsd npusHaka [lanamGepa:

Mpusnax Hasombepa. Iycms sz omuomenns Di=Ltzul laZHl{
n
cywecmeyem onpedeseHnoLli npeden:

G F=1lim T

moz0a npu & * <1 dannwii pad (A) a6coswmuo cxodumcs, a npu
D *>1 ox pacxodumcs.

[TPuMEPEL lﬁﬂpumeuum npusHak Jlanam6epa x pagam (2) u (6), 0 KOTOPHIX
Guina peun B 2) n° 239, Ho or6pocus Tpe6oBaHue x > 0. Mp moayyum, 4TO

(a) pax a6CONIOTHO CXONMTCA Jid BCEX 3HayeHn#t x;

(6) pan a6CONWTHO CXORMTCA NPH — € << X < € ¥ PaCXOJUTCA NIpH X == e
nm X< —e (Ipy X === e Hapymaercs HeoGXOJAMMOE YCIOBHE CXONMMOCTH).

2) Has pana

(o)
X" x? Xt X"
2(,_ l)n—x_'[—_—x——-‘-{——--—... i—n—I

213
n=1
uMeeM:
n
L *
@:_n+]]xlr @—]xl»
TAK YTO PAR CXomurca a6coawTHO Jaa |x|<<1, pacxomurca nas |[x|>1.
Tlpu x=—1 pax Takme PACXOZMTCH, GO MONYYaeTCs M3 TAPMOHHYECKOro H3me-

HEHHeM 3HaKOB ero yieHoB. Ilpu x=1 Mbl NPHXOJUM K pPALY
1,1 1
e e — 1)1
l—5+-3 e F DT A,
OTHOCHTENbLHO KOTOPOr0 BOMPOC O CXONMMOCTH TIOKA OCTAa€ICA OTKPHITHIM.

244, 3nakonepemenHbie pambl. C momoumplo CcoOOpaxeHHH npeab-
HyWEro HOMEpa, ec/d B MOXeT OHTb YCTaHOBJAEH3, TO TOAbKO abco-
JIOTHAS CXOOHMOCTh Psifia — K HeaOCOMOTHO CXOJAIMMCA pSAfaM  OHH
sapegomMo Henpuaoxumbl. IlosToMy MH paccMOTpHM, B 3aKJIOUYEHHE,
BONPOC O CXOAUMOCTH OJHOrO CHENUAJLHOTO, HO BAXHOTO KJacca Psjos,
Ha3HBAEMHX SHAKONMEPEMEHHEBIMH, CPefd KOTODHX €CTb H HeabCOMOTHO
CcXOoAAuHecH.

3HakonepeMeHHb MU HA3bBAIOMCS PAOLL, HACHH KOMOPbLX
noouepedHo uUMem mo HOAOHCUMEABHBLE, MO OMPUBAMENbHbLE 3HAKL.
3HakonepeMeHHHH pAA  yZOOHee BammcaTh Tak, 4TOGH BSHAKH WIEHOB
GBIH BHISBJEHB, Hampumep (ecam cuuTath BCe ¢, >0),

a—cta—at .. DG+ *)
Ilo oTHOWEHWIO K nORNOOHWM psgam eme B 1714 r. JleAGHun
(8 muceMe Kk Y. BepHynnnm) BhICKasan CJAEAYIOILYI0 NPOCTYIO TEOPEMY.
Teopema Jlelibnuna. FEcau wiens: 3Haxonepemernozo paoa (4)
MOHOMOKHO Y6b6L8QI0M MO AOCONMOMHOU BeAUtUHE:

Cpia <Cn (ﬂ= 1, 2,3 .. -) (5)
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u cmpeMames K HYAo:
lime,=0,
mo pso cxodumcs.

HoxasatTenabcTBO. Hactuunyio cymmy uetHOro mnopsaka Cyy
MOXHO HamucaTb B BHAE:

Com=(c1—ca)F(cs—c)) 4 ... (o1 — Com)-

Tax kak xkawmas CkoOKa, BBuAY (B), €CThb MOJOKHUTEJIbHOE 4YHCHAO, TO
OTCIOf@ SICHO, YTO ¢ BoOspacrauueM m cymma C,, TaKxKe BO3DacTaer.
C apyro#t cropons, ecam nepenucath Cy,, Tak:

Com=c1—(ca—¢3) — ... —(Com_a— Cam_1) — Com
TO JErKo yCMOTPETb, 4YTO Cgm OCTacTCaA CBEPXY OrpaHuuYCHHOM:

Com < C1.

B rakom ciyyae, 0 Teopeme O MOHOTOHHO# nepemenHo#t [n°44], npm
GesarpaHuyHOM BO3pacTaHMd m uYacTnyHas cymMma Cy, HMEET KOHEYHH
npexe
lim Cg,,,:C.
m—oo
[Tepexoas k vacTWUHOH CyMMe HEUYETHOT O mHOpsaKa Cy, ;, UMeeM,
oueBuHo, Cyp_y==Cyyp— Copp. Tak kax oOwmu# uyjseH cTpeMATCa K
HYJII0, TO U
hm Cgm__1=c.
m—o0
Orciona crneayer, uro C u Oyder cyMMo#t AaHHOrO psia.
3AMEYAHHE Msl BuZem, YTO YaCTHYHBIE CyMMB YETHOFO MOPSAAKA
Cor, mpubmmxaoTcsi K cymme C psga BoapacTas Hanucas Gy,
B BUIAE

Comoy==c3—(Ca—C€3) — ... — (Com—2— Cam-1)»

JErKO yCTaHOBUTb, YTO CYMMHl HEYETHOrO NOpsiAKa crpeMarca k C
yOmBas Takum oGpasoM, Bceraa

Cﬂm < c < C2m~1-
B yacTHOCTH, MOXHO yTBEpXKAarh, YTO
0 Cc< ey (6)

T0 NO3BOJISET JaTh BechMa MPOCTYIO M YAOOHYIO OUEHKY AJf OCTAaTKa
PaccmarpuBaeMoro psfa (KOTopbiH M caM MpeACTaBifer CoGOH Taxoff we
sHaKonepemenHpift psan). Mmenno:

=" en—Cra+ ..}
B cuny (6), BopaxeHne B CKOOKAX MOJOKUTENbHO H MEHBHIE C,.
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Taxum oBpasom, BO BCEX ClyuasX ocmamorx pada AefiOHuYyes-
cK o020 muna *) umeem 3HaK CBOE20 Nep8o20 4YAeHa U MEHbUE €20 No
abcoromrot seauture.

910 sameyaHWe YaCTO MCMOJBL3YETCH NPU NPUGAMKEHHHX BHYHCTE-
HUSIX C nomompio pamos [cm. n°260).

MpocrefimiyMy MpAMEepPaMu pANOB NEHGHMIEBCKOro THNA CHyXaT PAfh

N (— 1) 1 1
@) 21(___’12_=1_-2-+§———...+(—~1)u-171—-1-...
H
V(= 1] 1
©) e e R A RRAE = S

CxoauMocTh 0GOMX DAROB BHTEKaeT M3 JOKA3aHHON TeopeMul.

B 10 e Bpema panbl, COCTaBACHRBIE M3 AGCONIOTHRIX BEJHYHH HX YTeHOB,
pacxonatcs: gns paja (a) 910 Gyrer rapMOHHyeckuli pan, nas paja xe (6) noay-
YHTCA PAX

1 1 1
b gt 5t t gy o

PacIOAUMOCTb KOTOPOTO ACHA U3 TOrO, YTO €rO YaCTHYHAA CYMMa
v ! o ! 1
2 51> X =g e
k=1 h=1
Taxum oOpasoM, paau (a) u (6) KaOT MepBne NpPUMepH Hea6GCoORIOTHO
CXORAWMICA panos. | Huke Mu ycTaHOBHM, 4TO CyMMa IIEPBOTO M3 HUX €CTb

In2, a cyMMa BTOpPOro paBHa —} (cM. n° 256 (22) m n° 255 (20)).]

§ 4. CBOACTBA CXOJSILUXCS PSIAOB

245. CouerarenbHoe cBoficTBo. ITonsree cymmm Geckomeunoro
pana CylﬂeCTBeHHO OTJAHYACTCs OT MNOHATHA CyMMbI KOHEYHOro y4ucJjaa
caaraeMmx (paccMaTpuBaeMoro B apudMeTHke M aarebpe) TeM, uTo
BKmoyaer B Ce6d npeneapHb#t nepexon Xors  HeKoTOphe
CBOMCTBA OGHIMHHIX CYMM NEPEHOCATCH W HAa CYyMMB GECKOHEUHHIX psi-
A0B, HO 4auie BCEro JMUIb MPH BHIOJNHEHHH ONPEAEACHHBIX YCJOBHH,
KOTOpPBIE M MOAJEKAT HIYYECHHIO. B uHHX e Cayyagx TNIPUBHIYHBEIE HaM
CBOHCTBA CYMM pasuTeabHHM 06pa3soM HapymialoTcs, TaK uTo, BOOGIIE,
B 3TOM BONpPOCE HAAJECKUT COGJIIO.uaTb OCTOPOXHOCTD.

*) Tak Mbl HdSHBAaeM 3HAKONepeMeHHWN DAJ, YAOBIETBOPAIOLIMH YCA0BHAM
Teopemul JlelGunna,
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PaccmoTpuM cxomsmutics psg

[+2]
Z‘an=a1—|—a,—|—,...+a,,—{—...; (A)
ne=
NOCACKOBATEABHOCTh €r0 YAaCTHUYHHIX CYMM
Ab AQ) ‘e Am s (1)

cxomutca K cymme paga A, CraHeM oObeIMHATH YAEHH psiga NpOU3-
BOJIbHEIM OGPa3oM B TPYMNIE, He MEHdd MDY 3TOM HX PACTIOJIONEHHAS:

ay .. 4-ap, Gttt angs oo
a”k—l+l+' . .—}-a,,k, “es
3mecs {n,} ectb HexoTopad, HSBICUEHHad M3 HAaTYPaJNbHOrO pAXa,

YaCTHYHAs BOSPACTAIILAA NOCAEHROBATE/ILHOCTD HOMEDPOB.
Teopema. Psad, cocmasrennsiii u3 amux cymms:

@+ a)+
+(an1+1+---+an,)+--'+(ank._]+l+-'-+ank)+--' (A)

8ce20a cxo0umcs u umeem my e cymMuy A, wmo u ucxoduwni pso.
WupiMu cnosamu: cxodswuuiics pad obradaem codemamessHu M
C80ICMBOM.

HeficTBuTeNbHO, NOCAEAOBAaTENBHOCTh YACTHYHHX CYMM HOBOrO psija

Al' Aii ceey Ak’ .o
€CTb HE YTO HHOE, KaK Y aCTHUYHAaf TOCAeNOBATENLHOCTD
A,,‘, A,‘s, vies A,.k
A7 TocAenoBateabHOCTH (1) #, CTENOBAaTENbHO, CXONMTCA K TOMY e
npeaeny A.
Mo BUAUM — MOKA ~ NOJHYI0 3HAJOTHIO C OOHYHHMH CyMMaMHi; HO

3Ta aHAJOrHs HAPYMAeTCs, €CJM Mbl IOMBITaeMCs NPHMEHATh COYETa-
TeMbHOE CBOHCTBO, TaK CKasaTh, B oOpaTHOM mnopsake. Eciu man cxo-

aamufca pax (A), UICHH KXOTOPOro KaXAWH B OTACALHOCTH mpen-
CTaBAIOT COGOH CyMMY KOHEUHOTO YHC/IA C/IaraeMbiX, TO, OMYCTHB CKOOKHY,
MBI IOJyuuM HOBHH paa (A), MOFyuIMH OKa3aThCi M PAaCXONAUIUMCA.
Bor npocro#t Tomy npumep: psn

Q=)+ =D+ —=1)4...,
OYEBMAHO, CXONUTCH, MEXAY TeM KAaK MOJYYCHHHH M3 HEr0 OMyCKaHmeM
cKoBok pax T lm Il — 1.,
OyneT pacXoAAlLUMCH,
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Koneuno, ecau— onycmug cxobxu — Mol NOAYLUM €X00 A-
wuitca psd (A), mo e2o0 cymma ma sce, wmo u y pada (A). dro
BHITEKAeT U3 JOKa3aHHOrO BHIILE,

3amMeEuAHHUE, IIpn HEKOTOPHX YCJAOBHSX MOXHO Hamepel rapa-
THpOBath, 4To psn (A) Oyzmer cxomutecs. ITpocTeRuimM caywaem sToro
poja sBJISETCS TOT, KOrja BCE€ ChHaraeMbe B A) BHYTpH
OXHHX B TE€X ke CKOoOOK OyAyT OZHOro 3HakKa¥),

JleficTBUTENIBHO, TOFAA NPH M3MEHEHHH A OT M,y AO M, YaCTHuHas
cymma A, OyZeT WSMEHATbCS MOHOTOHHO, Cl€XOBaTelbHO, Gyaer conmep-

xatbes MekAy An, _=Apr—1 B A, = A, Ilpu nocratouno 6o.p-
moM k 3TH noCaAeaHHe CYMMBbI IIDOM3BOJABHO MaJiO PasHATCA OT CYMMBI ;{
paja (5;), CJIeIOBATENBLHO, TO e CNPABEANUBO U OTHOCUTENLHO CYMMB A,—
npu HOCTaTOYHO OGOJMBLIOM 7, TaK YTO A,,——»;l.

246. IlepemecTHTeNbHOE CBOHCTBO aGCOJNIOTHO CXOAAMMXCS PANOB.

Iycts maH cxopsmuiica psn. (A), umeomn#t cymmy A. Ilepecrasus B
HEM uYJeHH NPOM3BOJbHEM 00pasoM, Mbl NOJyYHM HOBHH pam

kﬁ;la;=a1+a;+...+a;+... ()

Kawamit 4JeH @ 9STOrO0 pala OTOXIAECTBJISETCS C OMNPEAETEHHHIM uJe-
HOM @,, HCXOLHOTO psna **),

Bosuukaer Bompoc, cxomurcs Jm pax (A) m—B cayyae cxoau-
MoCTH — OyZeT /U €ro CyMMa pasHa cymMme A wucxomHoro psxa. Ilpu
PaccCMOTPEHHH 3TOTO BONPOCA HaM NPHIAETCA NPOBECTH DE3KOE Dasuuue
Mexay aGCoMOTHO H HeaOCOMIOTHO CXOASILUMHCA DPAAAMH.

Teopema Hupuxae ***). Ecau pad (A) a6coawomHo cxodumcs,
mo psad (A), noayuennviii U3 He20 nepecMaHO8KOL HAEHO8, makdice
cxodumest u umeem my yce cymmy A, 4mo u ucxodwoli pso. Viapimun
caoBaMu, a6 co A0 MKHO cxodauwuiica psd obaadaem nepemecmu-
meAnsHb M CBOUCMBOM.

HoxasaTeabcTrO. IIpoBeneM J[OKasaTeAbCTBO B JBa INpueMa.

(a) Ipegnonoxum cHauana, yTo pAf (A) — MONOKUTENLHBEIA,

PaccMoTpUM  MNPOMSBOJBHYIO uacTHuHylo cymmy A psma ().
Tak xax ai:anl, a’2=a"2. cesd a;ezank)

T0, B37B 7' GOALIIHM BCEX HOMEPOB My, My, ..., Ny, OYEBUAHO, Oynem
umers Ap<< A,, & CISIOBAaTENbHO, U NOJABHO

Ar<< A.

*) D10T SHaK, OT ONHHX CKOGOK K ADYTHM, MOXET MEHATHCAH.
*#) TIpuyeM nocnefoBaTeIbHOCTL HOMEPOB {n,} 6e3 NPONYCKOB M TIORTOpE-
HU BOCIIPOM3BONMT — C TOYHOCTBIO [0 NOPANKA — HATypaabHbll PAL.
**¥%) Tlerep I'ycras Jlexen-Anpuxae (1805—1859) — nemeukuit mate-
MaTHK.
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B rakom cayuae (A’) Oymer cxomamumca [n°236], u ero cymma A’
ne npessofizer A:
A=< A

Ho u pax (A) n3 (A) moayuaerca nepecTaHOBKOH UJAEHOB, MOITOMY
aHaJIOrHuHO;
A< AL

ConocraBiss TOJYUYeHHHE COOTHOLIGHWS, NPHIEM K TpeGyeMoMy pa-
BEHCTBY:

A'=A.

(6) Iyctp Temeps (A) Gyaer mpousBOJbHEIA aGCOMTIOTHO CXOAs-
WHACA psdL.
Tak Kak cXomsmuicd NONOKUTEAbHBHH pam:

o0

2 la=la|+a]+...+lal+..., (A%)

n=1

Mo OOKa3aHHOMY, INpu JoOOH NepecTaHOBKE YJEHOB OCTAHETCA CXOIs-
wumes, To no teopeMe n°243 coxpaHuT NpH 3TOM CBOW0O (aBCOMOTHYIO)
cxonumMocTs u pag (A).

Hanee, Mpi Bugeaud B n° 243, uro, B ciayuyae aGcomoTHOH Cx0aM-
moctd psiza (A), €ro cymMma BHPaXaercs TaK:

A=B—C(,

rae B u C cyTe cymmsl moaoxureabHux psapgos (B) m (C), cocrasaen-
HBIX, COOTBETCTBEHHO, HU3 MOJOXHTEJIbHHIX UJEHOB psiga (A) u wu3
abCOMIOTHBIX BEJUYMH €ro OTpuilaTe/bHHIX uieHoB. IlepecranoBka uje-
HOB B pajge (A) BHI3OBET NMEPECTAHOBKY UJICHOB M B 3TUX DANaX, HO He
orpasutcs (MO JOKa3aHHOMY) Ha ux cymmMax B un C. CreaosareasHo,
U cymma pafa (A) ocraHeTcs npexHeH, 4TO W TPeGOBANOCH MOKA3aTh.

247, Caygya#t HeaGcomoTHO cxopamuxcs panoB. OO6paTumcs
Tenepb K PacCMOTPEHMI0 HEeaGCOMIOTHO CXOAAIMXCS PAXOB M yCTa-
HOBHM, YTO OHU NepeMecmumenrsHbli C60HcmeorM He obiadarorm.

CpenaeM opHO npeasapuTe/pHoe 3aMeuaHue, Ilpeanonoxum,
uto pag (A) cxomurcs, Ho He abcouawTHO. M3 cxommmocTu che-
ayer, uro lima,==0 [n° 235, 5°]. Yro xe kacaercs psaoB

io] bk (B)’ Z m (C)’
k=1 m=1

O KOTOPBIX MBI yNOMHMHANMW B TNpEABAYILEM HOMEpe, TO, XOTH, QUYEBHIHO,

lim =0 mn lim ¢, =0, 2)
L] m -
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HO B JaHHOM ciayuae OHM 00a pacxoxnsarcs JelcreurensHo,
€CJH cpenu MEepBHX 7 uleHoB paga (A) ecTs % NOJOKUTENLHHX U M
OTPHIATENbHHX, TO

Ap=B,—Cp, Ap=By+Cp.

Bropoe u3 STHX paBEHCTB TNOKasniBaeT, yTo o6a psaga (B) # (C) ne
MOTYT OIHOBDEMEHHO CXOAuThCH, MO0 HHaue cxomuaca OM U pag (A*),
BONPEKA NPEANOJONEHNI0. A H3 NEPBOrO YCMAaTPUBAEM, YTO €CAH O
OIMH ¥3 STHX DANOB CXOHUWJACA, a XPyroH Her, To pacxoiumacs Owl
psan (A), 4T0 Takxke NPOTHBOPEUMT NPEANOJNONKEHHIO,

JlokaxeM Teneps CASAYIOMYI0 MHTEDECHYIO TEOPEMY:

Teopema Pumana. Ecau pad (A) cxodumcs neaGcorwmuo,
mo rKaxoe O nHu 83ams Haneped uucao L, Kouweynoe uau pas-
Koe &0, MOXNCHO maK nepecmagume 4HAEHH. 8 3MOM psde, 4mob
npeolpa3oBannbii psd uses ceoell cymmoll umenno L.

Hoxasateabcreo. OcranoBuMcs Ha caydae KoHeyHoro L.
Haunem ¢ sameuanus, uro mBumy n°285, 1° M Bce OCTaTKH pAuOB
(B) u (C) raxxe GyEyT pacXoiAIUMMHCH, TaK UYTO B KaXKAOM M3 3THX
pamoB, HauuHas ¢ AWGOro MecTa, MOXHO HabpaTh CTOJABKO
yneHoB, YTOOKW HX CyMMa npeB3omaa awboe uucao.

ITonpsyach sTUM, MH CAeLylollMM 0Gpa3oM NPOU3BENEM NepecTa-
HOBKY u/JeHOB psama (A).

CHayana BOSBMEM CTOMBLKO IOJIOMHUTENBHHX YJICHOB HAIEro psna
B TOM HOPSAKE, B KaKoM OHM B HEM DacloJOXeHH, 4TOOH HX CyMMa

npessomlia yacao L:
bty b > L,

Bcrex 3a HMMM BHHMIDEM OTPUNATeJbHHE WIEHHW (B TOM NoOpsAKe,
B KaKkOM OHH DacloJONeHH B JaHHOM psale), B3gB HUX CTOJBLKO, YTOOM
ofias cymMma craza MeHpuie L:

bl—l—bg"i—'...+bk1—~$1—0g'—...—"cm{<l4.

Tlocne 3TOrO0 CHOBa NOMECTHM MNOJOXKHTEAbLHHIEC YJAEHH M3 YHCAA OCTaB-
WHXCA TaK, 4TOOH Obljao

br—[—...—l—bkl—‘(fl'—'...-'cml—{—bk‘+l+...+bk2>L.

3atem HabepeM CTOJNbKO OTPHLATENbHHX WIEHOB H3 YHCAA OCTaBIUMXCH,
uyrobul OnI0

b1+...+bkl'—Cl"‘..._cmx—l—bkl+]+..-+
+bk2—cm1+l"‘-‘-‘_cm,<1'

u 1. n Ilponecc STOT MBI MHCAHM NPONOJKEHHHM 10 GECKOHEYHOCTH;
OUEBUIHO, KaXAWH# uneH psaa (A), ¥ DPUTOM CO CBOMM SHAKOM, BCTpe-
THTCS Ha ONPEJEJNEHHOM MeCTe.

Ecan Bcsxuft pas, BhnucHBag YIeHW & wam ¢, HabupaTh uxX He
foabiue, yeM HEOOXOAMMO JIJIA OCYIECTBJEHHs TpeCyeMOro HepaBeH-
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CTB3, TO YKJOHEHUE OT Yucia L B Ty wiu APYTyi0o CTODOHY He mpe-
B30OHAET no a6COMIOTHOH BEJMYMHE MOCJEAHEr0 HAMKCAHHOTO uJeHa,
Toraa u3 (2) sicHo, yTO psin

(b;—*—...—l—bk‘)—(01+...+Cm1)+...
---+(bki_1+1+--°+bki)_"(cm[_l+1+"-+cmi)+---

umeer cpoedt cymmoit L. B cuay 3amevanus n°245, 310 oCTaHercs
BEPHBM U NOCJE PacKpHTHA CKOGOK.

Ecmn L=--00, 10 MO¥HO GHio O HaGop MOJOKATEMLHHIX YHCEN
NOAYAHATL TPEOOBaHUIO, YTOGH CYMMBl TOC/AEJOBATE]LHO CTAHOBUAHCH
ooapmwe 1, 2, 3 M T. A, a U3 OTPULATENBHHX YJCHOB NOMEHIaTh JHIIE
10 ONHOMY NOC/]e KawmoR rpynmel mnosokureabHbX. Takum nytem, oue-
BUIHO, COCTaBWJICA OH Daf, UMEOMUH CyMMy -} 00. AHZIOrHYHO MOMKHO
NOJMyYATb U PAR C CyMMOH — co.

YcranoBaeHHBH  pesy/bTaT MOAYEPKHBAET TOT (hakT, 4TO Heabco-
AOTHAA CXOAMMOCTb OCYIMECTBASETCH Jullb GJarofaps B3auMHOMY
NOralICHHI0 NOJOXKUTEABHHX M OTPUHATENBHBIX UYJIEHOB, M HUMEHHO [0-
TOMy CYyIECTBEHHO 83BMCHT OT MNOPANK3, B KOTODOM OHM CHAEAYIOT
OOUH 33 ADYrUM, Mex]y TeM Kak aO0COJNWTHAas CXOAUMOCTb OCHO-
BaHa Ha OWCTpOTE YyOHBAaHWA STHX UYJEHOB — M OT MOpPAAKAa MX He 3a-
BUCHT.

I1puMEP. PacCMOTPHM 32BEOMO HEaGCONIOTHO CXONAMMHUCA DAL

1 1 1 1 1
l—g+tg—g+tm—1—x+ @
S— ~— ~—

CyMMa KOTOPOTo, KaK YBHAMM HHxe, ecTb In 2 ¥), [lepemecTun ero uiaeus Tak,
yT06GH MOCAE OXHOIO MOJOXKHTEAbHOro CHeXOBAJH HBA OTPHIATEbHbLIX:

1 1 i 1 1 1 1 1
l—g—g+3— 5 3t tm—T—m=—at- ©
\—____’/

Mbl YTBePHAAEM, YTO CyMMa pAKAa OT TAaKOro HepeMEeUeHHHA
YMEHBMHUTCA BABOE.

B camom nene, ectn 060O3HAYMTH YACTHYHBIE CYMMBI STHX PALOB, COOTBET-
CTBEHHO, uepe3 Au HA, 10

m

m
A= (ﬁ*lerg—a]z)"kzl (=)=
m
=7 2 =1 =7 A

¥) 3gech RAA HAC CYW\ECTBEHHO JHWbL TO, YTO 9TA CYMMA OTAMYHA OT HYAA
(n° 244, (6)].
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TaK Y10 Aj, — %ln 2. Tax Kak

. . 1 , , 1
Asm—l=A3m+4—m" u A3m~2=‘43m—1+r_'

m—2
1 »
CTPEMATC K TOMY ¥Xe Mpelery ?ln 2, 10 pan (4) CXONMTCA M MMEET CYMMON
MMEHHO 3TO YHCIIO,

248. YmHoxeHue pagos. O NOUIECHHOM CJOKEHHH MM BHIYNTAHUM
IBYX CXONSIIUXCH PAAOB, DaBHO KaK O NOWJIEHHOM YMHOXEHHH CXO0.ns-
IErocsi psfAa Ha NOCTOSHHBIA MHOXUTENb, yxe Obia peus B n° 235,
3° n 4° Tenepr MH 3alimemcsi BONIPOCOM 06 YMHOXEHHH DANOB.

Tlycre nmaHml npa cxopsmiuxcs psia:

A=§lan=a1—}—ag+...+an—}—... (A)

B= 3 bu=bitbitot bt ®)

IMonpaxas npaBuly yMHOXEHHS KOHEUHBIX CYMM, PaCCMOTDHM U 31ECH
BCEBO3MOJKHSIE NIaDHEIE NPOU3BENEHUS WIEHOB STUX DSHOB: ab,; 13 HuX
cocraBurcsi GeCKOHEUHash NPSIMOYroJpHas Marpuia:

ll1b1 agb, a3b1 SN aibl .'
albg azbg a3bg e aibg e
aiby aghy azbs ... aibg (5)
ab, ab, ash, ... a;b, ...

L---o.-..o

DT NPOMSBEAEHHS MOXHO MHOFMMK CHOCOGaMH pacmonaraT B BHIE
NPOCTOit MOC/IeN0BATENBHOCTH.

Hanpumep, kak 9To BnepBue caenal Ko, MOWHO BHIHCHBATh
NPOU3BEJEHHs 10 AHATOHAAAM:

S S/

aby aghy azby ...

albg agbg agbg e

S S S S

albg agb3 aabg vee

S S S S
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o0 benuHsAs NPyl 3TOM YJAEHH, CTOSNIMEe HAa OZHOH JUAroOHaJM:

@10y - (@1Dy - asby) - (aybs - agby - asby) 4. ..
con —}" (albn + agb,,_l + o + an-lbi + a,,bi) + vee (6)
Teopema Kowun. Ecau oba pada (A) u (B) cxodames abco-
Ao mro, mo pad (6), cocmasrennul u3 npoussedenuii (5), maroce
cxodumcesn u unmeem cgoeli cymmol npou3sedenue cymm AB.
HokasareascrBo. Ilo mpemmonoxenuio, psisl

3 lanl=lar] + o]+ g o *%)

3 1bal =103 1t oAl ®)

CXOHSATCH, T. €. MMEIOT KOHeuHne CcyMmMmbl, ckaxem, A* u B¥. Ecm
IJIs 3THX DSNOB COCTaBUTb DPsf, Bpoze (6):

lay]-|b1]+(ar]-|ba |+l 1))
(|- o3| +as| | ba|as] |04 ) ...
+ai]- bl +laa|-|bps|+...+0na ]| o] 4~
+laal-loa)+ ..o (6%)

TO OH $HBHO 6y11€’l‘ cxonsiuumcs, 1060 €ero #n-4 4YacTHYHas CymMma
MEHBILIE

(asl+lazl ...l (01 | bal ...+ b, ) < A*B*

[n° 236]. CxoouMOCTb COXPAaHMTICH M B TOM CJiyyae, eciu ckoGku B (6%)
onycruTh [cM. 3ameuanue n° 245]. Orcioma caenyer {n° 243)], uro paz,
noayueHnu#t u3 (6) omyckaHueM cxo6ok,

aiby - a1by - asby - a1bs - aghy |- ashy + ceey

TaKXe CXomuTcs U nmpuroM abGconaloTHO. B Takom cayuae on oGaa-
JaeT He TOJLKO COYETAaTeNbHBIM, HO M MEPEMECTHTEJbHEIM CBOHCTBOM
[n° 245, 246]. Ero cymuma, cosmamamomas c cymmoi psaga (6), mpouwe
Bcero Moxer OHTh onpeneleHa Tak. PacnojoxuMm ero 4jieHH He 1o
luaroHa’asM, a N0 KBajpaTam:

—_
>

a;by | agh, | ashy

aby  ayby | asby

aby  agby  agh

. s e e
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¥ BAOGaBOK OOBEAMHHM MOCHCIOBATENbHHE FPYNMS], KOTOPHE OTIUYAIOT
ONWH KBAgpaT OT APYroro:

ayby + (a1bg - aabs -+ a5by)
-~ (@163 + aghy - agbs + azhy -} a3hy) + cee )

Yactuunnie cymmsl psga (7) Oyayt
Ale AiBii AaBs, eray Aan “er

(ecom uepes A,, B, kak oObuHO, 0603HAUNTh YAaCTHYHBIE CYMMEI DSIOB
(A) » (B));, oHm crpemarcs K npousseieHuto AB, KOTOpoe, TaKuM
oOpasom, sBaseTcs cymmoft He ToabKO paja (7), Ho u psama (6).

Meumepun. 1) Momuoxus pan

-———_Zx"=l+x-}-x2+ an (xl<)

Ha caMoro ce6s, MOAYUMM:

(1_lx)s=2nxn—1=1+2x+3xs+m+nxn_‘+m
i

2) Kak mbr 3naem yxe [n° 243, 1) (a)], psn
0]
=t g+
ﬂ=l0
a6CONPWTHO CIONATCA NPH BCeX 3Hayenuax x, OCO3HAYHM ero CyMMy uyepe3

E (x). Npoussenenne E (x) Ha E (y) MoxeT GuTh MOCTPOEHO MO NpPABHIY YMHO-
wenna pagos. O6muit wieH NPoU3BeJCHUA Oyner TAKOB:

yrox oyt a2yt yr
lnT+TI'(n_1)1+21 =gy T +k| (n k)l+ A

2 Clety kga-k__ (X + )"
n!

k=0

== 2 ——————Xyn_
Rt (n—R)!
k=0 (n )

Takum o6pazom maa QyHxuud E (x) noayyaerca CooTHomieHue
E(x)-E@)=E(x+Y)-

[Bnocnencnnu Mbl YBHIMM, 4TO E (x)=e*]
3) Pan

© (-—l)_’"1=1~__!_ l _.1n—-1___
2 torg b D et
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no reopeme Jleft6unna, cxoamrcs, Ho He a6coawTHO [n° 234, 2)]. Ecam,
BCe e, AOMWTATHCA YMHOXKMTL €ro Ha camoro ce6s mo mpasuay Koww, 10 Do-
AYYUTCA PAX C OOIMM YICHOM

= (4

vty ey

1
P —
Ve Vr<E+F+1 V n-l
1
Tak xak xawnoe cnaraemoe B cxob6Kax Goubiue - » TO BCE BHpaxeHue 1o a6co-
JIOTHOU BelNYHHE >l W — BBHIY HapyuieHusa HEOGXOEHMOI‘O ycaosaa Cxonu-
MOCTH — PAX pacxonmcnl JTOT NMpHMep NpHHaEAEeXHT caMoMy Komm.

3AMEYAHUE. MoXHO NOKa3aTh, 4TO, €CAH U3 ABYX CXOASMAXCA
pagoB (A) u (B) XoTh OAMH CXomuTes a6CONIOTHO, TO NPAaBUIO
Komn eme coxpanser cuay. Toabko, ecim 06Ga mnepeMHOXaeMHX psaia
cxoaaTcst HeaGCcoA0OTHO (Kak B MNPeNHAyIleM npuMepe), HX npo-
U3BeIEHHE MOXKET OKas3aThCs PaCXOAILIAMCS,

§ 5. BECKOHEYHBIE NNPONU3BEEHHA
249. OcHoeunie nonarus. Eciau

Pv P2o «evs P> oo (1)

€CTh HEKOTOpas 3anaHHas IOCACHOBATENbHOCTL YHCEN, TO COCTaBJieH-
HBIf W3 HUX CHUMBOJ

©
Pubebs.bpe.=[[ 1% ()

ne==1

HashBawwT OE€CKOHEYHHM NMPOH3BELEHUEM.
CraHeM NOCJAENOBaTENLHO NepeMHOXath uucha (1), cocrasasg Y a-
CTHYHBE NPOUSBEAEHHS

Py==py, Py=pi-ps, Pa=p-ps-Ps ...,
Po=pipa-...:Ppy ... 3)
Ty NoCAeROBaTENbHOCTb YaCTHYHLIX TPOU3BENCHHH {P,,} MBl BCErna
Oynaem conocrasaste cuMBoay (2).
Koneunotli usu Gecxoneunuii npeder P wacmutro20 npouseederus

P, npu n-— co:
limP,=P,

*) Cumson ] u osmauaer npou3eeNeHne.
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Ha3pam 3Ha4weHUueM npoussedenus (2) n mAMWyT:

P=p1-pg-...'p,,-...= Hpn.

n=1

Ecau 6ecronedrnoe npousgederue umeem KOHeduHOe 3HayeHue P u
npumom OMAUYLHOE OMmM HYAL, MO CAMO Npoussederue Ha3ul8an
cx00AWUMCST, 8 NPOMUBHOM e CAYLAE —pacX 00 Luu M c A *),

JIOCTaTOYHO OZHOMY M3 COMHOXHTEJeH npousBeleHus OHTbL HYJEM,
yroGsl M 3HaueHWe BCETrO MPOU3BENEHHs TaKxke OBlJIO PaBHO HYJIO.
B pmaipHeHIUAX DACCMOTPEHHMAX MBI 3TOT cayyalt OyaeM wucK/mouaTb, Tak
yTo oa% Hac Bcerpga p, 7 0.

UuraTeas JerkO YCTAaHOBHT QHANOFMIO ¢ psfamu [n° 284] u  ysicuur
cebe, yTO — NOROGHO pANaM — M paccMOTpeHue OecKOHEYHOro NpOM3Be-
JIeHUs TaKike ecTb JUIUb cBoeoOGpasHas GopMa usyueHus mocje-
gopareasHocTr # ee npemena. C sToH  ¢GopMOH 1OME3HO IIO3HAKO-
MHUTBCA, TaK KaK B HHHX CJy4asX OHa HNpeicTaBiasercss Oosee ynoOHo#,
uyeM ApYTHEe.

o
1
NDrpuMePH. 1) 1— ) Tak kaK yacTHyHOe HpOM3BEJEHHE
n=2

_ 1 1 1\ _ 1 a4l 1
P"—(]_—Z—ﬂ‘) (1—-3—2)'...'(1—,?)———2*' —'n——*?

-

T0 GeCKOHeUHOe NPOU3BeJeHNe CXONUTCA, M ero 3HayeHumeMm Gyget —;— .
2) dopmyna Bamamuca [n° 188]
n . 2.2-4.4....-2n-2n
= lim ,
2 L el:3:35...-@n—=1)-2n 1)
OYEBHJHO, PaBHOCHIbHA PA3JIOMEHHIO YHCHA —12;— B OeCKOHEYHOE IIPOM3BEfEHUE
n_2 2 4 4 2n  2n
27183 8 " =1 a1

Ona xe npusogur K dopmyram
o0 [es)
-l 0w
l[ T CmF1 4 imt) " =
m=

#) Takum oOpasom (mojguepkHeM 3710), ecay P =0, TO mpousBeleHue HNis
HaC 6yxeT pacxonamuMca XOT# 9Ta TepMMHONOrMs HIET B Paspes c Tep-
MMHOJOIHEH, NPUBHIYHOM HAs pANOB, HO oHa o6menpuHaTa, MO0 obxeryaer
(OpPMYTHDPOBKY MHOTUX TEOpeM.
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250. MpocTteifimne Teopemb. Ceasp ¢ pagxamu. Or6pocus B Gecko-
HEYHOM TNpOusBeJeHHR (2) TNepBHE 42 YJEHOB, NMOJYYHM OCTATOYHOE
IPOU3BEAEHHE

=]
Tn = Pmi1*Pmy eee Py e = ]__[ Pns )
n=m+1

KOTOPOE BMOJHE aHaJOTHYHO OCTATKY GECKOHEUHOro pszxa.

1°, Ecau cxodumes npousgederue (2), mo cxodumes, npu a060x n,
u npoussedenue (4); obpamro, u3 cxodumocmu npoussedenus (4) sbi-
merxaem cxodumocms ucxo0ro20 npousgedenus (2)*).

JlokasaresabCTBO NpenocTaBiseM unratemo [cp. n®235, 1°].

Takum o6pasoM, ¥ B ciayyae OeCKOHEUHOro NPOUsBeNeHUs omobpa-
CHLBAHUE KOHEUHO20 HUCAQ HALAABHOLX MHONCumesel uiu npucoeduue-
HUE BHAYAAE HECKOALKUX HO8bLX MHoycumedel (omauunsix om 0) Ha
€20 nosederuu He ompascaemcs.

2° Ecau GecxornewHoe npou3gedenue (2) cxodumcs, mo

lim =, =1
m —» o0
[em. (9)).
JT0 CaepyeT H3 PaBEHCTBA
P
=Py

u us Toro, uro P, crpemurca k P#0.
3° Ecau Oecioneunoe npoussedenue (2) cxodumcs, mo

limp,=1.
n—>0

JletictButensHo, BMecte ¢ P, n P,y crpemurca kK P, Tak uro

P, P__
lim p,=limp*=p =1

[Cp. n°285, 5°]

He nepeuncass mpyrux cBoficTB OeCKOHEYHHIX NpousBelEHuH, ana-
JOTHYHBIX CBOKMCTBAM OECKOHEUHHX pANOB, MBI OOPAaTHMCA K YCTaHOBJE-
HHIO CBA3A MEXAYy CXOINHMOCTbIO 6eCKOHEYHBIX nponanenemm A psaaos,
Y4TO MO3BOJMT HaM HENOCPEeACTBEHHO HCHO/Jb30BaTbh MJAf IPOU3BENEeHUH
n0ApPo6HO Pa3BUTYI0 M/ PAAOB TEOPHIO,

B cayyae cxomsuierocs npoMSBENEHHs MHOXHTENAR P, HauHHas
c HekoToporo Mecra, Gyayr noaoxuteashst (3°). Bnpouem, BBumy 15
Ml He HapymiuM oOumiHOCTH, ecid Oy JAeM BUpeAb NPEANOAAraTh

Bce p, >0.

*) Hanomuuy, 4To Mb pa3 HaBcerfa NPeANONOXHAN p,p 70,
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4°, Jlnn mo2o0 4wmolbb. OecioHneinoe npousgedenue (2) cxodunocs,
Heo0x00umo 1 doCcmamouro, 4molGs cxoduscs paod

,,§1 Inp,. (6)

Tlpu  suinoanerun 3moz20 ycaosus, ecau L ecms cymma pada,
unmeem:

O6o3nauns uepes L, vacTHunyio cymmy psaa (5), OyZeM uMeTs:
Ly=InP, P,=¢e"n

Vs HenpepuBHOCTH JorapudMuyecko#t W nokasarelbHOH QyHKuu# Te-
neps clegyer, YTO €CAH P, CTPEMUTCH K KOHEYHOMY NOJOKHUTENLHOMY
npeneay P, to L, crpemarcs kK InP, m obpatHo —ecin L, umeer
KoHeunnit nmpenen L, To aas P npeneaom Gynmer el

Ilpu wuccnepoBanuu cXoauMOCTH OeCKOHeyHOro mpousselacnuda (2)
YacTo MPEACTaBAAETCA yAOOHBIM, NoJjaras

pr=1+ay,
SaNHCHBATh €0 B BUIE
(o]
T ¢ +an, @
n=1
a psa (5) — B BuIe
o0
PIRLICE (5%

B stax o6osHaueHHAX UMEEM NPOCTYIO TEOpEMy:
8° Ecau, no wpaiineii mepe, da5 docmamouno Goaswux n Gydem

a, >0 (uau a,<0),

mo 0an cxodumocmu npoussedenus (2%) neobxoduma u docmamouna
cxodumocms paoda

Lo
2 ap ®)
n==1
Tak Kak #nas CxOZUMOCTH Kak mnpoussenenus (2%), rak u psma (6)
BO BCAKOM Cayuae HeOOXOAuMO, YTOGH OO

lim a,=0 )

n—o0
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[cm. 3°], TO mpenmonoOXMM 3TO YyCloBHME BHNOAHEHHMM. Torma nmeer
MECTO COOTHOILEHUE
In(1
lim 0+
n-—>o0 Gy

[n°65, 1)]. B TakoM cayuae, BBUAY TOrO, uTo uJeHn oGoux psaoB (5%)
n (6), HauMHas ¢ HEKOTOPOFO MECTa, COXPAHfIOT ONpEACJEHHHH 8HAK,
no rteopeme 2 n°237 sTH PANH CXOAATCH WM PACXOAATCH OJHOBPEMEHHO,
Orciona, B cBsisH ¢ 4° M CJEAyeT Hawe yTBepikKIeHHe,

YnomsHeM O cay4ae, Korja GeCKOHEYHOe TNpOusBEAEHHE «PacXo-
matca» K 0.

6°. Han moz0 umobs Oecrworeunoe npoussedenue (2) [usu (2%)]
UMen0 HyseBoe 3Haderue, HeoOX00UMO W 00CMAmMOUHO, Hinobu
pad (5) [uan (5%)] umea cymmoi — co.

B uacmnocmu, smo Oydem max, ecan a,< 0 u pad (6) pacxo-
oumcs.

TIpexocTaBifseM HOKA3aTENbCTBO UYHUTATEJIO.

B sakJOueHHe HCIOJb3yeM CBS3b MeXAy npousseneHneM (2) [wim
(2%)] n psnom (5) [umu (6%)] aas ycranosaenust nmoHsTus a6coJi0T-
HoH cxomuMoctTH OecKOHeyHOro npoussenenus. Jlpoussedenue Ha3bi-
Bapm aBGCOAIMHRO CXOOAWUMCE UMEHHO 8 MOM caydae, Kozda
aGcorlomuo cxodumcs coomsemcmeyouul pad u3 so2apugmos
ezo MHodcumenc.

UccnenoBanns n°246 u 247 cpasy ke NO3BOJAIOT 3aKJIOYATb, YTO
a6CONOTHO CXOHuHeCs TNpousBeneHus o6GNANAIOT HePeMeCTHTENb-
HHIM  CBOHCTBOM, B TO BpeMi Kak HeabGCOJNIOTHO CXOAAUMECcs
3aBenoMo UM He 06aamaior.

Jlerko nokasartp, no obpasuy 5°% uto

7° Hrs aGcosrwmuoii cxodumocmu npoussederus (2%) HeoO-
xoduma u docmamouna abcormrasn He cxodumocms psada (6).

251. Mpamepei. 1) TIpuMennM RokasaHHHiE TEOPeMH K GECKOHEYHHIM MPOH3-
BEJIEHUAM:

[+
(a) H(l—}--,:—x) cxomurcs npu x>1 u paczomurcs mpu O<x<l,
ne=1

oo
1
B COrjacHH C TaKMM 3Ke MOBENEHYWEM pana 2 i3 (5°).

ne=l

[oo]
6) II (I —%) npu x>1 c3zomurea (5°), a npn 0<<x <<l pacxomurca
K Hymo'z;)l.
2) Mokaxem, uto (mpH a > f§>0)
. BG+DH...G4n—1)
e )@=
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Jas sTOro HOCTaToOYHO YCTaHOBHTh PacXoIMMOCTh GeCKOHEYHOrO npousse-
JACHNA
o

== (=)

n=>0

um [cm. 6°] pacxommmocth psaga

(o]

s

n=0

A 370 1erxo BHITEKA€T M3 CPABHCHMA HANMCAHHOTO PANA C FaPMORMYECKHM.
Dror npuMep IMOKa3bIBaeT, KAK KHOM Da3 AeHCTBUTENbHO BHILOAHO CBOIHMTH
pasbicKanue npeneia HOCAEOBATEABHOCTH K MCCIENOBAHMIO GECKOHEYHOIO NPOU3-
BeleHHs C HCIONb30BAHMEM Pa3BUTOH ANA GeCKOHEUHHIX NPOM3BENCHHH TEOpHH.
3) MpuBeneM B 3aKJIOYEHHE 3aMeyaTelbHLfl MpUMep Npeo6pas3oBanus Gec-
KOHEYHOro NpOU3BeNeHMs B pal, npuHajiexaumit ditnepy. Ecam mepenymepo-
BaTh NPOCTH € YHCIA B NMOPAZKE BO3PACTAHUA:

p!=27 p3=3i p3=5’ "'7pk’ s

TO OpH X > 1 HMeeT MeCTO TOXNEeCTBO

‘ (1—217)(1—31;) (1—51,:). -(1—1%;)-

=14 get gzt gt oot oo

M
T ! v !
1~ 2 nx
r=1l—— =1
Pr
Vimeem mo dopMmyne mas CyMMEI FeoMeTPHYECKOR NpoOrpeccuu:
1 1 1 1
—_— =ttt .. F—F...
Py

Ecan NePpeMHOXUTb KOHE Y HO € YUCIO TAaKHX PAROB, OTBEYAIOIHUX BCEM fipo-
CTbIM YHCIaM, HE NPEBOCXOAALIUM HATYPAAbHOro Yucia N, TO YaCTHYHOE npous-
BCACHHE OKAaXETCA PaBHLIM

N ]

o
(Ny __ | \ A 1 4 1
Pi=ll — =2 w= 2wt s ®
pp=nNl—= =i n=1 n=N+1

Py

raie mTpux o3Hayaer, YTo CYMMHpOBaHue pacnpocTpanseTca He Ha BCe HaTty-

panbHble YMUCAQ, a AMIIL (HEe CYMTAsA eIMHMIbl) HA T€ H3 HWX, KOTOPHE B CBOEM
PA3NOKEHHH HA NPOCTHIE MHOXHTIENH CONEPXaT TOAbKO YK€ BBENCHHbIE HPO-
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cTeie yucaa (mepBeic N HaTypanbHHIX YHCEN 9THM CBOHCTBOM, KOHEYHO, 06aa-
nawot). OrciofAa U NONABHO
N

l [ee)
0<P— ¥ 5< Y
a—1 n=N+1

o]
Beuny cxomumocTn psjga 2 ’—11} BLIPAXEHUE CIPaBa, NpeNcTaBifiomee ero
n=1
ocraTtoK mocae N-ro uzneHa, crpemurcs Kk O npu N — oo; mepexons K mpe-
neny, ¥ NonyuuM TpeGyeMulil pe3ynbTar.
dta dopmyrna dfinepa Bnocaexcreuy (1859 r.) Geinra mcrmonb3oBaHa PuMaHoM
B €ro HCCIEeJOBAaHHAX OTHOCHTENbHO pacHpefleTeHUA NPOCTH X YHCE L
4) Ipu x==1 cooTHomeHne (8) emle coxpanser CHIy; OTCIoNa

1 \BB!
P(IN)= [[ ———1—> Z —E=HN'

1] ——=

=N =1
Pr e "

12K y1o Mpu N— 00 Ha 9T0T pas P{N)—co, T. e. npoussenenue

(A 4] e i Lo

Pr

PACXOLAHMTCA ¥ MMEET 3HAayeHHe -}~ co.

B 9TOM COCTOMT NaHHOE JiIepOM HOBOE NOKA3aTeNbCTBO TOLO, YTO MHOXeE-
CTBO NPOCTHIX YuCed GecKOHeyHO (YeM, IO CYILIECTBY, B IPOBELEBHOM paccyxe-
HHM Mbl He IOJb30BANNCh); Bellb HPU KOHEUYHOCTH 3TOrO MHOXKECTBAa M NpOM3-
BE€leHne MMeZo OH KoHeyHoe 3HayeHue, Eciam nonyuyewHsi pesyabrar mepe-
NHCaTh TaK:

(=)= 8)0=8) (=TT =)=

TO, B CBA3H C 5°) MOXHO 3aKMIOYHUTh O PACXONMUMOCTH Psia
11,1 <
1 1
s+5 st +1—7;+..._2;;,
k=1
STO BaXXHoe Hpeﬂﬂo)‘(eﬂﬂe Aaer, CBer TOro, enle HeKOTOpyIO xapaKTepHch(y
pocra ﬂpOCTblx qyucen, OHO F0p33n0 CUIIbHEE yTBep)KlleHHﬂ [e] pﬂ.CXO,lIHMOCTﬂ
[es]
1
rapMOH[/I‘{eCKOFO pﬂna 2 7, ﬂ60 31€eCh pe‘lb HIeT JaHiib O YacTu ero

n=1
YyjaeHoB!
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§ 6. PA3JIOXXEHHS 9JIEMEHTAPHBIX SYHKIHA
B CTENEHHBIE PSiibl

252. Pap Te#uopa. Mu yxe BCTpeyaau B npumepax CTENEHHHE
pALH BHIA:

i:]a,x"=ao+a,x+agx’—!—...—l—-a,,x"—{—..., 1)

PaCnoioOKEHHBE IO CTENEHIM X.
PaccmaTrpuBaloT U CTEHEHHHE PAAH Goaee ofwero suna:

%]a,,(x-—x@":a.,—{—al(x—xo)+...—|—a,,(x——xo)"-}-..., P)

pacnonoXeHHhie NO CTeleHaM JIByWIeHa X — X, (BMecto Xx). Tako#t
psA He DasHHTCA CYMIECTBEHHO oT psna Bupa (1), u6o npusomurcs
K HeMy npocroff 3aMeHOH nepeMeHHOH: X — Xy==y (C TOYHOCTBLIO 1O
0603HayeH U NepeMeHHON),

B nociexpyomeM MH JIETaAbHO M3YYHM CBOMCTBA CTENMEHHHX PAIOB,
KOTODHE BO MHOroM ynono6asiorcs MHorouneHam. OTpeskamu creleH-
HOFO pfAa #BAAIOTCA MHOTOWJEHH, YTO JENaeT CTelleHHHe paan yAob-
HHM CPEACTBOM .Js NPHOGAMXKEHHHX BHuyucaeHHH. B cB#sH co BceM
oTUM npuobperaer GOJbIIYIO BaXHOCTH BONPOC O BO3MOXHOCTH HaMe-
ped 3a0aRKYI0 (BYHKLUIO PR3AOKHCUMS NO CHMENEHAM X — X, (B 4aCTHO-
CTH, N0 CTemeHAM X), T. € MNPEACTABUTb €€ B BHAC CYMMH psaa
rrna (2) [amu (1))

Mu safimemcs spech NOHKOGHHM PasiONKEHHEM MO OTHOIUEHMIO K 3Je-
MEHTapHHM (yHKUHAM, NPHYEM NyTh K PELIEHNIO MOCTABJIECHHOrO BOMpPOCA
HaM OTKpHBaeT ¢opmyiaa Teitnaopa, noapo6GHo msyuennas B n° 105—108.
B camoM nene, NpeAnoJOXKUM, YTO paccmarpupaeMas OyHkuus f(x)
B OpOMeXyTKe [Xxo Xo—+ H} wm [xy— H, x,](H>0) umeer npowus-
BONHHE BCEX NOPSAKOB (TEM CaMmM — HenpepuBHMe). Torma, Kak MH
pagend B n° 106, nas Bcex sHaueHwH X B 3TOM NPOMEXKYTKE HMEET
MecTo ¢opmyaa

FE=r ) +LG (v — ) - LLD (x — ..
...+f P () ()

rie ROTMONHMTEAbHHH YAEeH r,(X) MOXeT OHTb BPENCTABJIEH
B omHO# u3 ykasanHux B n° 106 dopm. [Ipu sTomM 2 MH MOXeM
6paTh CKOJAbL yroxuo 6onpbmum, T. € AOBOAUTL STO Pasioxe-
HHE O CKOJb YrOJHO BBHICOKMX CTremeHed X — Xo.
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3T0, eCTeCTBEHHO, NPHUBOAMT K MHCAH O GSCKOHEUHOM PAas/HOKEHWH:

SOy =1 ) +LEL (6 — g+ LD o ego -
...+f—n(l{9~)(x—x.,)"—]-... @)

Tako#f psax — HE3aBACAMO OT TOrO, CXOMMTCA JIM OH KW HMeeT Ju, Ha
camoM jpese, CBoefi Cymmo#t f(x)— HazmiBaeTcs psdom Teliropa nis
dynkuun f(x). On umeer Bun (2), npuuyeM KO3PGUUHEHTH €ro:

ao=f(x0), ay= f(xo) a’=f”g‘o)’“" a,= fm’n(lx)

) ass

HOCAT Ha3paHue Kosghuyuenmos Teiiropa.

Tak kak pashocts Mexay f(x) u cymmoHt n-}-1 unenos psma Teft-
nopa, BBHAY (3), ecTe Kak pas r,(X), TO, OUEBMAHO: 0457 M0O20, 4MOGH
npu HeKOMmOpOM 3HAYeHuu X O0eillCMmBUMENbHO UMEAO MECMmO Pa3Aojce-
mze (4), Heobxodumo 1 0ocmamouro, wmobs. OONOAHUMEALKBE YAeH

« (%) dopmyas Tedaopa — npu smos 3navenun x — cmpemuscs 0
¢ so3pacmanues n:

lim r, (x)=0. ()
n—» o

Hpﬂ UCCACAOBaHUN BOMPOCa, HMEET JH MECTO 3TO PaBEHCTBO #
NPH KaKWX HMMEHHO BHAYEHHAX X, HaM ® OyAyT NOJE3HN pa3/HuHbe
$OpMB  JONONHUTENHHOTO UYJEHA r,(X), BHABJAAIOUIUE €r0 3aBH-
CUMOCTSH OT .

Yaue BCero MNPUXOAMTCA HMETh JENO €O CAyyaeM, Korza x,=10 u
dyukuns f(x) pasnaraercs B paA HENOCPEACTBEHHO IO CTEHEHSM X

fFO=fO+L et L0y 2O 4 )

9107 paa umeer Buj (1) c xo3dduimenramu:
0 (4 0 {nk
a=fO), a=L0", ¢=L0 =20

gevey n = ﬂl 9 eee
Bunuiiem Teneps noapoGHee HOMOJHUTENbHHH uaeH r,(x) npume-
HUTE/TLHO HMMEHHO K 3TOMY YacTHOMY npeanoJoxenur x,==0 [n° 106}
B popme Jlarpanxka

fm-l-x) (ox) nH

m(¥) ="Gnr ¥ ®
B popme Kommn
ra ) =L o +(1°)’!‘)(1-e)"x"ﬂ. ©)

#) D107 paR OGLIKHOBEHHO HA3HLIBAOT padom Makaopena.
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Ilpu srom o wmHOXMTese O HM3BECTHO TOJBKO TO, YTO OH COAEPKHICA
mexagy 0 u 1, HO OH MOXET MEHAThCd INPH WM3MEHEHNH X WIH n (u
Iame — pu Nepexofe OT onHOK (opMBI K Apyrof).

HepeﬁneM K KOHKPETHBIM DasJIOXKCHHUSAM.

253. PasnoxeHue B pANX NOKa3aTeJbHOH M OCHOBHBIX TPHIOHO-
meTpuyeckdX (yskunit. Jlokaxem CHauaja cledyioulee NpocToe npel-
JIOXEHHE, KOTOPHIM Cpady OyAeT OXBaueH DS BaKHBIX CJAy4aes:

Ecau ghynxnus f(x) 6 npomescymre [0, H| uau [— H, 0] (H>0)
uMeem npou3soOHbe 8¢ e X Nopaoxos it 8ce smu Npou3so0Hsie npu u3-
MeHEHUU X 8 YKQA3AHHOM NPOMENCYMKE OKA3bi8a0MCcs No a6COAOMHOR
BeAUMUHE O2DAHUMEHHBIMIL OOHUM U MEM dHCe LUCLOM

M @) <L (10)

(20e L He 3asucum omn), no 80 8CeM NPOMENCYMKE UMEEN MECIO
pasaodicerue (6).

B camom gene, B34B JONOJHUTENbHHE uaeH r,(x) B dopme Jlar-
panxa [cm. (8)], umeem, B cuay (10):

(1) (g n Hrtt
Irn(x)lz'}i(z'_}_(l—;)llxl ML (n41)1"

n+1

(n 41!
[n° 46, 1); sto [B cuay n° 235, 5°] ciemyer u M3 CXOAUMOCTH psja

o
N s Lax]
I

TIpn Ge3rpaHWYHOM BO3PACTaHUM 71 BEIPaKEHUE crpemurcs Kk O

L+

[n° 239, 2) (a)]. Ho B Takom cayuae u r,(x) umeer npegenom 0, uro
B JOKa3bIBAE€T Halle yTBepmﬂeHne.
DTO npeAiokKeHHe HEMOCPEACTBEHHO NPUJIOKHMO K (PYHKIHAM

J{x)=¢" sinx, cosx

B 1106 0M mnpomexyrke [— H, H], n6o npon3somHHE HX, COOTBET-
CTBEHHO DaBHBIE

f(n)(X)=exx sin (x_l_n-%), cos (x-—{—n. ;)v

6ynyr B HeM 1O aGCOMOTHOH BeimunHe orpaHuueHsl yncioMm el — pag
GyHKHMM e¥, U exunuueR — aag sinx u cos x.

Tak kak koadpduumenrst TeHimopa MH yxe BHUHCAAAA [ STHX
¢ynkuut 8 n° 108, 1)—3), TO MOMeM Cpasy HAalUCaTh PasJOKeHUs:

=14 +5+5tt 5t (1
sinx~x—"—8+i‘i_ 4 (— 1)’¢—1_3£’T_’_+ (12)
- 3} 5! e (2k——1)l esey

2 4 2k
coswm= 11— Jr — A (= D g 13)
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Bce omm umeroT Mecto — BBUAY npOHSBOJBHOCTA H—npn A0 60M
SHAYEHUH X.

254. ®opmyunl ditnepa. CaMbill BUIL KOIPDOULNEHTOB TOAbKO YTO NONYYeH-
HBIX 3aMeyaTelNbHHX Pa3NOXEHUH nodcka3eiéaem Moicab O HEKOed C6A3U
Medcdy Humu, HO— €CIH OCTaBaTbCA B OGMACTH BEIIECTBEHHBIX YUCeN — yCTa-
KOBHTb TAKYI0 CBA3b HEBO3MOXHO. DiNepy yUanochb OCYHIeCTBHTb 3TO IyTeM
BBEJICHHS CMeENexHl ¢ MHUMLLM NOKQ3AMmene.

XoTa B M3TaraeMoM Kypce PacCMaTpHBAIOTCHA NHINb BelleCTBEHHBE YHUCAA H
BEIeCTBEHHbIE TIePEeMEHHEIE, HO — OTCTYNas OT 9TOH OCHOBHOH NHHMH — Mbl BCE
We mnpuBeneM 3LeCh Popmyavi Jiisepa, BHpaKaoUHe TPHLOHOMETPHYECKUE
(GyHKUMYM OT BEIU[€CTBEHHOIrO apryMeHTa Yepe3 NOKa3aTeldbHYI0 QYHK-
HHI0 OT YU CTO-MHUMOIr O apryMeHnTa.

Ecau nogcrasute (moka — yncto Qopmansho!) B (11), BMeCTO BelleCTBEHHOrO
YHCAa X, MHEMOE YHCIO ¥i, TO NOXYyYUM:

Wi D), (D) (y)P
b i R i
= S AP AT SR ST i
=ltyl—gr—grit g +git..
WK, oTIoensn BemECTBeHHyIO YacTh OT MHHMOﬂ,
i y2 y4 . ys yﬁ
oi=(1 ——2—l+71!———...>+z(y—?!+31——...).

Bripawenus B CKOOKaX Kak pa3 M MNPeLCTABAAIOT COGOH M3BECTHBIE YKe Hawm
[cm. (13) u (12)] pasnoxenns ynxkun# cosy u siny. Mrak,

eV = cosy 4-isiny. (14)
3ameHsasa 37eCb y HA —y, 6yLeM MMEThb aHANOTHYHO
e~Yi= cos y—isin y.

[MouneHnoe ClIOXEHHE H BLIYUTAHHE STHX JBYX COOTHOHNIEHWH W NPHBONMT HAC
K 3HAMeHHTHIM opmysar Jisepa.
eyt eyl | eyt — o yi
sy =——(p—, sily=—-p—r. (15)
dopmynn (14) n (15) nmMeT B aHanu3e IWHMPOKOE NMpPHMEHeHHe.

OGpartuMcsi X NOrMYECKOMY OCMBICIEHHIO CKazaHHoro *). HaumeM c¢ paccmo-
TPEHMA KOMIUIEKCHOH INEpPEMEHHOH 2z, ==X, -}-iy,, 3aBUCAIWEHA OT HATypaib-
Horo ykasateas n. Onpenenenye Dpelena ee JaeTcA B TeX e TEPMHHaX,
UTO W J1JA BeliecTseHHoro ciyuas [n° 28]: xomnaexcnoe 4ucao ¢c—=a -+ ib na-
3bi8aeMCSL NPEOLNOM NEPEMERHON 2, €CAll, KAK080 Obl HU ObA0 NOAOHNCUMEAL-
HOe 4quca0 e, 6cecda Haildemcest maxoi Homep N, 4mo 0aa n> N sunoansemcs
HEPaBeHCmBo |2, —¢ | << & *¥),

Tak kak

jzg—e|l={(xp—a) + i —0) =V (xn—a)*F Y —0)%

*) C yueroMm TOro, YTo ¢ KOMIIEKCHEIMH UHCJaMH M C KOMINEKCHOH nepe-
MEHHOJ YHMTATENb YHe€ 3HAKOM M3 Kypca BoICIieH aire6phl.
**) 3necb |a-f-if| 0603HaYAET ¢MOAYNb» KOMIIEKCHOro ymcaa « +- if, pas-

Hufl Y o? B
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TO Cpasy ACHO, YTO 2, — C 6 MOM L MOADKO 8 MOM cAyide, ecAu Ors 8euje-
CMBEHHBLX U MHUMBLX COCMGBAAIOUUX X U Y, NO OMOEABHOCMU UBMeeM:
Xp—a it yp—b.

PaccMOTpHM Tenepb KOMINEKCHHH paR

o0

2 ©

n=l
OH Ha3biBAETCA CXOOAWUMES, €CIM €r0 YACTHYHAS CyMMa
Cn=tte+..+ e

€ BO3DaCTaHMEM 7 CTPEMUTCA KaK K Npelleny K HEKOTOPOMY KOMIIEKCHOMY YH-
cay C—cymme psada. Pasmaras BCE YNOMAHYTHE 3JeCh YACAZ Ha BEILECTBEH-
HYI0 4 MHHMYI0 COCTaBIsIOLIMe:

C=A+iB, ¢a=ap-+ib,, Ch=A,-+iB,
npuyem

Ap=0+a;+...+ 8y, Bp=0b+bs+...+ by,
H3 NpeiIeCTBYIOEro 3aMe4Yanua 3aKiioyacm, 4ro

C,, — C onnoBpemenno ¢ A, — A, B,— B,

T. €. CXOZMMOCTh KoMnaexcHoro paja (C) k cyMmme C paBHOCHABHA CXOINMOCTH,
NOPO3Hb, BELECTBEHHBIX PANOB

zlan (A) = Zl br (B),

COOTBETCTBEHHO, K cyMMaM A m B. Orciofla, B YaCTHOCTH, BHTEKaeT, YTO CXO-
HAHIEECH KOMNIEKCHNE Pslbl — NONOGHO BeeCTBEHHHM — 06AaalT COY e T a-
Te AbHHM cBolicTBoM [n® 245].

(o]

Ecan cxopurcs pan Z | €z ]y cocraBnenHu# W3 Mopyneit pama (C), To,
1

BBULY HEPABEHCTB
lanl<<lenl, (bal<|enls

CXOBATCA H DAL
2] o

?'anI; Zlbnb

1

OTKYZa BHITEKaeT CXOXMMOCThb émnon (A) n (B) [n°243), a crenosatenbHo — u
pana (C). B stom cayuae pan (C) HashBaerca a0co4w0mHO cxodnuuncs. Hanpu-
Mep, pax

2 n
1+—f—|+%+...+% +. (16)

npu 1060M KOMINEKCHOM 3HAUEHHHM 2 aGCONIOTHO CXONUTCH, HOO CXOAMTCA Be-
HIECTBEBBLIA pAX MOAyJeH ero YiaeHOB

RN 2 R 1 L

n
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AGcomotno cxomamufica pax (C) of6sagaer nmepeMecTHUTENbHHM
CBOHCTBOM, MOTOMY 4YTO STHM CBOHCTBOM o6aanmaior pansi (A) m (B) [n° 246
Hakonen, Ha KoMIIeKCHble aGCOMOTHO CXONAMMECH PANM PACHPOCTpAHRETCA H
TeopeMa 06 ymMHOXeHHH [n° 248 nokasarenncrso, AaHHOE AaA Belie-
CTBEHHOrO cayyasd —IocNe cHenaHHbHX 3aMeYaHHul — 35ech MOXET GhiTh HOBTO-
PEHO_ROCAOBHO.

[locraBum Tenmepn B oGuieM BHIXE BONPOC 06 ONMpEeNeNeHHH CTeneHY e IpH
KOMIIeKCHOM z. B ToM ciyuyae, KOTKa z ecTh BELIECTBEHHOE WHCJIO, X, 9T CTe-
news yxe Guiaa onpeaencHa; B nFeliunymeM HOMEpe MB N OK a3 aaH, YTo uaA
Hee nMeer Mecro pasnoxenue (11). B cayyae MumMoro mokasareas z cremenb ef
eue He onpeneneHa; NONPaxkas YNOMAHYTOMY DPa3lOXEHUIO, M6l HA 9TOT Pa3 H O
onpexeneHuo nonaraem e? pasuoi cymme pana (16) (sasexoMo cyuiecrsyio-
mefl). Oyenp BaXHO, UTO NPH OTOM COXPAHALMICS OCHOBHOE CB0icmE0 noKas3d-

meAbHOl PyHKyun
e? . e — ot
’

B yeM aerko y6emuThcs, NepeMHOXas PARH, Raoumue e W e [cp. n° 248, 2)].
Takum oGpazoM, samenss Bwule B pasnoxenun (11) x Ha yi, M mompocty
HCNONb30BANM YKAa3aHHOE paciiupeHHe NOHATHA CTeNeHH.
O1meruM B 3aKTIOYEHHe, YTO, €CAH Z==X - yi, TO N0 NpPaBuAy moKasarexeht
e*==¢* . ¢!, 1aK yro, ¢ yuerom (14), okoHyarennbHO:

¥ty =% (cosy 4 Isin y). {17
255. Pasnowenne apkranrenca. K ¢yuxuen y=—arctg x nokasan-

noe sumie [n° 263] obmee npensoxenne yxe Henpuaokumo, [ledcTsu-
TEJbHO, BHIPaXKEHME s ee n-# npoussoaHoH, HaHaenHoe B n° 96, 5):

y("):(n— 1)! cos” y - sin n(y —1——;—) (18)

HE rapaHTHpyeT CyuiecTsoanus oO6uie# rpandust aas scex y™!
Tak xak coorserctsyiomuti psa Teitnopa (cm. n° 108, 6)]
Kokt

f=F+F— e =D e+

cxomurca Jswumb B mpomexytke [— 1, 1]1%), To BHe sToro npome-
KYyTKa He NPUXOXMTCH yXKe€ TFOBOPHTb O BHDaKEHHM
oyukunu arctgx stum paxom. HaoGopor, ana |x{<<1 umeem
no gopmyre Jlarpanwa (8) [c yuerom (18) u monaras y,==arctgbx]

costty, - sn (1 +1) (30 + 5 )| 1
¥ T

Orciona sicHo, 4r0 1,(x)—0, Tak uTO AAs BCeX 3HaueHHH X B HpoMe-
wyrke [— 1, 1] ameer MeCTO pasnoxceHue

] 5 sk~1
arctgx:x——%——}-'—g——...—l—(——-l)”“;;__l-l—... (19

Irn(x)’é-' ""'-ln—‘-ié

*) Mo npnsHaxy ManamGepa [n° 243] nerxo yGemurbcs, uto pan (aGcomorTHo)
cxoputcs, ecnn | x| <1, n pacxopurca npu | x| > 1. Cxommmocts (neabconmor-
Haa) npu x == | BuTekaer u3 Teopemm JledGuuua [n° 244).
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Mo eme pas mnomuepkuBaeM, urto, x0T arctgx m BHe 3TOrO NpoO-
MEXYTKa HMEET ONPENENEHHHH CMBICA, HO pasiaowenne (19) Tam yxe
He JeHCTBUTENLHO, MOCKOIbKY PAM He HMEET CYMMBL

Us psma (19) mpu x==1, B 4YacTHOCTH, NOJYYaeTCs 3HAMEHHTHIH
pno Jletibnuya

A R N I S (20)

— nepBHH P, B UCTOPEK aHau3a, NPEACTABAAOILMA Pa3oKeHUe YuCaa .

256. Jlorapudmuuecknii pap. Ecau B kavectse dysxuun f(x) B3sTh
m(1-4x) (x>—1), 7o coorsercrayromuit pax Te#tnopa Gyrer Takos
[n° 108, )]

x? , x* xt g X"
f—F+F5—F7+.. .+ 4

On cxogurca qumb AMa 3HaYeHH# x B npoMmexyrke (— 1, 1]%); suaumt,
TONBKO AAf 5THX 3HAYEHUH M UMEET CMHCA MCCAEHO-

BaTh NOBEJEHNE NONONHUTENBHOrO daeHa r,(x).
Bospmem ero cuayana B gopme Jlarpanma (8). Tax xax

f(n+1) (x) =(_ 1)" (ﬁ:’%rnﬁ

[n® 96, 2)], 10O
n 1 n+1
r,,(x):(——-l) nF1 : (l-:ﬁx)"“ (0<6<1)-

Ecmm O0<Cx =<1, TOo nocaeaHu#t MHOXWTEIb HE NPEBOCXOAHT €au-
HALE B OTCI0J3

1

Z}e TAK IO T, (x¥)—> 0 (nmpu n— co).

Ira ()] <

Ho npu x <0 noseneHue 3TOro MHOMHTENS CTRHOBHTCS HESCHHIM,
¥ npuxoputci npuberHyTs K Qopme KowM HONOAHMTENLHOrO wieHa

[em. (9)).
Hmeem N
@=Ll o<y,
TaK HTO
xlfH"l 1—06\»
@< 25 () .

*) U suech aGcomorHas cxomumocth mpH |x|<<1 u pacxommMocts npn
x|>1 ycranasnupaerca ¢ nomoutbio npusHaka Janam6epa. [TpH x =1 Hamuno
(neabconioTHasH) CXOAUMOCTh TO Teopeme JleAGHMua, a mpu x ==— | moayvaerca
PAaCXOAAMMIACH rapMOHHYECKUH DAL C MIMECHEHHBIMH 3HAKaMH.
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Tak kak mpu x >-—1 Oymer 1-4-0x>>1—06, To nocaennusi MHOXH-
TeNb MeHbllle eIUHUI CAeNOBaTeNbHO, Jullb TOAbKO |x | <1, 3aBemomo
r,(x)—>0.

JlioGonbiTHO, uTO, XO0Ta Qopma Kowm Brnoase wucyepnslBaeT BONPOC
AN BCeX 3HaueHm#i x Mexay -—1 m 1, OHa Humuero He KT NpH
x=1; B 3TOM Cayyae Mbl NOJyyaeM

72 (D<A =07,
HO BBHIY BO3BMOXHOCTH &M O MeHATbCA BMecTe C 7 Heslb3s 3aKJIOYHTH
o toMm, uro (1 —0)*—0,

WTaK, N0 COBOKYNHOCTH, JIJ8 BCEX 3HaueHHH X B HPOMEKYTKE
(— 1, 1], neficreutensHo Gyxer

xt X g X®
1n(1—}~x).—=x—-7—}—~3—~...—]—(—1)"174—... 21
B uacthocTy, 1npu x =1 noJy4yaeM yxe SHaKOMBHIH HaM D1
1 1 1 1
1n2=1——2—+—3——_,,—{—(——1)"1~n——|—... (22)

Ws psama (21) MOXHO BBHIBECTH M Jpyrue TIOJE3HHE Pa3IOKeHHs.
Hanpumep, saMmeHsst B HeM x Ha —x (UpXA 5TOM MBI cyuTaem |x|<1)
W BHIYRTas TIOJYYEHHHH Pl NMOuneHHO u3 pama (21), npugeM K caelyio-
meMy pamy:

1+x 1 g, 1 4 1 am
Iny— _2x<l -+ T -+ 5% ++'2m_+—1x ’l") (23)
ITonoxuM 3a€eCH x=§n1—+1, rae n-——INPOH3BOJbLHOE HATypajibHOe
yncao. Tak Kak rtoria
I4+x _nit1
1—x~ n?

TO MHB TOJYYUM pPasaoKCHUC

nt+l 2 1 1 1 1
In n = 2n41 [1 —}—? T @Iy +§ " a1y “}“'“]: (24)

KOTOpOE HaM MOHafo6HUTCs NpH BeYMCAEHUM Jorapugmos [n° 262].

257, ®opmyna CTHpJAHHra. B xavecTBe Apyroro NPUAOMKEHHA DPa3NOKEHUA
(24) nokaweM, Kak ¢ ero TOMOIIbIO MOXeT GbiTh BhiBelIeHa ONHA BawHas (op-
Myna aHamu3a, HocAwas uma CTHpauHra*).

C sTO# ueablo mepenumeM pasnoxenue (24) B BHue:

(r+2)n(+3) =1 5wt wE

#) lweme Ctupaunr (1692—1770) — anrauficknit Maremaruk. Ilpuso-
Iuman Humxke Qopmyra Guaa UM onyGaukosana B 1730 r,
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Jt0 BbIpawkenue, OYEBHAHO, Goabuze €IHHHNLb, HO MeHbuie, yem

i 1 1
l+—3~{‘(2n+1)3 + (2n+1)4+“']= "ty
Wrak, umeem
1

1 1
‘<(”+7)m(‘+7>< " ey
OTKYH3, MOTEHUMPYH, HakmeMm

1 1
o< (1 + %)"'*‘ T TG

Bsenem Tenepb Takyo GYHKUMIO OT HaTYPaabHOIO yKasarend n:

nl e?
ap == n T~
N o
n 2
Torna
1
1\n+5
& _ (1—}—7)
! 4 ’

¥ U3 NPEeNLYIMX HEPABEHCTB CIEHyeT, UTo :
! 122
l< b8 ot

e
’
Gnyy

LB

TAK 4TO, C ORKHOH CTOPOHM, @, > a,,,, C APYroH e,
1 1

gp-e Pog, e BOED,

Takum o6pasom, ¢ BO3pacTaHMeM n mnepeMeHHas a, y6wBaer (OCTaBafAch
OrpaHnYeHHO! CHU3y, HATpPYMEp, HYJeM) H CTPEMHTCA K KOHEYHOMY Npeleiy g,
|
nepeMeHHas we a,e \2n BO3PACTAeT, CTPEMACh, OYEBUAHO, K TOMY e Npexeny a
1

Bn_, I). Tax kak, npu A0OGOM n, BHIOIHAOTCA HEPABEHCTBA

1

a,-¢ P <a<a,,
10 HalileTca Takoe umcao O, 3aKmOYEHHOE MexIy HydeM W elunHueH, uTo

(] 1]

a=a,-¢ ' wm a,=a.e"

{u6o e_

(3ametn™, yto yucno 8, Boo6uie rosops, 3aBUCHT OT n.) BcnomuHas ompenene-
HHE NEPEMEHHON a,, HAXOMHUM:

8
M=ay7- (-;’.)”.el”ﬁ o<b<l) @5)
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Ocraerca Temepb ONpeNeNHTh BeIHUWHY HOCTOAHHOM a. C 9TOH Heabio
BCOMHEM dopmyny Bammca [n® 188], koropyio MoxHO 3anncath B BHJE:
]/1= tim 1,2l
2 nooo Va1 @2n— it
MMocaennuit MHOXNTEND NpeoOpasyeM CAEKYIOIHAM 06pa3oM:

2l @nll)? _ 2. (m)?
@u—TN~ 2al  2al

MOACTABUS Ciofa BMecto n! BHpaKeCHUE
.V—- n\n
n-l—) -a
e) »
a BMECTO 2n! aHAJZOTHYHOE BHpameHue

V- (2n)"’ s,

e

nocle 37MeMEHTAPHHX YNPOULEHHH HOAYYHM

Vi=im 1 %_2
2 n»o Y2@nF1) G 2
TaK yto @==} 2=

[oncrasass 970 sHaveHnHe a B Gopmyay (25), Mb u npugeMm K Popmyse
Cmupaunea

(]
—— L T
nl="V 2zn- (%) e 0<b<),
Ecan or6pocuth mOCHeNHMH MHOXMTENb, TO MOAYYHTCA NPHOAMKEHHaA
Gopmyana¥) i
nl == VQTE-I—Z (1;—) »

NO3BONAOINAA BHYHCAHTL BENHUYMHY daktopuana n! npu GONLIIMX 3HAYCHHAX 7.

O16pomenHpl Xe MHOXHTEAb NaeT BO3MOXHOCTb JNEFKO OLEHMBATH XOMYIEH-

HYyil0 OTHOCHTENBbHYIO NOTPElIHOCTb, KOTOpas, OYEBUAHO, MeHbile
1

el2n_]

®opmyaa Crupaunra vacTo NPHMEHsAeTCA B TEOPHH BEPOATHOCTEM M CTa-
TUCTHKE.

268. bunomuanshniii pax. BospMem, Hakosen, f(x)=(1 4+ x)™, rae
m — moGoe BEUECTBEHHOE YHCHO, OTIM4HOe oT 0 M OT BCEX HaTypaip-
HBEX 4Yucea (MpH HATYPadbHOM m TONYYaeTCs WSBECTHOE KOHEYHOE pas-
noxenue no ¢opmyne Heiorona). B srom cayuae pan Tefiaopa umeer Bug
[n° 108, 4)]:

tfmy 2P RO i Dy

¥) Ee, coGcreenno, H ycraHoBHa CTHpAHHT,
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€r0 HASHBAOT OUHOMUGABHbLM PLOOM, 2 KOI(DDUINUEHTH ero — Ouno-
Muansrslmu Kodghguyuenmarty, IIpu crenaHHpIX OTHOCHTENBHO 2 NPE-
NOJIOXEHAIX HA ONMH U3 3THX KO3(uLueHTOB He OymeT HyaeM (HaoGo-
poT, eciit OBl m OBUIO HATYPaJbHBEIM YUCAOM, TO Kod(duuueHT npu x™t
M BCe caeiayomme obparmmuce O B HyJw). C momousio nmpusHaka [a-
nambepa [n° 243] serko ycranoBurs, uro mpu |x|<1 GUHOMHANBHEL
pam  abcoamoTHO cxoawuTcd, a mpu | x| > 1 pacxoaurca. Uccmenosa-
HUue NOMOJHHUTENBHOrO uJeHa r,(x) Mbo Gyaem npous-
BOAUTh B NMPEANOAONKEHUH, YTO fx{<l, npuyeM Cpasy BO3b-
mMem ero B Qopme Komm (9) [popma Jlarpamxka u sgech naeT OTBET He
npy BCEX MHTEPECYOLIHX HAC 3HAYEHHsX Xx!].
Tak kax

) () = m (m—1). . (m—n--1) (m—n) (1 -+ x)™1,
TO JAONOJIHUTEABLHBI® 4YJjeH

o) =2 =D e W AR RO (g gy,

IlpencrtaBum ero, meperpynnupoBaB MHOXUTENH, B BHJIE:

—_ —_ 1 — — n

P =M= I ('" L=t D) n, mx(1+6x)m—1(1‘+ei) .
Tlepsoe M3 3TUX TpeX BHpaweHui mpeacrasiaser coGol oOmMH umem
GUHOMKRAJABHOIO xKe pﬂl[a HO OTBEYAIOHIETO IOKaszaresnmo m——l TaK
Kak npH |x|<C1 GHHOMHAZLHBIA SN CXOLWTCH, KaKoB Gbl Hi Ghix mo-
Kagare/b, TO 3TO BHpAXEHHE NpPA 71— OO CTPEMHTCH K Hymo. Uto e
KacaeTcs MABYX JPYTMX BRIpaXeHuH, TO BTOPOe NO aGCOMOTHOH Bed-

uHHE COJEPMHTCA MWy rpaHALAMA

|mae|-(1—|x )™ u

(I

HE 3aBUCAIMMU OT 7, a TperTbe, Kak U B n° 256, MeHblue €AUHHIBI.
Takum o6pasom, 7,(x)—0, 1. e. mma |x|<1 umeer MecTo pasmo-
KeHue

()=l 2D ey

2D ot D) L, (26)

KOTOpOe TaKke cBsizaHo ¢ uMeHeM HoloToHa,

Mp ne Kacamuch BONPOCA O NPUMEHAMOCTH €0 NPH  SHAYCHUAX
=1, Tak Kak ero pemesse TPeGyeT KPONOTIMBOTO HCCJENOBAHMS
JAOMONHUTENBHOrO wjeHa. OrpanmuuMcss yKasaHueM, uTO0 NpPH X ==1
pasnoxenne (26) umeer mecto jus m >—1, a mpu X=—1 pus
m>0.
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OTMeTMM HEKOTODHIE YACTHHE Ciaydyan OGMHOMHAABHOTO psja, OTBE-
1
yalomue, Hanpumep, m=——1, 7 g

1

T =l RS (= (= 1<e <)

(06HIKHOBEHHAsT F€OMETPHYECKAs NPOrPeccus), 3aTeM

— 1 1.,, 1., 5
Vidkx=1- X — g X+ et — g
2n — 3!
T ot BRI Gl PP’
n
1 . 1 3.9 5 4,35 ,
W——*-T—l—"é‘x—l—-‘s—x lﬁx —I—mx T e

R e TS SNV G g =)}

Baxno noauepkHyTh, YTO B C/IyuYae DPAMUOHANLHOTO M CyMMa OUHO-
MUAJBHOTO psfa JAdeT BCerla apu@MEeTHYECKOE SHAyeHue pa-
JnKana,

259. 3amMeuanne 06 HCCIENOBAHHH JOMOJHHTENLHOTO YieHa, B paccmo-
TPEHHBX Bbillle NpUMepax pasnoxkenua @yuxuui B pan Tefitopa Bcerza oxasm-
BagoCh, YTO IAA BCEX 3HAYCHWH X, IIPH KOTOPHIX PANL CXONHMICS, €ro CyMMa
paBHANACb HMEHHO MCXONHOM (yHKuUMH. [103TOMY y uMTaTend MOIIO BOSHUKHYTH
TIONO3PEHHNE, YTO BOOOMHIE NOCTATOYHO YCTAHOBHTH CXOLHMMOCTh pffa, Haxe He
nposepas cooTtHomeHusa (5):

lim rp(x)=0,
n—»o

yToGHl yxke Ghino obecneyeHo pasnowenme (4) uan (6) (crp. 51).
Ha nexne, ognaxo, 970 He tak. Paccmotpuy, Bmecre ¢ Komw, B BHge npumepa
(PYHKUHIO, ONpeNessieMyl0 PaBeHCTBAMU
-1
fxy=e ¥  (upn x7£0), £(0)=0.
Ipn x40 ona MMeer NPOH3BOIHbIE BCEX MOPSANKOB
1 1
, 2 -3 6 4\ ——
f(x)=:‘:—3e =, f"(x)=(“‘F+x—s)e LA
¥, BooGuLeE,
1
1y ——
" (x)=P~P, (—;) e ¥ (n=1, 2, 3,.), 27)

rae Pp(z) ecth ueanit OTHOCHTEABHO 2z MHOroumeH (cremenn 3n). B o6muocta
STOTO 3aKOHa Jerko yGeHTbCA N0 METOLY MareMaTHUeCcKOH HHIyKRHH,
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YcranouM Teneps, YTO ¥ B Touke X =0 qas Hame# GyHKOUN CYLECTBYIOT
NPOH3BOAHLIE BCEX MOPANKOB, MPHUYEM BCE OHHM paBHH HYHn*). Jeli-
CTBUTENbHO, NpEKE BCEro,

1
FO—FO) _x
1

P =

—0 mpu x—0,

l

3

ex

tak yro f'(0)==0%*). [onyCTHM, YTOo NOKA3LIBAEMOE YTBEPXKIEHHE BEPHO ANA
BCEX MPOM3BOIHMX 10 7-ro MOpANKa BKIOYHTeabHO. Torma [cMm. (27)]

1 1
Fo ) —fm@  x P (ﬂ
x - T
e**

—0 mpun x—0,

[OCKOIbKY YHCAHTENb NPENCTaBiger cobolt CyMMy UYA€HOB BHHA 7:—”—, 3uavnr, u
Fut (0)=0. Mo MeToRy MareMaTHuecKOR MHOYKUHMH YTBepPKIAEHHE ONMpPaBlaHO
NONHOCTRIO.

Pax Makaopena (6) nmaa sTolft (QyHKHHH — CO CIIOMb HYAEBHIMH Ko3(du-
HUEeHTaMH, KOHEYHO, CXONHTCA NpPH BCEX 3HAYCHHAX X, HO HU NPH OXHOM H3 3THX
snayeHndt (kpoMe x==0) He BOCHPOHM3BONMT WCXOXHOH (YHKUHH.

TaxuM oGpa3oM, NpeXBapHTeNbHOE ONpejeNeHHe O6NaCTH CXOXHMOCTH paAxa
Telinopa MMeeT IMIIb BCIOMOraTelbHOe Ha3HAaUEHWE: OHO TIO3BOJNSET MHOH pa3
Hanepen WCKJIOYHTb M3 DACCMOTPEHHA Te 3HAYeHAd X, IJA KOTOPHX OTpHUA-
TeabHBI pe3yibTar HanepeX sACeH, IOCKONbKY pAjl pacxoxurca. B rtex e
TOYKax, riue A1 CXOIHTCH, TOJAbKO HCCAegoBaHHE JIONONHUTEABHOIO YJACHA
dopmy au Tefinopa naer BO3MOXKHOCTD JIOKa3aTh, YTO Cymmo#t p A xa Teftaopa
Oyfer MMEHHO MCXOIHas (yHKuHA.

§ 7. NPHBJIMKEHHDBIE BbIYMCJIEHHA C NOMOIbIO PANOB

260, Mocranoska Bompoca. Ha npumepe noayueHHWX HAMH KOHKPETHHIX
PasnoKeHuit Mbl Pa3bACHHM, KaK GECKOHEYHbe PAXH MOrYT OblThb HCNONL3OBAHH
AR uedefi NpuGIMKeHHHX Buuncaenud. INpennomuiem pan oGIMUX 3aMeYaHMit.

Ecan yucao A pasnoxeno B pam:

A=a;+a;+a;+...+a,+...,

Tae 4, @y, 8y, ...— yEOOHbIE (OOBIKHOBEHHO, PAUMOHANbHbLIE) YHCAAZ, H MH NONO-

WHUM NPHGIHKEHHO:
A=A,=a,+a3+...}ap

*) 3aMeTuM mOWyTHO, 4TO JlarpaHs CYHTan HEBO3MOMHHIM, UTOOH QYHKUHA
(He paBHas TOXNECTBEHHO HYMO) ofpaujanach B Kakoit-nu6o TouKe B HYTH
BMECTEe CO BCeMH CBOMMHU nNponssoxubMA Komd noctponn cso#t
NpUMep MMEHHO s ONpOBepKeHWd 9Toro MHenua Jlarpamxa.

*%) D10 BelTeKaeT H3 o6uiero 3aMeyaHna (KOTOPOE CHEAYET HMETb B BUUY
W Jaxblige), 410, KaKoB Obf HHM Oull mokasareab >0,

[cm. n° 121, 4)]. Specv pons z wurpaer .—’:—,(npn x —0).
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TO HOTPAaBKa Ha OTOPAaCHBAHHE BCEX OCTaJbHBIX YJICHOB BHPASHICA OCTaTKOM
@ ==dp41+ Gpig ...

Tlpn gocratoyso GOXLIIOM 71 9Ta NOTPEIIHOCTb CTAHET CKONb YIONHO Manof,
TaK uto A, BOCTpou3BeNeT A c M0G0l Hamepex 3aKaHHOR TOYHOCTLIO.

Mbl  32MHTEPECOBaHM B BO3MONHOCTH INIPOCTO INPOM3BOUMTL OL € HK Y
0CTaTKa &, 9TO NO3BOJMAO OB HAM M BOBPEMA OCTAaHOBHTbCA NpPH BHIYMCAEHWH
NIOCHENOBATEAbHHX YaCTHYHBIX CYMM, KOTHA yXe OYNeT HoayueHO NpHOGAMKEHHE
Tpe6yeMoli TOYHOCTH.

Ecan paccmarpuBaeMmilt pAIl OKa3HBAETCA 3HAKONEPEMEHHHIM M INIPHUTOM
C MOHOTOHHO YOLIBAIOWMMH N0 a6CONIOTHOfi BeAHMYMHE vyiaeHaMu («ieHGHMIEB-
CKOro THNA»), TO, KaK MH BHEesn [n° 244, 3ameyaume], OCTATOK WMeeT 3HAK
CBOETro INepBOro YA€Ha M Mo aGCONMOTHON BEJHYMHE MeHbIle ero. JTa OueHKa
B CMbICIE€ NPOCTOTH HE OCTaBAfeT XeJaTh JNyYHIEro.

Heckonbko croxknee o6CTOMT LENO B CIyyae NMONOXHTeAbHOro pana. Toraa
OGbIKHOBEHHO CTapawTCA HaHTH HONOXHUTENbHHH Xe paj ¢ GOIbIUMMHM YIEHAMMH,

0

KOTOpHH 6b JerKo CyMMHpPOBAnCs: Za;,, @,=20, U B KauecTBe OlLEHKH AuA
i

OCTaTEa @, 6EPYT BENMYHHY OCTATKA &, STOrO HOBOrO pafa: o, < «). Hampumep,

[++]
1
Aas pﬂllaZW MOXHO HOAYWHTb
1

v !l W 1 N 1 1y 1
=< 2 mm—T1 2 (m—1“7)=7'
me=n+-1 me=n-|-1 m=n-1

(e}
a naa paga 1+2-—;le
1
o o

(2]
1 1 1 1 1
ml " nl 2 AFDom 2 w5~
+l( +1) m=n+l(n+ ) nin

m=n-+41 m=n

[9rciﬁ49(iuenxoﬂ Mbl (aKTHYECKH M MONB30BANHCH IPH BHYMCIEHHH YHCAA &
B Il 5

OO6HIXHOBEHHO HIMETCA NeCATHY HOe ApHOIMmKeHHe uucia A, B To BpeMs
KaK uideHb PAAA MOTyT M He OuTb BHIPAXEHH NECATHYHWMH Xpobamu. Ilpu
o6pamieHnA MX B JAECATHYHYI0 RPOGh OKDYIIEHHE CHYXHWT WCTOYHHKOM HOBOf
TIOrpenIHOCTH, KOTOPYIO TAKKE CAERYeT yyecCTh.

Hakonen, oTMeTHM, YTO Na€KO He BCAKHH DAI, MMEOWMHA CyMMoft HHTEpe-
Cyjomee HaC YHCIO A, NPATCHEH I GaKTHYeCK Or O BHYUCICHHA 9TOrO
yucna (,uame €CIHM €ro YleHH IPOCThl, H OLEHKA OCTaTKa TIPOU3BONHTCA JIEI‘KO).
Bonmpoc — B 6hICTpOTE CXOAMMOCTH, T. € B GLICTPOTE NPHOIMKEHHMA YaCTHYEOH
CyMMB K uucay A

Bosbmem nas npuMepa pamm [cM. n° 255, (20) u n° 256, (22)]

1,1 1 1,1 1
I—gtg—7t 8 I=g+g—g+s—...,
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T
Iaouue COOTBETCTBEHHO PA3NOXKEHHE '-H'ICC.TIT H In2. Onu cxomaTcs OuEHb

MEIJIEHHO, B N4 TOro, YTOOB € MX NOMOIIbI0 HAalTH NPUGAMKEHHbIE 3HAYEHHA
9THX YHCesl C BHICOKOM TOYHOCTBIO, HYXHO GO Gbl CHOMHTH OIPOMHOE KOIH-
yectso unenoB. Hmke MH 6e3 ocoGoro Tpyna HaiineMm HeCATHYHbIE HPUOAMKEHHS
YIOMSHYTHX YHCEX C GOAbLIOH TOYHOCTBIO, HCHONb30BaB Godee IOUXONA-
1He pAxb.

261. BelunclenHe uncia = BocmoibsyeMcs H3BECTHHIM PANOM NAA apKTaH-
rexca [n° 255, (19)]:

3 5 7
arctgx=x~ic3——}—§5——§7—+... —Il<xg).

1
Ecan Baats x=—V—3—~, 10 arctgx:—g—, M MBEl HOAYYHM DAL

w 1 1 1 1 1 1 1
’€=_(‘—‘3 ytErEOT s‘+)

yxe NPUTOAHHIN [ BHIYHCIEHHA.
CyuiecTByioT, OfHAaKO, psIBl - ropasfo Goaee yHOGHHIE IAA BLIYHCACHUA

uycaa = [lonoxum o= arctg =, Torna

2 10
1 5 5 12 120
Iga:;?;, Tg?a:l——-l—=ﬁ, Ig4a_—-_-1————25—__m,
T2 T 144

k1
Beuay Gamsoctm sTOro umcaa K 1, ACHo, uto yroa 4a Gnu3oK K T.’ 0N10XHB

T

—=4a ——, OyneM HMeTb:
41
120 I
PN | O S — arcty ]
gp—l';_l‘ﬁ“?{g’“‘m f=arctg 5ag.

119
Or1ciona nonyyaerca Takas Gopmyuna:

P 1t 1 1 11
"‘—16“—4?‘;15{?“‘3“5“#3'?*7'5#

1 1 1 1 1 1 1

g "5 1150 } 4{239 3 "B }

Boiyucnim 1o Heft yMCHO 7 € CeMbI0 3HAKaMH nocne 3anaroft. Mas storo
DOCTAaTOYHO TeX YNeHOB (OpMyNsl, KOTOphe (aKTHyecku BmMHMcaHel. Tak xak
o6a pana—tuna Jlefi6uuna, TO NONPaBKY B YMEHBIIAEMOM M BHIYHTAEMOM Ha
oT6pachiBanye HEBHINHCAHHLIX YIEHOB, COOTBETCTBEHHO, GYAYT:

16 1 4 |
ISh<pEe<iE® 0<% <gmw <10~

-+
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Coxpanennsie yneHsl 06paTHM B IeCATHYHHE NpoGH, OKPYTAAs MX (7O NpaBHIy
HOMONHEHUA) HA BOCbMOM 3HaKe. Bulumcienns cpegenn B Tabauny (- uau —
B CKOOKaX yKaswBaCT 3 H-AaK HONpPaBKH):

159 = 3,20000000 g% == 0,04266667 (—)

+ 5_”55_5 — 0,00102400 + 71%7 = 0,00002926 (—)

91.659 —0,00000091 (4) ﬁ% —0,00000003 (—)
320102491 0,04269596
e I
T 315832895 g_zi‘@? =0,00000010 (—)

0,01673630

YuurbiBas Bce NONpaBKy, HMeeM:

3,15832895 < 162 < 3,15832808,
—0,01673632 < — 48 < — 0,01673630,

TaK YTO
3,14159263 << = << 3,14159268.
Wrak, oxonuareasHo, n==3,1415926..., npuyem BCe BHIIHCAHHBIE 3HAKU BEpHBI.
25232. Boiyucnenne norapudmos. B ocHoBe Bhiymcaenua mexur pam (24)
n° :
In ”'}1’1 =In(@n4+1)—Inn=
2 1 1 1 1
=2n+1[1+?' GiFirTE @iy +] M
Tpu n=1 nmoayuum pasnoxenue maa In2:
2 1 1 1 1 1 1 1 1 1 1
n2==- —— e e, S,
2= (l‘l" T 9ty ety ety owtacwt

1 1 1 1 1 1
T et wtoe —97;-1-)

drot pal BnoaHe NPUroieH ANA BbIYHCAEHHH, Hoxamem, HalrpuMep, 4T0, OrpaHu-
UYHBAACh JHUIUb BHINMCAHHBIMA YJE€HaMH, MOXHO HaliT In2 ¢ HneBATHIO NpaBUib-
HbIMHM NECATHYHLIMH 3HAKAMH.

CaMOM 1Hexe, ecnd OTOPOCHTb WUJIE€HH 9TOrO DPsARA, HAUHHAK C JECATOro,
TO COOTBETCTBYMOLaAA IIOMpaBKa GYMNET:

2/1 1,1 1 2 11 _
A=§‘(*1§'@+‘2‘T'§m+...><m(l+§+§§+---)—

1 2

“ T ST
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Buuncnenus, na 10 3Hakos, cBeleHH B Ta6anmy:

% = 0,66666 66667 (—)

T g —5 == 0,02469 13580 (+)
o 52. 55 = 0,00164 60905 (+)
Fog = Q0001306421 ()
3—_—9—23-; = 0,00001 12901 (—)
3—,]%—9—5 = 0,00000 10264 (—)
8. 1;2; —go = 0,00000 00965 (—)
3—;—1—‘;%@ = 0,00000 00093 (—)
g = 0.00000 00009 (+)

0,69314 71805

YuntniBas Bce nonpaBKH, UMECM:

0,6931471802 << In 2 << 0,6931471809,

TaK YToO
In 2=0,693147180...,

H BCE HanHcaHHbie 9 3HAKOB BepHbI.
lonaraa tenepsr B (1) n=4, Hahnem:

2/, 1 1.1 1
ln5=2ln2+§<1+§..ﬁ.}.?.w_h._).

Moabsysfich yxke BHLUHCAGHHHM 3HaueHueM In 2, o sToft QopMyne nerko BbIYHC-
antb InH, a sareM In10=In2-+1n5. [locre sToro, ¢ MPOH3BOALHON CTemeLblo
TOYHOCTH, MOXeT OHTb BHIYHCIEH MOAYIb

1

M=%T5
s Tepexolia OT HATypalAbHuX JOrapudMos K JECATHYHHIM; OH paBeH
M =10,434294481 ... YMHOXHB Ha MOLYJ]b, HAfilEM X € CATH YH b € AOrapudmoi
log 2 u log 5.

MepefineM X AecaTHuH B M JorapudMaM u B ocHosHo# dopmyae (1):

2M 1 1 1 1
1°g(n+1)_l°gn=2T_l__l[l+§ . (2n+])’+—5—'(2n+1)‘+"‘]‘ @
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Tlonaraa 3gece n=80==2%.10 m npuHumaa Bo BHUMaHHE, 4YT0 n -} l=
=81 == 34, naiigem Ny

_ 11,1
4log3—310g2—m(1+—3— - 2592124.,,,‘) F1,

oTKyRa azerko Hafitu log 3. [Tonaras, nanee, B hopmyne (2) n==2400=3.2%.10%
Oynem uMetb - 1=2401=7*u oM .
1
4log7—3log2—log3— 2= (1+ 5 3502501 +‘)

Tak y1o Hakinem u log 7. [Toxbupas nmomo6ubie YHCHOBHIE KOMOMHALHH, MOXHO C
NPOM3BONLHON CTENEHBI0 TOYHOCTH HAlTH JorapudMbl NPOCTHIX YHUCEd, & 10 HUM
NYTEM YMHOXEHHA Ha HaTypaibHhle MHOXHTENH W CAOMEHHA Halnyrca jgora-
pHMMBE COCTaBHHIX YHCEN.

MoxHo 6biio Ob MOCTYNWUTL H MHAye, HENOCPEACTBEHHO BHIYMCIAA AOrapup-
Mbl NOCAEROBATEAbHHX HaTypalbHHIX YHCed W nepexoxs or logn x log (n-+1)
npu nomountn dopmyan (2). Tak, xaa BoyucaAenus xorapudmos yucea or 1000 no
10000, BosbMem B dopMyle (2) TOABKO OJHH WieH, T. €. MPHOIMKEHHO MONOKUM

2M
log(n+1)—logn= pr (102 < n << 10%).

[Monpasxa mpu sToM Gyner

2M 1 1 1 1
A'=2n-}-1 [3 TS +5 - m+...]<
<3(2n+l)‘[1+(2n+1)s + CnF 1)y +.]=

_ oM oM
YO E S TR TR M v

Taxk kak y nac n==10% a 2M < 1, 10
1
24 - 109 2.1010 °

Ecnu 6n gaxe BCe OMMOGKHM CYMMMPOBANHCh, TO B OGUIEM BCE e TOrpelr-
1 4

A<

HOCTb 6mia 66 MeHbIIE, YeM Ho saerxo wusGernyts Taxoro

2.70% 2108 °
HAKOMJIEHHA NorpemuocTell, BHYHCANB HeAbH PAX KOHTPOABHHIX JOrapudMoB mo
nepsoMy Merony. Takum nmyTeM MOXHO ROCTHIHYTh ropasfio 6Goabiiel TOYHOCTH,
COXPaHHB B TO e BPEMA NPHUCYWuH BTOPOMY MeTONy aBTOMAaTH3M BHYHC-
JeHHH, KOTOPHIH OYEHb KEHEH, OCOGEHHO TIPH COCTABAEHHH OONIMPHBLIX TaGamil.



T'JTABA LIECTHAZLIATAA
SYHKINOHAJILHBIE NOCJAEAOBATEILHOCTUA W PSIbI

§ 1. PABHOMEPHASI CXOJHMOCTDb

263. Beoxnbie sameyanus. Mnl usyuaau Bue GeCKOHEUHbE MO-
CJICAOBAaTC/NLHOCTH - U HX npenenm, 6ecxonelmme psasl A HUX CyMMH;
SJEMEHTAMHM 3THX TNOCACXOBATEALHOCTEH HJAM UJEHaMH paaoB  Oblau
nocrosnHeie yucaa. IlpaBga, vHOH pas B uX coctTaB M BXOOWIH, B POJHU
NapaMeTpoB, Te uJd HHBIE NEePEMEHHBlE BEJUUYMHB, HO BO BpEMA HCCJe-
JOBaHWg WM HEU3MEHHO npnnucmaa.ﬂucr) onpe,ueneHHme NMOCTOAHHBIE
3HayeHuq. TaK, Hanpnmep, Koraa Mhbt yCTaHaBJlP]BaJH/l, yro nocaeno-
BaTe€JbHOCTH

x\1 x\2 x\8 x\r
() () () 1)
MMEeT npefesoM e* W uTo pan
x? x8 1 X°
x———2———}——3——...—[—(——1)" ]—n—+...

uMeer cymmod In(l--x), ans Hac x OHAO YMCAOM  TOCTOSHHBIM,
OyHKILHOHaNbHAA MPHPOLA SJEMEHTOB [OCAEA0BATEABHOCTH H
€€ NpEJesa WM YICHOB PAla W €ro CYMMBl HaMU BOBCE HE YUYMTHBa-
Jach; ceflyac e HMEHHO K STOMYy MOMEHTY OyIeT NpHBJEYEHO Halle
BHHMaHHe.

[IpennonoxnM, 4T0 NaHa MOCMAELOBAaTE€AbHOCTbH, IJIEMEHTaMU
KOTOPO# ABAAIOTCA (QYHKLUHH

@), L) [0, oo, Fu (). M

OT OHHOH M TOH e INEepeMeHHOH X, ONMPENENEHHHE B HEKOTOPOH 006-
aactu ee wsmenenna 2 ={x}*). Ilyctp naa xaxmoro x u3 2 372
NOC/AENOBATENbHOCTh UMEET KOHEUHBIH Hpeies; Tak Kak OH BHOJHE

*) Yame Bcero sro 6yneTI%11Pomemyrou; HO Mbl COXpaHsfeM IIOKa HauGofp-
Y0 OGHHOCTb, pasyMes IO no6oe GeCKOHeUHOEe YHCIOBOE MHOXECTBO.
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onpefenseTcs 3HAYEHMEM X, TO TaKxKe NPEACTaBaseT cobow dyHKuMO

or x B 2
f@)=lim £, () @

KOTOpyio Mbl OyJeM HasmBaTh NpeneNbHOH ¢GyHxuueh Jaas mno-
creposarenshoctn (1) man aas ¢ynkuun f, (x).

Tenepr Mpt OyzeM UWHTepecoBaThCs He OJHMM JIMIIb CyLIECTBOBa-
HHUEM npenesa B OTAC/BHEIX TOYKAX X, HO ¥ (DYHKIMOHAJbHBHIMH CBOM-
CTBaMH Ipene/bHOH ~(YHKLUM — BOpocamMn 00 ee HenpepuBHOCTH, 00
€€ IPOU3BOJHOH M HHTErpane.

Mp yxe Bugesu [n° 284], uTOo paccCMOTpeHHE YHCJAOBOrO psia ©
€ro CyMMHl €CTh JMUIIb Jpyras (opma uCCIenoBaHdd NOC/AE40BaTe/bHO-
CTd YMCen ¥ ee npepesa. PaccMoTpuMm Tenepr P a4, YJeHaM#E KOTOPOro
ABJAAIOTCS (PYHKUMM OT OJHOH M TOH 3Ke NepPeMEHHOH X B HEKOTOpOH
obaactn L

o]

S )=u(x)F X)) F...Fu, ). .. 3)

n=1

Tlycts 5TOT PAA CXOZATCS [PH KawmOM sHayennd x B 2 Toria
€r0 CyMMa TaKke APEICTaBHT cOGOH HeKoTOpylo ¢YHKHUIO 0T X: f(X).
Dra cymMMa onpeneiuTcs NpPese]bHHIM paBeHCTBOM Buja (2), ecam noj
Jn (X) pasymerb uacTHuHyi0 CyMMy

Ja @)= (%) i () . .. -1, (). (4)

O6patHo, BONPOC O NpenenbHOH (YHKIUM 19 NPOU3BOJBHO BaLaHHOH
TOCAEAOBATENABHOCTA (1) MOXHO pacCMaTpuBaTh MON BUAOM CYMMHPO-
Babua paga (3), €cau NOJOKUTH

uy ()= f1(x),
uB(x)=f2 (JC) —fl (x)’ ciey un(x)zfn (x) _fn—l(x), es

Ham vaumie npumeTcs uMeTh AEMO MMEHHO ¢ (YHKIMOHAJIbHHIMH pPAAaMH,
TaK Kak 5Ta (OpMa KCCACAOBaHMA INpeAeqbHOH (YHKUMM Ha NPaKTHKE
o6ruHO yI0GHee.

W spece Takke chemyeT INOAYEPKHYTb, YTO NpPEIMETOM HalIMX
Onuicakiiunx uccaepoBannit OyAyT He OJHM JIHIIb BONPOCH CXOQUMOCTH
paga (3), HO M (GYHKUUOHAJIbHEIE CBOMCTBA €r0 CyMMBI, O KOTODHIX MH
YIOMUHAMM BHIILE,

Kak okasbiBaercsl, (pyHKLMOHAJbHEIE CBOHCTBA NpenenbHoRt dyHKIMH
(cymmbl paaa) f(Xx) CyWeCTBEHHO 8aBUCAT HE TOMBKO OT (YHKUMOHAMb-
HHX CBOHCTB ¢yHkmu#i f,(x) (uaa uneHOB psAma), HO M OT C€aMOro
xapakTepa npubauxenus f,(x) x f(x). Vsyuenvem tunnueckux
BO3MOXHOCTEH, KOTODEIE 34eCh MNPEACTABAAOTCHA, Mbl INpexJe BCEro H
salimemce.
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264. PapHomepHas M HEPABHOMEpHas CXOAMMOCTb. Jlonycrum,
uro ana Bcex x u3 & mmeer Mecro pasencrso (2). ITo camomy ompe-
IEeNeHUI0 Tpejena 3TO SHayuT CJelyoluee: MUIIb TOJABKO (HKCH-
posano 3HaueHHe X B3 Z (@12 Toro urobH HMETh HEI0 C onpe-
JeNeHHOM YU CAOBOH HOCAENOBAaTEABHOCTBHIO), NO /MOGOMY 3afaHHOMY
e >0 nafimerca Tako#t HoMep N, uTO0 mAs BCeX n>N BHOOMHAETCA

HEPaBEHCTBO [fa@) — )1 <e, ©)

rjge Nojx X pasyMeercs MMeHHO TO 3HauyeHHE KOTOpoe
6nJa0 3apaHee GUKCHPOBAHO.

Ecan B3ATh A DYT O€ 3HAYEHHE X, TO MOJYUUTCs Apyras vacio-
Bajl TNOCAENOBATENbHOCTb, H — NIDH TOM Xe & — HaliaeHnHu#t HoMmep N
MOXET OKa3aTbCsl yXKe HeNPUTOAHHIM; TOTJa €ro NPUIAOCh OH 3aMEeHUTHb
66y, Ho x npunumMaer 6ecKoHeuHOEe MHOXECTBO 3Haue-
Hul,, Tak 4ro npex Hamu GECKOHEYHOE Xe MHOXECTBO pas-
JHMYHHIX YUCAOBHX MNOCHENOBAaTEAbHOCTEH, cxoasmuxcs K mnpexeay. Jas
Ka/IO# ¥3 HMX B OTHZENLHOCTH HaltaeTcs cBoe /NV; BO3HMKaeT BOMPOC:
CymlecTByeT s Takofft Homep N, koTopmil (mpH sanaHHOM €) crocobeH
Oua 6 oOCHyMHTh ONHOBPEMEHHO BCE STH NOCACROBATENLHOCTH?

TTokakeM Ha npuMepax, YTO B OJHHX CJAYyYasX TaKOH HOMep Cyie-
CTBYET, a B JIPYrUX — €ro Her.

1) Myctb cnauana

Fa )= f0)=lm f()=0 O<x<)

Tak xax 3necsh
2nx 1

1
0 << XY e ¢ — e T
fa (%) 2n  14-n2x® = 2n?
TO CPasy ACHO, YTO AJA OCYILECTBIEHNA HEPABEHCTBA £, (X) << e HOCTATOYHO, xaxon*o
6bl HH GHJO X, B3aTh 1 > . Taxum o6pasom, Hanpumep, uncao N=E T) )

B 3TOM ClIyuyae OANTCA NJAsSl BCEX X ORHOBPEMEHHO,
2) Monoxum -renepb

Ja(x)= +n Pl (x)=n!in:°fn (*)=0 O<x<l)

,D;nsln ao6oro PUKCHpPpOBa HlH oro x>0 JOCTaTOYHO B3ATL N>
>E (H) , UTObH 6BlI0: fn (X) < Py Ho, ¢ npyro#t cropomn, cxoab
6oapMWUM HU B3ATH 1, I QyBKnun f, (x) B npomexytxe [0, 1] Bcerna

—
..

Hatfigerca TOYKa, HMEHHO TOYKa X=-n—, B KOTOpOﬂ €€ 3HayeHHe PpaBHO

]
1
fn< )—— Takum o6paszom, 3a cuer yseanuenus n chesarb fo(x) < —é—-

#) Ilo nosony cumBosa E (x) cm. 1. 1, c1p. 41.
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ana Bcex snavenuhh x orOno 1 ogmuos pPeMeHHO HHKaK Hemb3d. Muw-
1
MH CHOBaMH, yxe s ¢ == He Cymecrsyer HomMepa N, KOTOPHH roxuacs Gbi

IAA BCEX X OIHOBPEMEHHO.
Ha ‘puc. 2 m3obpaxenst rpagukm stux bynknufl, orseyaomue n==4 U

n==40: XapaKTepeH r o p 6 BHCOTH <+ TepPeNBHraomuACA C BO3pACTAHHEM n

CApaBa HaneBo. XOTA MO KaxJAOH BepTHKaaH, y=DZ.
B OTHEAbHOCTH B3ATOH, TOYKH NMOCAEAOBATE b~ ¥ f+niz
HbIX KPHBHX C BO3DacTaHHeM n GeCKOHeYHO ! n=4
npn6nnmalorca K OCH X,HO HHM OJHa KpHBas :
B l€edA0M He HPHMBIKaeT K 91off OCM Ha H
BCEM NPOTAKEHHN 0T X=0a0 x=1. = o 1
Mnave oficrout geno ¢ dymkumsmu, pac- 4
CMOTPEHHHIMH Ha NEPBOM MecTe, MH He npH-
BOIMM HX rpadukos, u6o orW, HanpuMep NpH
=4 nm n =40, nonayyaworcs u3 rpaduxos,
n306paXeHHMX HA PHC. 2, MyTeM yMeHbIle-
HHA BCeX OpAMHAT, COOTBETCTBEHHO, B 4 uu
B 40 pa3. B stoM cnyvae kpuBme cpasy Ha
BCEM CBOEM NPOTAKEHUH MPUMBIKAIOT K OCH X.
IHanem Temepe oOCHOBHOE OMpexe-
AeHuE
Ecau: 1) nocaedosamensrocms (1)
umeem 8 Z npedeasnyio gyuxguio f(x)
u 2) 0an Kaxdozo wucaa ¢ >0 cywecmsyem maroii nHe 3aeu-
cauul om x womep N, umo npu n >N Hepasencmso (5) sui-
noansemcs 00HOBpeMeHHO Oan 6cex x n3 X, mo 2080pam,
AV amo nocaedosamensHocms (1)
{ cxodume s [ani—@yuryusn f,(x)
cmpemumen) k¥ Gynxygun f(x)
PQBHOMEDPHO OMHOCUMEALHO
x 8 obasacrmu 2.
Takum o6pasoM, B mnepsom
13 MPUBEAEHHBIX NPUMEPOB (yHK-
uus f,(x) crpemurca K mymo
PaBHOMEDPHO OTHOCHTEIABHO
x B npomexytke [0, 1], a Bo
BTOPOM — HeT.
PaccMotpuM manbnefimide mpu-
n="1 2 J1/% /5 J10 Mepbt HepasHOMEpHOH CXo-
AUMOCTH.
3) Ecau
> falx)=x" (0<<x<]),
0 ! T0 .
Puc. 3. Fx)= lim f,(x)=0
n-—»
mpr x <l u f(l)=1.
B atoM cayyuae HEBOSMOXHOCTb HEPaBEHCTBAa X" <Te (MPH e<<1) omHOBp e~
MeHHO nad BCeXx x <l Bumwa XxoTA 68l M3 TOro, 410 X"— 1, ecan (npn
dukcuposanHoM n) X - 1. PucyHox 3 naer npepcrasnenue o cBoeolpasHoM

a)

~
8
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XapaKrepe HapylIeHWS PaBHOMEDHOCTH: 31e€Ch NpelenbHas (YHKUHUA W3MEHACTCA
CKAaYKOM, a I 0 p 6 HeNOJABIKEH.
4) Iycrts, nHakonen,

Fn (x)=2n2x . g~ n%4? O<<x<).

Hesoamoxnoctb pasHOMepHOro npuGammenus B [0, 1] x npenenbnoll @yHKiMy,
KoTOpas 31eChb TOXIECTBeHHO pasHa 0, cmexyer xoTs 6b M3 TOro, 4YTO, NpH

n06oM 7, . 5
n
fl3) =2

Ha sror pas suicoTa F 0 p 6 0B, KOTOPHE MEINAKT PaBHOMEPHOMY CTpEMIEHHIO
k 0, BRo6aBok eme GeCKOHEUHO BO3DACTaeT BMeCTe ¢ 1.

TlepeneceM Temeppr BCe CKAa3aHHOE BHINE O CXOAMMOCTH (PyHKIHit
Ha ciayuaht ¢pyHKIHOHAJAbHOIO psAa (3).

IIpeanmonaras psAx CXOASULAMCSH, BBEOIEM B DPacCMOTPEHHE
ero cymmy f(x), wacrmumnyio cymmy f,(x) [cMm. (4)] ¥, HakoHem, ero
OCTaTOK MOC/IE A-TO YJeHa

@= 3 10,0 =F () —fo ().

k=n-

Ipu moGom ¢ukcupoBanHoM X
lim f,()=f(x) n limg,(x)==0.
n-—>o n— oo

Ecau wacmuunan cysmma f,(x) cmpemumes x cymme pada f(x)
PaBHOMEPHO omHocumenssHo x 8 obaacmu X [uau, wmo mo oe,
ocmamox pada 9,(X) pasHROMEpHO cmpemumcs K HYM0], mo
2080psam, wmo psod (3) pasrHoMmepHO cxodumca 8 dmoi obracmu.

310 ompeleneHne, GYEBMAHO, PABHOCH/ILHO CAEAYIOLIEMY:

Psao (3), cxodawuiica 041 8cex x u3 obracmu L, Hasvsaemcs
pPasrHomMepHO cxodauumca 8 amoli obracmu, ecan 04 KQHd020
wucaa e>0 cyuecmeyem maxold we 3asucauui om x Homep N,
4ymo npu n>N Hepasercmso

[fo () —F () [<e man |, ()| <e ©)

seinoansiemcas o0HogpeMeHHo da8 cex x us3 Z.
[Mpumeps! paBHOMEPHO M HEPABHOMEPHO CXOMASUIUXCA DPANOB MOXKHO
€OoCTaBuTh, NpPeoOpasoBaB NpPHBEIEHHbIE BhILIE NPHMEPH  [OCJAENOBa-

TEJNbHOCTEH. MBI IPHCOEMUHUM K HUM elle C/elyomuid HpPoCcToH mpuMep.
o0

5) PaccmorpuM mporpeccuio Z X771, OHa CXOIHTCA B OTKDHTOM MpoMe-

n=1
wytke Z'=(1, —1). Iaa mo6oro x us 2 o0CTatoxk mocae n-TO YleHa
HMeeT BUI:
xn
X) = ———
¢n (X) T—x"
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Ecau n nPOH3BOIbHO (1) HKCHPOBATDH, TO OYEBUJHO:

R 1
lim X) |=-—= lim X)=o0.
Jlm e (=, lim e (x)

W 10, M npyroe nokaseBaer, YT0 OCYUIECTBHTh, HAA BCE€X X OJAHOBPeE-
M € HH O, HEPaBeHCTBO

lon(x)|<e (ec:m s<%)

Opd ONHOM U TOM Xe€ HOMepe n HeBo3MOXHO. CXOIUMOCTb TNpOrpeccHH B
npoMexyrtke (—1, 1) HepaBHOMepHa; 9T0 e OTHOCHTCA K TIPOMERYTKAM
(—1,0} u [0, 1) B oTHeabHOCTH.

265. Ycaosue pasHomepHoit cxomuMoctu. Teopema Boabuano —
Komm [n° B2], ycraHaBauBaomas YycJI0BHE CYLIECTBOBAHHS KOHEYHOFO
npeaena IS 8aNaHHON YMCIOBOM TNOCAENOBAaTENbHOCTH (<APHHIUI CXO-
IUMOCTH»), €CTECTBEHHO MPUBOAUT K CJACLYIOUEMY YCJIOBHIO D aBHO-
MepHOHR cxoguMocTH IJs 3afaHHOH B o6nactu 2 NOCAENOBaTeIbHOCTH
Gyuknud (1)

Harsa mozo umobGo. nocaedosamessrocms (1) 1) umesa npeders-
Hylo ynkyuio u 2) cxodusacs K Imolk GYHKUUU PABHOMEPHO
omHuocumeavHo x 8 obaacmu L, HeoGxodumo u docmamouno, 4mobsl
0ASL Kaxc0020 HUCAQ e>0 CYyWecmso8an maKol He 3a8ucCAUUD
om x wnomep N, umo6u npu n >N u awbom m=1, 2, 3, ..,

Hepaserncmeso
| Frim () — fu ()| <& 9

umeso mecmo 0as% 6cex x u3s L odHospemerHo.

[TpeGoBanve 5TO MOXHO KpaTko C(HOPMyJHpOBATh TaK: MPUHIAT
CXOAMMOCTH JAJ% mocjenoBatenbHocT# (1) JOMKEH — OCYLIECTBJATBCH
«paBHOMEpHO» /st BCeX x H3 Z.]

HoxasateabctBo. HeoGxoaumocts, Ecam nocaexosa-
TenbHOCTh (1) uMeer npegetbHyw GyHKImIO f(x) ®u Ccxoaurcs K Helt
pasHomepHo B Z, 10 no 3amaHHoMmy e >0 Halizerca He BaBu-
camui 0T X HOMep N, Tako#, yro mpu n >N Oyxer

1
Ifn(x)_f(x)l<—2—s
AJ89 BCeX X. AHaJOTHYHO H

Ifn+m(x)’_f(x)[<‘;—e (m=1, 2,3 ..)

a u3 3tux obGoux HepaseHCTB Buitekaer (7).

HoctatouHocTb. Ilycts YyCiIOBHe, YKa3aHHOE B TEOPEME, BHI-
nonnedo. Toraa, Kakoe Gn 3HaueHHe X M3 2 HMU GUKCUPOBaTh, B
qule nocaexoBareasHocTd (1) Mei OyaeM uHMETh YHCJAOBYIO moC/e-
NOBaTeAbHOCTD, JJ KOTOPOH BeIMOMHsAeTCA ycaosue DBosbuano — Kowm,
CienoBare/bHO, 14 STOR NOCAEZOBaTEAbHOCTH CYHIECTBYET KOHEUHbBIH
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npenen, uYeM AOKa3aHO CYILECTBOBaHHME MJd nocaegosareapHocTd (1)
npexeasHoft dynkuuu f(x).

Teneps, B3ss no npoussony n >N u x us 2, craveMm B Hepa-
Bencrse (7) OesrpaHuYHO YBENHUMBaTb /2 (NPY NOCTOSHHBIX 71 B X).
Hepexons k mpeneny, moJaydum:

&)~ <e.

DTUM yCTaHABAMBAETCA DaBHOMEPHOeE cTpeMmaenue f,(x) k f(x).

Herpynno nepedpasupoBaTh nOKazaHHOE ychoBue AJda Cayuas (yHK-
IIHOHAJILHOTO Psifa;

Jas mozo wmobu psid (3) cxoduscss pasromepro 8 obaacmu L,
HeoOxo0unmo u docmamoino, 1mobu 04f Kedcdozo wucaa & >0 cy-
wecmsosan maxoi He 3asucawui om x Homep N, wmo npu
>N u awbom m==1, 2, 3, ... Hepasencmso

n+m
!k 2+:  (0) | = [ty () 0 () oo -l () [ <2 (8)
=n
umeem mecmo 04 8cex x u3 L odHospemenno.

Ilas yCTaHOBJNEHH Ha NPAKTUKE DPaBHOMEPHOH CXOAMMOCTH KOH-
KPETHBHIX TIOCAENOBATENBHOCTEH WM pAOB nNOJb3ytoTca Goaee yao6-
HBIMM B MPUMEHEHMH NOCTATOYHBIMH NPH3HAKAMH, KOTODHE (hOpMYaupy-
0TCd OGBUHO AJS PSAOB.

Bot npocrefiunit u yaumle BCErO NPHMEHSEMHH NPHSHAK:

Ilpasnax Bedepumpacca. Ecau waens dhynxygionarsnozo pada (3)
yoosaemsopaom 8 obsacmu X HepaseHcmBam

() [<<¢, (n=1, 23, ..), ©®
20e ¢, cyms UAEHB HEKOMOPO20 cX00SAUe20CA HUCA0B020 PR
[od
Zlcn=01+cg+...+cn+..., ©
ns=

mo pad (3) cxodumcs 8 X pasHomepHoO.

Ilpe namuuuu wepabencra (9) rosopst, uto pax (3) Maxopu-
pyercs psgom (C), wm uro (C) cayxur MaXXOPaHTHHM pPLIOM
ans (3).

Iletictutenbho, w3 (9) Mojay4yaeM HEPABEHCTBO

I "n+l (x) "l_ un+§l (JC) + L + un+m (x) ! = C'n-i-l + cn+‘l + .. -+ (Jn+m,

CrpaseaIuBoe OAHOBPEMEHHO aJas BCcex X u3 obaacru 2. Co-
FA3CHO TPUHIMNY CXOAMMOCTH, KOTOPHH Mbl NpHMEHSEM K YU CJIO-
somy psny (C), ans moGoro e >0 Haliperca Takoe N, uTO npu
n>N npasasi uacTh NPEAHAYILEro HEPaBEHCTRA GymeT yxke MeHbile e,
a C Hew — M JeBas, NPUTOM JJas BCeX X cpasy. Orcioas, B cuay jo-
Ka3aHHOTO BBIUE YCJ/OBHf, W BHITEKAaET Halle YTBEDKIECHUE,
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Takum ofpasoM, HanpuMep, B AO60M npoMexyTke PaBHOMEPHO (X0-
JATCA PARbL

[e] o]
Y, ap sin nx, >} ancosnx,
n=1 n=1

o«
ecan TOmbKO AN 3, G, CXOAMTCA a6cOn0THO. Bems
n=1

|8psinnx|<<|a,|, |Gucosnx|<|anl,

[ee]
TaK YTO PONb MAXOPaHTHOIO SIECh HrpaeT Pam Y, |a,].

n==

§ 2. ®YHKUMOHAJIbHBIE CBOACTBA CYMMbI PSIIA

266. HenmpepriBHOCTP cyMMBl psaga. Msi nepexoinmm Teneps X
UBYYEHHI0 (YHKUHOHAABHHIX CBOMCTB CYMMH psa, COCTaBJAEHHOTO U3
(yHKuull, B CBA3M CO CBOHCTBAMH 3TUX NOCAeHHHX. Bwime yxe yka-
8HBAJOCh Ha SKBUBAJEHTHOCTb TOYKH BPEHHS MNOCAEAOBATENbHOCTEH M
TOYKHM SPEHHs OECKOHEUHHX pPafoB. B u3NoxeHu#n MM oTAaeM nOpel-
NOYTEHHE NOCAeNHEH TOYKE SPeHHs, MNOTOMY YTO B  HPHJIOKEHHIX
BCTPEYAOTCA MOYTH HCKIIOYHTENbHO HMEHHO OeckoHeunsie psimel. Ilepe-
HECEHHE CKasaHHOrO0 O (YHKNMOHAJbHHX PAJaX Ha CJHyyah nociaenoBa-
TeABHOCTER (PyHKUMH He NpeacTaBAseT 3aTpyAHeHntl.

BBejeHHOe BHINE NMOHATHE PABHOMEDHO# CXONMMOCTH BO BCEM Halb-
Hefimem OyjneT HrpaTh pEIUAIOWIYI0 DOJb, TaK YTO BaXHOCTb €ro
BHIBUTCA C NOJHOH CHJIOR,

HauseM ¢ Bonpoca O HENPEpPHBHOCTH CYMMH DAN3, COCTaBJEHHOrO
13 HENpepHBHHX (yHKHufA., UuraTemo H3BECTHO, UYTO CYMMa KOHEYHOro
yucna HempepHBHHX (ymkuuit menpepuiBHa [n°62]; cnpasemnuso au
NOJNOOGHOE e YTBEpXKACHHE M JJa cayuas OECKOHEYHOro uucaa Chaa-
raempix? Cregyiomuit npOCTOH DNpUMEpP TNOK43HIBAET, YTO 3TO HE
BCEerga Tak.

PaccmorpuM pax

Dt (l—x)=(1—x)+x(1 —x)+ ... + 22 (1—x)+ ...
n=t O<x<l)

Tlpu x=1 BCe YJeHH Dafa, 2 C HUMH—M CYMMa pala, obpamaiwrca B 0; npu
X <<}, cymmHpys mporpeccuio, noayyaem 1. XoTa uleHH psfia HeNpepLBHH B
npomexytke [0, 1], Ho cyMMa psajga B Toyke x==1 Tepnur paspus! OTmeTnm,
YTO CXOAMMOCTb Dfla 37leCb He PABHOMEpPHA, TaK KaK OCTATOK pajya nocae n-ro
yaeHa, paBHHA X# (maa x << 1), ctpemurca k O HepaBHoMepHO [n° 264, 3)).
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Mmeer mecto
Teopema 1. Ecau gywxynu u,(x)(n=1, 2, 3, ...) onpedeaens
u Henpepsigne. 8 npomescymrxe X =|a, b] u psd

o0

Zl u, (¥)=1, (x)Fug (X)+ ... Fu, (x) ... )

n=

cxodumcss 8 & pasrHoMepHO K cymume f(X), mo u sma cymma
Gydem Henpepvl8ra 8 npomescymre L.

HokasaTEabCcTBO. BosemeM B mpomexytke 2 Kakyio-auGo
TOUYKY X9 W YCTaHOBUM HENPEPHBHOCTh (yHKuuM f(X) B 2TOH TOUKe.
Coxpauss npexune o6ospaueHus, umeem Inpu Jmobom n=1, 2, 3, ...

u mobom x uz 2%
f(x) =fn (x) + Pn (x) 2)
U, B 4aCTHOCTH,
I (o)== Fp (%) - u (o)
OTKyAa
If @) —f | <|fa@)—Ffaxd |+ e @) [+en x| (3)

3apanumMcs Tenepb MpouspoibHBIM ¢ > 0. Beuiy pashoMepHO# cX0-
OUMOCTH Dsfia MOXHO (HMKCHDPOBaTh HOMED # Tak, uroOn Hepa-
BEHCTBO

lon ()| <5 )

BHIIONHAJOCH VI BC€X 3HaueHu#h x B mpomexytke 2 (8 TOM umcie
u s X =x,). Orveru™, yr0 npn GUKCHPOBAaHHOM # QYHKUMT
fn(X) ectb cyMma ompeneseHHOrO KOHEYHOTO uHcAa (QYHKIMH 11, (x),
HENPEPHIBHHIX B TOYKE X=X, Il09TOMy OHa TaKxe HeNmpephBHA B
5TO# TOuKe, M No sajsauHoMy e >0 mafigerca Takoe 3>0, uro mnpu
|x — x| <3 Oymer

| 00) — fa () | <5 ()
Torpa, BBumy (3), (4) m (5), HepamenctBo |x— x)|< 3 Breyer 3a
cobo#
I () —F () | e,
YTO H JXOKas3biBaeT Teopemy *).

3AMEYAHNE Mu BuIenM Ha TpUMepe, YTO YTBEPHKAEHHE TEOPEMBI MO-
WET OKasdaTbCA HEBEDHBIM, €CIH ONyCTHTh TpeGoBaHHEe paBHOMEDPHOH Cxo-
aumoctd psita. OfHako paBHOMepHas CXOZMMOCTb (QHUIYPHDYET B TEODEME BCe

*) PakTHYECKH 3HeCh JOKA3aHO, YTO M3 HENPEPHIBHOCTH YJEHOB psla B
ONpe/ieIEHHO! TOYKE CIEAYET HeNmpepuBHOCTH €ro CyMMH! B 9TOH e TOuKe,
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e JHMb Kak MOCTAaTOYHOE YCIOBHE M He CilelyeT AyMath, YTO STO yClO-
BHE HEOO X O K MO A HeNPEPHIBHOCTH CyMMu psana. Hanpumep, panw

0
Y 24 [nfe M (n— 1)~ (1= 124, l
n=1

2 [ T +nrfﬁx9 - 145'2;—11;;&]

n=1

(©)

[cp. n° 264, 4) u 2)] B mpomexyTke [0, 1] UMEIOT HenpephIBHYIO CYMMy, TOMXIe-
CTBEHHO PaBHYI0 HYNIO, XOTS B YKasaHHOM NpoMexyTke o6a CXONATCA Hep a B-
HOMEpHO.

Jlerko mepedpasupoBaTh [AOKA3AHHYIO TeOpeMy AJMd Cayyas IMocJje-
JIOBATeNbHOCTH (DYHKUMMH:
Teopema 1% Ecau nocaedogamersnocms GyRKyui

fl(x):fﬂ(x)’ ---,fn(x)’ cesy (7)

onpedeseHRbX U HenpepusHux 8 npomexcymrxe L ==[a, b], cxodumcs
¥ npedessnoli ynryun f(x) pasnomeprno 8 X, mo u f(x) wne-
npepsisna 8 2.

267. Cayvait nosOXHTENAbHBIX pagoB. s pAgoB 9TOr0 YacTHOro
TUNA, KAK AOKaszaad Juuu *), paBHOMEpHad CXOZWMOCTb OKashIBaeTCAd He
TONLKO JOCTAaTOYHBIM, HO H HeOOXOZHMMBIM YC/IOBUEM HENpPEepHIB-
HOCTH CYMMBl Dsiga:

Teopema 2. I[Tycms waens. psoa (1) HernpepsisHsl 8 Npomescymie
X'=la, bl u neompuyameansno. Ecau pad umeem cysny f(x),
maxyce Henpepsenylo 8 npomescymre X, mo pad cxodumes 8 3Mom
nposedcymre pasHoMeEpPHO,

JHokasaTEabCcTBO. Paccmorpum ocratku psma (1):

o

@)= X m(x)=s(x)—1p(x)
k=n-1

dynxung ¢, (x), Kak pasHOCTb JBYX HENPEPHBHHX (QYHKLUH, TaKke
HenpepsiBHAa. BBHAY NOJOXHUTEAbHOCTH YJEHOB Pslla, INOCJAENOBATENDb-
HOCTh {¢,(¥)}, DMpH nocTOsHHOM X, sBAseTCH yOmBawoumeH (HeBospa-
craiomeh);

aX)=pE) = =@ =)=

Hakonen, nockoabky paa (1) cxomurcs B mpomexytke 2, npu moGom
NIOCTOSIHHOM X
lim ¢, (x¥)==0.

n~— 0

*) Yauce Junn (1845—1918) —nranbanckuit matemaThk.
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Ias Toro uroGel YCTaHOBUTH DAaBHOMEDHYIO CXOLHMOCTb psAa, HO-
CTAaTOYHO JIOKasaTh, YTO [l KakKAOro yucia & >0 CymeCTBYET XOTb
OIHO BHaueHue n, Npu KOTOpoM ¢, (x)< e ONHOBPEMEHHO IJ9 BCEX X
(u6o rTorma ans OGOJABMIMX 3HaYEHHH 7 5TO HEPABEHCTBO BHIOJHANOCH
Gbi ¥ MOAABHO).

JloxasaTeAbCTBO 3TOr0 GyxeM BeCTH OT NPOTHBHOro. IIpeanovIONiAM,
4TO0 JAM1 HEKOTOPOro & >0 Takoro HOMEpa 7 He CYUIECTBYET.
Torma npu moboM =1, 2, 3, ... B npomexytke 2 Halinercs TaKoe
SHAYEHHE X =X, UTO @,(X,)==e. K nocregosaremuocru {x,}, sce
37MEMEHTH KOTODOH CONEpIKaTci B KOHEYHOM RNpomexyTke 2, NpHMe-
HUM JemMy Boapuano — Betiepmrpacca [n°61] u Bmzenum u3 Hee ua-
CTUYHYIO NOC/ENOBATENLHOCTD {Xy,, |, CXONALLYIOCH K MPENeny Xo.

Beuny HenpephBHOCTH @, (X), uMeeM:

lim Pm (xn;,) =®Pm (xo):
k-+00

KaxkoBo Obl Hm Ontio m. C japyro# cropoHwm, npa no6om m, Ajs JO-
CTaTOYHO OGOMbIWHX X:

Mg == M, TaK YTO @y (Xp,) == @p, (Xn,) =
Tlepexons anece k npegenay npu k-—» 0o, HalzeM, uyTo

lim ¢n (xnk) == (Xo) ==&,
R - 0

A 3TO HepaBeHCTBO, HMeroIlee MECTO NPH A6 OM 7, NPOTUBOPEUHT
TOMY, 4YTO
lim ¢, (1) =0.
m — o
Teopema noxasaua.

Ecnu nepedpasupoBath Teopemy [dunHm Ha cayyaHh NOC/€NOBaTENb-
HOCTEH, TO MOAYUUTCH

Teopema 2% [lycms nocaedosamensnocms (T) HenpepsisrbX 8
nposeacymre X ==[a, b] dynxyuii cmpemumcs npu n—»oo0 K Hpe-
deasnoll gynxyun f(x), MOKOmMOKHO B03pacmasn, mMaK 4mo

fn+1 (JC) >fn (x)'

Ecau dynngusn f(x) mawoce nenpepsisna 8 L, mo f,(x) cxodumesn
k¥ f(x) pasnomepno 8 I’

268. Mounenumii mepexox K npemenay. Ilpueemem eme oaHy Teo-
peMmy, Koropas sBaseTca o6oOmenueM Teopemsl 1, B neti 2 ecrn
NPOU3BONBHOE OECKOHEUHOE MHOXECTBO, HMEIOINEe TOUKY Cryme-
Hu @ (KoHeuHywo uau Her) [n°32]; sra TOuka cama MOXKET M HE npu-
HaJJIexaTh MHOXeCTBY 2.
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Teopema 3. ITycms rascdan uz gyuryuii u,(x) (n=1, 2, 3,..)
onpedesena 8 obaacmu X u umeem, npu CmpeMAeHUl X K @, KOHed-
Hbll npedea:

lim u,(x)=c,, (8)
X — 0

Ecau pad (1) 8 obracmu X' cxodumcs paswomepro, mo 1) cxooumesa
PRO, cocmagreHrbili U3 smux npedesos:

i c,=C ©)

=1l

u 2) cymma pada (1), f(x), mawoce umeem npu Xx-—a npedes,
UMERKO:
lim fx)=C. )]

X — 0

DoxasateabcTBo. CoriacHo yCJIOBHIO DaBHOMEDHOH CXOXH-
moctd n°265, 4% npousBoAbHO B3ATOrO € >0 cymecTsyer Takod Ho-
mep N, uro mpu n >N n m=1, 2, 3, ... nepasescrBo (8) Ha
ctp. 74 Buinoauserca aas Bcex x u3 2. Ilepexons smece K npemeny
npu x-—a, ¢ yuerom (8), Ha#zem, uto

lcn+i+cn+ﬁ+~-~+cn+m|<5,

TaK 4T0 fas psfa (C) BHIOMHSETCH YCIOBHE CXOIMMOCTH n°242.
Ecmu C, C, u 7, 03HaYal0T, KaKk OOHYHO, €ro CyMMy, YaCTHUHYIO
CyYMMy U OCTaTOK, TO

C=Csr+Tn
BriyuTas 3TO PaBeHCTBO MOYJEHHO M3 (2), JErKOo HOMYYHTb:
@) —Cl<|fa®)—Cul+ 192 () |41 7n . (10)

Beuay pasHomepHolt cxoammmocTh pasa (1) u cxomumocta psga (C),
no moboMy ¢ >0 MOXHO GBRKCHDPOBATb 7 CTOAb GOAbIIEM, YTOOHW
s Beex x u3 ' Guuao;

[2s ()| <5, 2 Taxme |7, | < (1
Tak Kak, OUEBHIHO,

n n
lim x)= lim u, (x)= ¢, =0C,,
xl_’afn( ) x—a 2] k( ) kgl &k n

TO—€C/M OFPaHUUMTbCA CJAyYaeM KOHEYHOro0 @ — HaligieTca  Takoe
>0, yro npu |x —a| <8 Gyner:

1fn () — Ca | <5 (12)



80 I, XVI, ®YHKLIHOHAJIbHBIE NMOCJIEAOBATENPHOCTH U PALN 268

Toraa, npu ykasaHHHX 3HaueHHsX x, B cmay (10), (11) u (12), 6yzer
BHIIOJIHATLCA HEPABEHCTBO
|f ) —C[<e,

uTo u mpuBoaUT K (9) ¥).
Papencteo (9) MoxkHo Hamucath B dopme [cm. (8)]:

fee]

lim 3 u, (%) =§l { lim u, ()

an=

TakuM 00Da3oM, NPH HANMYMH DABHOMEDHOH CXOXUMOCTH, Mpeded CyMMbl
BYHKYUOHANBHOR0 PAOA paBen cymme psada, COCMABACHHO20 U3 Npe-
0e408 €20 4AeH08, WUNH, WHBIMU CJIOBAMH, 6 OYHKUUOHAALHOM pale
donycmum npedeasHulll nepexod <NnOYACHHO>,

ITpumEP. B KayecTBe nmpuMepa NPHUMEHERHs 9TOK O6uleH TeOpeMH H310-
3KHMM BBIBOJA M3BECTHOrO YHTATEHI0 Jorapudpmmyeckoro paja [n° 256, (21)], ucxons
U3 GUHOMHManbHOro pama [n°258, (26)], ¢ noMOWBIO NPeAEAbHOTO COOTHOMIEHHA
[n° 65, 2)]

b o
Ing= lim % a —1).
k—c0 (1/- )

(TTo cyuwiecTsy, MMEHHO TaK NPUXOIHMT K JOrapu@MuyeckoMy pany ditiep B cBoeM
«Bsenennu B aHanus», HO, padyMeercs, 6e3 CTPOroro oGociosanual)

[Morowum a=1-4-x (rae | x| <1) n moacrasum BMecto (1 —[—x)k €ro pas-

JA0OXEHHE
! L(L_l)
% 1 k\k
I+ x)f =145 xf = x+...

%(712-—-1)-...-(—;——;:-;-1)

ot 1.2-....n S
Torna In (1 4 x) npencTaBuTCA Kak npefes Npd k — oo BLIPaXeHU:
1
Fof=x—F(1 1\ ¥ YN
RI(l4x)F —1] =x 2(1 k>+3(1—7)(1—2k)—."
xn 1 1 1
S Y, A0 Ny [N Y IO Y | . —
(1) n(l k)<1 Qk) (1 (n—l)k>+"' (13)

TMoayepknem, uTo 37ech X O3HayaeT MOCTOAHHOE yucno. UaeHs sroro
pama cComepxar, B KayecTBe NepeMeHHOMN, HaTypaibHHili Napamerp k.
Bo Bce#t obmactu ero wusmenenus **) pax (13) CXONMICA DPaBHOMEpPHO; 9TO

¥) Untarenb ysHaeT B T0M DacCyk/IEHUH TO, KOTOpOe ywme GbIO TpHMe-
HEHO JUIA JIOKa3aTeNbCTBa TEOpeMH 1.

*#*) Hanmomuum, yro o6aacte mamenennsa 2 nepeMeHHOR X, O KOTOpo# mina
peub B TeopeMe 3, Moria GhITh KaKOH YromHO, B YaCTHOCTH, OHa MOr/ia CBECTHCh
H K MHOXECTBY HaTypaXbHbIX YHCEA C TEM, YTO @ == -} OO,
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(no mnpusmaky Belepuitpacca) caelyer w3 TOro, YTO OH Mawopupyerca
pazoM
X2, lx® x|*
e+ R R p 2P e=const, (2 1<),

yxe He cofepwamuM k. B TaxoM cayvae, no teopeme 3, B pauge (13) MoxHO
HepelTH K npejeny npd K—oo MOYNeHHO, YTO M NPHBORMT K JOTapudmu-
YeCcKOMy pALy.

269. IounenHoe wHTerpupoBaHue paAxoB. Ilepeiizem Temeps K pac-

CMOTpeHnIo Bompoca 00 MHTErPUPOBAHMM CYMMBI CXOASIIErocs (pyHK-
LMOHANBHOrO psja.

Teopema 4. Ecau ghyrryun u,(x) (n==1, 2, 3, ...) Henpepvians
8 npomescymre X' ==[a, b] u cocmasaennuiii w3 Hux pad (1) cxo-
dumes 8 IMOM NPOMEICYMKE DABHOMEPHO, MO UHMEPAA OmM
cymmo f(x) pada (1) npedcmasasnemcs ciedyouur o6pasom:

Sbf(x) dx= i

=1

b
S 1, (x)dx =

b b
= S u (x)dx—+ S u (X)dx—+...+ Su,,(x)dx—}—... (19

JOKABATEALCTBO. BBHAy HenpepnBHOCTH (YHKUUE 1, (X) H
f(x) [n°266, TeopeMa 1] cyulecTBOBaHME BCEX STHX HHTErpaioB OQue-
BuAHO, IIpomHTErpHpOBaB TOXIECTBO

F ) =1y (6) 1ty () .~ 21, (8) + 9 ()

B NpoMexyTke |a, b], moayuum:

b
{7 ax=

= S?ul(x)dx—}— §u2(x)dx+...—|— Sbun(x)dx—l— Secpn(x)dx.

Taxknm oGpasoM, cyMmma n uneHoB psxa (14) pasHaTcs OT HHTErpana
b b
S S (x)dx nmononnuTeNbHBIM YJEHOM Scp,, (x)dx. Ilns n£oKasaTenbCTBA
a a

Pasioxenus (14) HyXHO JuLIb YCTQHOBHTB, UTO
b
lim \ ¢, (x)dx=0. (15)

n— o
a
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B cuny pasHomepno#t cxomumoctu psima (1), mas moboro € >0 nai-
nercss Homep N Taxoit, uto npu n >N

[fa ()| <2

Cpasy IJii BCEX X B paccMarpusaeMoM npomexyTke. Torza Ajs TeX xe
snHayenu#t n Oyzer:

‘f%(x) dxl< Sbl'{’n(x)ldx<(b—-—a)e,

YTO ¥ JOKAa3HBAET NPelesnbHoe cooTHomexue (15),
PasenictBo (14) Moxer GHTh HamUCaHO B Buie

b © o b
S{ Y 9} dx= Y {Su,,(x)dx},
a n=1 n=1! a

TaK YTO, B CJy4Ya€ paBHOMEPHO CXOAAINEroCsd (PYHKUHOHANBHOTO DAIA,
URIME2PAn OM CYMMB PAOQ pasen cymme pada, COCMABAEHHO20 U3
UKIME2PAAO8 €20 4ACHOB, WM, MHLIMH CJIOBAMH, OONMYCMIUMO NOYAECHHOE
unmezpupoganue paoa.

3ameyanne Kak ® B ciyvae teopemn 1, TpeGoBanue paBHOMEpHOH CXO-
IUMOCTH CY HL€CT B e HH O A CIPaBelIMBOCTH Pa3aoXenus ( &), T. €. He MOXeT
GHTbL MPOCTO ONYHIEHO, HO BCE XK€ He ABAAETCA HEOGXOAHMMHM. Pamn (6),
paccMoTpenHuie B n° 266, kaK pas ¥ MIMOCTPHPYIT 9T0 o6CroaTeancrso. O6a
onn B npomexytke [0, 1] cxonarca k dyskuun f(x)==Onepasnomepno. Ho
MHTETPHPYA NepBuil MOUNEHHO, MB B KayecTBe CYMMHI PAJia MHTErpaioB HONYYHM

1

lim \ 2n%x.e” P dx= lim (1—e ®)=]1,
ﬂ—'mo n—co

X0Ta

1
Sf(x) dx=0;
4]

AnA BTOPOro Xe€ paAna aHaJOrHyHo Halnem

n-—o n -0

1 1
. nx oy m(l4n?) o
lim §——-—l+n,x,dx._ lim T_0_§f(x)dx.

ITpumer. [TocraBum ceGe 3agayell pasfOXUTL TAK Ha3bIBAEMHH MO JH W #
SAAUNTHYECKHH HHTEr pan nepBoro posia

7
dy
N P V1—Fsny
no crenenaM monyas R (0 <k <1).
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_1

Vicxons n3 pasnoxenns (1 - x) ? B GunommambHbI psaa [n° 258] u nosaras
B HeM x = — k%sin? ¢, nonyyum

1 2n — D .
—_————— = Z ( ) k21 . sin® o,
V1—ksin®q oAl
AT10T PAL CXOMMTCA PABHOMEPHO OTHOCHTENBHO 9, HGO MaXOPHPYETCA CXO-
[ee)
nswmetica nporpeccueft 1-F Z k2%, crenoBaTeabHO, 35€Ch KONYCTHMO MO Y 1€ H-
n=1
H O € HHTErpHpOBaHHWe MO ¢ B NMPOMEXYTKE [0 7J. BuimoaunB ero M HCHO/b-
3ySl U3BECTHHE MHTErpaan [n° 187]

®
H (2n — 1

o dp=t_— 0 T
Ss‘“ pdp="5m 3
[

noAyunM

ro= {1 3 [ )

310 pas3noMEHHe — OCOGEHHO, NpPM MaldbX k-—MOXeT OBTb NPHMEHEHO
K NPHOAMIKEHHLIM BbIUHCACHUAM.

Ilpupenem ananor TeopeMsl 4 IV NOCHEXOBATENbHOCTEH:

Teopema 4%. Ecau nocaedosamensnocms (T) ghynrxyuii, Henpepols-
rox 8 npomescymre X ==[a, b], cxodumes K npedeasroli @GyHurxyuu
f(x) pasnomeprno 6 &', mo

b b
S' fx)dx= lim S fo () dx. (16)

310 PaBeHCTBO MOXHO IE€PENHCaThL B BHIE

b b
lim f,,(x)dx=5{ lim f, (x)}dx,

n—»o0

TaK YTO NPEIeN, OTHOCAWMHCA K WHTErpany, OKAashBAETCHA BO3MONKHBIM
OTHECTH HENOCPEACTBEHHO K MOIMHTErpaisHOR ¢ysxkuua. B atom cay-
Yyae TOBODAT, UTO Jonycmius npedessHslii nepexod nod 3HAKOM lUH-
mezpaaa.

B raase XVIII mn Bepuemcs K aTOMy Bonpocy B Gojee o6meit mo-
CTaHOBKE.

270. Tlounennoe nudgepennuporanne psaoe. C noOMOWLIO TEO-
peMbl 4 NpeABAYIEro HoOMepa JIerko JOKashiBaeTcs CaAeAylomias
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Teopema 5. ITycms ¢hynxyun u,(x) (n=1, 2, 3, ...) onpedeaers
8 npoxescymre L =Ia, b] u umeom 8 Hem HenpepbLiHvie NPOU3E00D-
Hbie 1, (x). Ecau 8 smox nposmescymre ne moasko cxodumcs pad (1),
HO U PQBHOMEDPHO cX0UMCS PR, COCMABAEHHBLE U3 NPONIBOOHbLX:

o]

n;{u},(x):ui(x)—}—u;(x)—]—...—}-u,',(x)—[—..., an

mo u cyuma f(x) padae (1) umeem s X npoussoduyi, npuiei

o
f(x) = Zlu;(x). (18)

n=
HokxasateabctTBo. OGosHauum uepes f*(x) cymmy psna (17)
B cuny Teopems 1, sto Oyaer HenpephwBHas ¢ynkuus or x. Boc-
N0/Ib30BABIIMCH TEMEPL TEOPeMOH 4, mpounrterpupyeM psn (17) nowreHHO
B NPOMEXYTKE OT @ JO NPOUBBOJLHOIO 3HAYEHH X U3 2 Ml TOJYYHM

an* ) dt =’;] aS i, () dt.

X
Ho, ouesuano, S Uy, (t) dt =u, (x) — u, (@), Tak uto
a

§rrod= 3 me@—un@=
a n=1
= ¥ u,()— Y 1, @=F®—/(@).
n=1 n=1

Tax Kak uHTErpan; C/€B4, BBUAY HENPEPEIBHOCTH TOJMHTErPAMbHOH (yHK-
UM, UMEET NMPOM3BOIHYW, paBHylo f*(x) [n°188, 12°], To Ty xe npo-
MSBOIHYI0 nMeeT W YHKOuf f(Xx), KOTOpas OT HHTErpana OTAHYAETCH
JHIIL HA TOCTOSIHHYIO.

Pasenctso (18) MomxHO mnepenucats (eCiu BOCMOJBSOBATLCA, CJEAYH,
Komw, oGosHauenneM D 17s NPOU3BOAHOM) B Bule

D{ El 1, (%) } = ,,;, Duy, (x).

Taxkum 00pasoM, NpH yKas3aHHBIX YCJOBUSIX, NPOU3BOOHAR OM CYMMbL
pada oxa3siBaemcs pasHa cyMime psda, COCHIQBACHHO20 U3 Npou3god-
HbLX €20 4AEHOB, WIH, WHBIMU C/IOBaMu, QOMYCMUMO <NO4AEHHOE» Jdudi-
depenyuposanue pria.
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3AMEYAHHE PaccMOTpUM paan

©
Z [em D~ noxdy
n=1

51 (1 42 4+ Y [217 In (1 - ntx®) — 2(nl_~_—.l—) In (14 (2 — 1) x")].

n=2

Mepsuitt u3 Hux cxoaurca X 0 npu x==0 u ¥ 1 B ocrasbHHX TOuKax, a CyYMMa
Broporo Bese pasHa 0. Ecau nponnddepenunposats UX NOYAEHHO, TO HOAYYATCH
y®e 3HaKoMble HaM paiw (6) n° 266, cxonamueca Bo BceM mnpomexyTke [0, 1]
k0, HO oba—HepaBHOMEPHO. B nepBoM cayyae psil H3 HPOU3BOIHHIX CXO-
nuTca u npn x==0, rie cyMmMa NepBOHauaAbHOrO pAja NPOM3BONHOH HMETh He
MoxeT, u60 pasphiBHa B 3TOM Touke. Bo BTOPOM cayyae, Hao6opoT, NONIEHHOE
IuddepeHnnposasne NOBCIOLY NPHBOIUT K BEPHOMY pe3yabraTy. DTHMU IpUMe-
PaMH MANOCTPHPYeTCA poJb TpeGoBanMA, uTOGH pHAA NPOUSBOJHBIX CXONHACH
PaBHOMEDHO: OHO CYIMECTBEHHO, HO HC HEOGXORUMO.

ITepedpasnpoBky Teopembl 5 Ha cayyalt QyHKUHOHAJAbHOH HOCIENOBATElb-
HOCTH NpefocTaBisgeM YHTaTello.

Bce 31 TEOpEMBl O INOWIEHHOM IMPEAETLHOM NEpexoje, NOWIEHHOM
MHTErPAPOBaHAY ¥ Au(PEPEHIUPOBAHNN YCTaHABIUBAIOT aHAJIOTHIO MEW Y
(OYHKUMOHANBbHEIME  PAfaMd M CYMMaMH KOHEYHOTO 4YuC/aa (PyHKLHH,
Ananorms 3Ta, 0JHaKO, OrPaHHYEHa W3BECTHHIMH YCJOBHSIMH, B XapaKTe-
pUCTHKE KOTOPHIX DPAaBHOMEPHAs CXOJMMOCTb B3aHMMAET HCKIIOUHTENLHOE
MecTo.

271, Mpumep HenpepuiBHON dyHxuuu 6e3 mnpoussoxuol. B 3zaxmouenne
9TOTO Maparpada Mol TIpHBeleM, MCNOAb3YsA (QYHKUHOHANBHHIH pAX, NpUMEpP He-
npepns BHON QYHKUUH, KOTOpPasA HU B OJHOM TOYKe He UMEeT KOHeuHol
TIPOU3BONHOM.

IMepBoiit npuMep Takoro poja npuHagaexuT Bedepmrpaccy; on 6ua ony6an-
KoBaH B 1875 r. *); ero QyHKnMs onpenensercs pagoM:

o
f(x)= 3} acosb" nx,

n="0

rie 0 <<a <1, a b ecTh HeueTHOE HAaTYpalbHOE YHCIO (npuqu ab>1 —|—§7:).

0
DTOT pax Maxopupyerca cXoidmelica nmporpeccuei Za", caenosateabHo [n° 265;
0

266, Teopema 1], cxopuTcs PaBHOMEPHO, W €ro CyYMMa SABIAETCS BCIONY He-
npepn BHOH dynkunest or x. Kpomorausmm uccrenosanneM Befiepmrpaccy
yIanoch NOKa3aTh, YTO TeM He MeHee HH B ONHOM TOYKE WA HEE He CYIeCTBYyeT
KOHeYHOH NpPOH3BOTHOU.

*) BnpoueM, ¥ 3lech ero onepeaun boabuaHo, mocrpomBuiufi NMORoGHYyI0
Oynkuumo panee (1830 r.)
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Mu npusenem Gonee npocToi npumep BaH-gep-BapxeHa MOCTpoeHHu
A0 CYUIeCTBY Ha TOM e HMAee: MAb KONeGAWUIHeCs KpUBHE y==COSoX
3aMeHeHHn Kone 6 ao WUMHCH JNOMAHBIMHU.

Hrak, o6o3naynM uepes U, (¥) aGCOMOTHYI0 BeMMyHHY PasHOCTH MEXAY YHC-
IoM x ¥ GmmKadlIMM K HeMY uednM ydcnoM. Dta QyHkuua Gyner nuHelinoh

B KaXAOM NPOMCKYTKe Bpia {%, §_—{2_—_l , [Jle s—lenoe; OHa HeNpepbiBHA
¥
a)
-2 -1 0 ! 2
y )
WVAVAVAVAVAVAVAV AVAVAVAVAVAV AN
Z = 2 7 7%
Puc. 4.

umeer nepuon 1. Ee rpaduk npencrasager coGofi AoManylo, OH H306paxkeH Ha
puc. 4, a; oTaenbHBIE 3BEHbA NOMAHOH UMEIOT YrioBOH Koadduumenr = 1,
Tlonoxum, 3atem, masa k==1, 2, 3, ...

up () = 2 G2

dra Qysxums 6yner auHeHHOHR B NPOMEXYTKaxX BHAA [7—_%—5, -"32—__%;-]; OHa TaK-

®e HeNpephBHA2 U HMEET NepHoA Ee rpaduk Takke ecTb aoMaHas, HO

L
¢ Gonee MeAKHMH 3yOYMKaM¥; Ha pHc. 4,6, HanpuMep, n3o6paxeH rpaguk Gynx-
uun 1, (x). Bo Bcex cayvasx yraossie xos(@uiHeHTH OTAEALHHX 3BEHbEB JOMa-
HOR W 3ecb paBHbl =+ 1.

OnpeneadM Tenmepb, A BCeX BEIECTBEHHbIX 3HayeHufl x, QyHKuMio f(X)
PaBEeHCTBOM

Lo
f)=3 u(x).

k=0

Tak xax, oueBuuno, 0 << uy (x)éﬁ(k:(), L, 2, ..), Tak y10 paAR Maxopu-

«©
pyerca cxonauledics nporpeccue ZTIT’;’ TO (KaK ¥ B ciyyae QpyHxuuu Beitep-
0

mMTPacca) paj CXORMICA PaBHOMepHO, W (yHKuns f(x) Bciogy Henpe-
pHBHA.
OcranoBuMca Ha MOGOM 3HaUEHMH X = X, Bhiuucassa ero ¢ TOYHOCTbIO fO

1
5TIR (rae n==0, 1, 2, ...) no HexXOCTaTKy M N0 M3GHITKY, Mb 3aKIOYHM e€ro
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MEXAY YHCIaMU BHIA:

5 1
TS R<Phr,

rie s, — uenoe. Ovyesunno, Y10 3AMKHYTHIE NPOMEKYTKU

1
An=['2£.'iﬁn %LFET'] (n=01 1, 2, '--)

OKAa3BIBAIOTCA BIOKEHHLIMH ONMH B Apyro#l. B KammoM w3 HMX Hafimerca Takas
TOUKA X, YTO PAaCCTOfIHHE €€ OT TOYKH X, PaBHO MONOBHHE ANHHBE NPOMEXYTKa:

Ixn—'xoizm;

fICHO, YTO C BO3PaCTaHHEM N NEPEMEHHan X, — Xo
CocTaBuM Tenepb OTHOUIEHWE NPHPauieHHH

FUR)—Flxy) _ i i () — 2 ()
Xp— X, - Xp—Xy

1 1
Ho, npn &> n, uucio gavi 6CTh Lenoe KpaTHO® nepuoia -y dyrkuuy 1y (£),

TaK Y10 Uy (X,) = Uy (X,), COOTBETCTBYOUME YJeHb psfa obpamaiorca B 0 u
MOryT 6uTh omymerbl. Ecan e k<<n, 10 dyHkuua up (x), auHefdinas B npome-
WKYTKe Ap, Oyler anHeHHOH W B colepamieMca B HEM NPOMEXYTKE A, IpHYEM

“k(xn)'—”k(xo)_+l (k=0, 1 n)
) ) ooy

Takum 06pa3oM, AMEEM OKOHYATENbHO

(xn)—' (xo) 2 (+ 1)

Xp— Xg -,

WHLIMH CIOBAMH, 5TO OTHOMIEHWE PABHO YETHOMY LEAOMY YHCAY APH HEYeTHOM n
H HEYETHOMY LENOMY Yuciay nps yetHoM n. OTCHAA ACHO, YTO HPH 7 — 0O OT=
HOIIEHHE MPHPAMlEHnH HH K KAKOMY KOHEYHOMY fipeliely CTPEMHTbCA He MOXKET,
TaK YTO Halla (YHKUHA NPH X =X, KOHEYHOH MPOHM3BOLHOH He uMeerT.

§ 3. CTENEHHBIE PAJAbI H PAbl MHOIOYJIEHOB

272. IIpomexxyToKk CXOXHMOCTH CTeHeHHOro pspma. Hanoxennas
B mpefuAymieM naparpade Teopus HaxoAuT ceGe BamHOE MPUAOKEHUE NMPU
M3Y4yeHH! CBOMCTB CTEMEHHHX PHAOB, DACMONONKEHHHX J60 NPOCTO TNo
CTEMEHAM NEPEMEHHOR X

R T )
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aubo we — B obuIEM cayvae — o CTEMeHs M AByuJeHa X — X

(e8]

Zoan E—x)'=ata(x—x)F...Fa,(x—x)"+... (2

n=

(ap @y, Qg ... O3HAYAOT 3AeCh NOCTOsIHHBE Koa(pduuuents). C Moa06-
HBIMK DAAaMu B KOHKDETHBIX CJAYyYasx Mbl yXe He pas BCTPEYaJIuch
(ocobo cm. § 6 rmasmr XV). Tenmepp ke Mul safivemca H3yueHHEM
B ofmeM BUAE, TaK CKa3aTh, CaMOTO OTOr0 AHANHUTHYECKOTO am-
napara And npencrasieHus GynKUuH. OueBHIHO, MOXHO OrPAHUYAIBCH
panamu (1), Tak Kak pax (2) npusomurcs K (1) 3ameHolt nepeMeHHOM.

ITonniTaemcss mpexie BCEro BHIACHATb CTPOEHHE <«06JAacTH CXOAUMO-
CTH» CTENEHHOro psiAa, T. €. MHOkectBa 2 =={X} Tex sHaueHult X=X
nepeMeHHoH, aag koTopHx psk (1) cxomurcs. IlyTh K sTOMy OTKpPHIBAET
caeaymomas

Jemma. Ecau psd (1) cxodumes 0an 3Havenus x=—X, omauy-
Ho20 om 0, mo ox abcorwmHuo cxodumcsa 041 4100020 3HAUEHUR X,
Yoosremsopsawuezo xepagercmsy: |x|<|X|.

Ha cxogumoctn psaa:

0
Zoa,,fc"—_—ao-]—alx—{-agx*-{—...—{—anx"—{—...
n=

BHITEKAET, yTO ero ofmuit unen crpemurcs Kk 0 [n°235, 5°), a caeno-
BaTeAbHO, orpanuued [n°33, H):

| 3" |<M (n=0, 1, 2,..). (3)

Bosbmem Temepn moGoe X, mas Koyoporo |x|<|X|, u cocra-
BUM DSl

éo!anx"l=laol+|a1x1+|a2x2|+...+]a,,x"1+... )

Tak kak [cM. (3)):

n

|ape" | =0, || £

n
X
<M~]E

M uleHH paga (4) OKAasHBAIOTCS MEHBIINMHU COOTBETCTBYIOWMX WUJIEHOB
cxopnsmelcs  reoMerpuyeckod  mporpeccun  (CO  3HaMeHareneM

HE
M—|—M-|%1—|—M-'5;—|a+..‘+M~!%In—}—...,

10, Mo Teopeme 1 n°237, psn (4) cxomwrca. B TakoM cayuae, Kak M
sHaeM, paf (1) cxoamrcs a6coa0THO, uTo M TPeGOBANOCH JAOKa3arb.
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IIpn x =0 cxonurcs, oueBumHo, ecaxmit psx (1). Ho ecrs cremen-
HBI€ Dsfbl, KOTOPBIE — IIOMUMO 3TOFQ — HE CXOAATCA HU NP OXHOM 3HA-
yeHnt X. ITpuMepOM TaKOrO <«BCIOLY PpacXOAsWErocss PAAa MOMKET Cay-

oC
KuTh pAm D al X" KAk B 5TOM JIETKO YOEAHTbCA C NMOMOUIBIO MPH3Ha-

ka JanambGepa. ITogoOHre psaabl Aaf Hac He NPEACTAaB/AIOT HHTEpeca.

Ipexmonoxum ke, uto maqg pspa (1) cpeau sHauenmd X mepeMeH-
HOH, MPHU KOTOPHX OH CXOAuTcd, ectb ¥ oTauyxbie or 0. Paccmorpum
MHOXeEcTBO { | X|}; oHO su60 orpaHmueHo ceepxy, nubo HeT.

B nocneanem cayuae, kaxkoe Obl 3Hau€Hue X HU B3Th, HEOOGXOANMO
Hallgerca Takoe X, uto |x |<| X|, a Torha no neMme nNpu B3ATOM 3HAYEHUHU
X pan aGCONIOTHO CXOAuTCs. Psi OKasblBAETCS «BCIOAY CXOAAMAMCA>.

ITycts Teneps MHOMecCTBO {| X |} cBepXy orpannueHo, u R Oyner ero
TOuHas BepxHaa rpamuna (tak yto 0<R<o00). Ecmm [X|>R, 10
5TO SHAUEHUE X BaBEJOMO DASHWUTCS OT BCeX X, W DA PacXOJUTCA.
Bossmem Tenmepr moGoe x, ias koroporo |x|< R. ITo onpenenenuio
TOYHOMN rpanuusl [n° 6], HeoGxomumo Hahmerca Takoe X, uto |x |<C
<|%|=<R; a 9T0 [0 JeMMe CHOBa BJEYET 3a COGOH aGCONOTHY IO
cxoaumocts psiga (1).

Takum o6pasom, nokasana oO6iias

Teopema. [dasn rascdozo cmenennoz2o0 psda (1), ecan moasko ox
He A8Asemes 8C100Y PacxXo0AUUMC S, CYUECMBYEn MAK0e NOAONCUMEN b=
Hoe wucao R (ono moscem Gboims u —-00), 4mo

pad abcorwmuo cxooumes a2 | x| <R
u pad pacxodumcs 04s | x| >R (ecau R< o).

O10 unca0 R Has3biBaeTCs PaAUYyCOM CXOXMMOCTH psia.

Tem campiM paspemien Bonpoc o6 «oGaactd cxomumocte» % psaga:
OHa npencTaB/seT co000 CIJIOUIHOH NPOMEXYTOK OT — R 10 R; auib
O KOHIAX €ro Heap3d clAesaTh OOWero YTBEPIKACHHA: KAaK YBHAUM u3
IPUMEPOB, TaM MOXET HMETh MECTO KaK CXOIHUMOCTH (a6COJIEOTHaﬂ I
HET), TaK ¥ DPacXoAuMOCThb. IIpoMexyTok 2 Ha3HIBA€TCA MPOME Ky T-
KOM CXOAHMOCTH psza.

Ias BCOLy pacxogsuierocs psaga npuHuMaoT R==0: ero <«mnpomexy-
TOK CXOZMMOCTH> CBOOMTCH K TOYKe x=0.

Mepumern. 1) Jaa pana

[oe]

X"’

+ X
n=1

R =00, NpOMEXYTOK CXOAUMOCTH (— 00, -} o0) [n° 253].
2) B cayuae mporpeccun

(=]

14 3 x»
n=1

R==1, npomexyTox cxoaumoctn (— 1, -+ 1): o6a KoHua He BKIOYAIOTCA.
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3) Pan

Q 2n-1
1y X
2‘ =1 2n—1

n=1

aMeer R =1, npomexytok cxomumocty [— 1, - 1}: 06a KoHua BKAIOYAOTCH, HO
CXOAHMOCTb TaM HealbconwTHan [n° 255].
4) dxa pana

(e <]

P

n=1

R=1, npoMexyTtox cxogmmoctu (— 1, -} 1]: neBniit KoHeH He BKIIOYAETCR, a HA
NpaBoM — pall CXOIUTCA HeabGcoawTHO [n° 256}

5) Hakonen, paccmotpum pax
(o]
xt
2
n=1

3fech TOxe R==1, npoMexyTok cxogumoctn [—1, -1}, pax cxoxurca a 6co-
e

AOTHO U H2 KOHHAX (asnny CXORHMOCTH pafa 2,—‘1?)
1
Bce ckasannoe coxpaHseT cuiy M aag obwero pspa (2), Aulib pOJb
Touku 0, wmrpaer TOUKa X,. NPOMEXYTOK CXOAWMOCTH HPOCTUPAETCHA OT
Xo—R 10 Xx3-+R (cO BKmOYEHHEM KOHUOB WJM HET, CMOTPA MO
cayuaio).

3ameuanne Eci noBTOPHTb HM3MOMEHHHE COOGpaXeHHa Aas paia

ﬁ cp2t=cy ezt c22 ... ezt .., (1a)

n=0

PACNONOXEHHOr0 HO CTENEHAM KOMNAEKCHON mnepeMeHHOH 2, ¢ KOMNAEK-
cHbiMu ke kos@duunentamu [n° 254}, TO oxawercd, YTO M Jas TAKHX PANOB
Teopema CHpaBeiaHBa: A Kaxjoro psaxa (la) (ecam uckmoudts BCOAY pacxo-
Rampecal) cymectByer Takoe uyHcn0 R, 0 <<R<< 400, yro maa |z | << R pax
a6CcomoTHO CXomuTca, a masA |z| > R— pacxomurcsa. Ho Ha <koMnaekcHoH niuo-
CKOCTH» TOUKH, JIA KOTOPHX |2 | << R, 3aNOAHAOT K p y I paxuyca R (C HeHTpOM
B Toyke z==0); TakuM 06pa3oM, 30eChb NOABIAETCA KPYT CXOXHMMOCTH
(BMECTO MPOMEXYTKAa CXOXMMOCTH), U CTAHOBHTCA MOHATHBIM IIpOHC-
XOXJAE€HHEe Ha3BaHWA paxmyca CXOAHMMOCTH.

273. HenpepniBHOCTe cyMMbl cTemenHoro psma. Ilycrs pan (1)
uMeeT paanyc cxoaumoctun R >0. Ilpexae Bcero MOXKHO yTBep-
WHAaTh:

1°. Kaxoe 0w noaoscumensnoe wucao r<_R uu 83ams, pad (1)
6ydem cxo0umecst pasrHoOMepHO OMHOCUMENLHO X 8 3QMKHYMOM
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nposescymre [—r, rl. JlefictBurensto, tak xak r<R, TO npn x==r
pan (1) cxomurca a6CONIOTHO, T. € CXOHUTCH NOJOXHTEAbHHHA PAL:

ugolanl'rn=|aﬂl+lal}'r+|agl-f’+,”+lanl.r"’+“‘ ®)

Tpu |x|<Cr unenn pama (1) no aGcoMOTHOH BeaWumHE He NMPEBOCXO-
JST COOTBETCTBYIOUIMX UY/IEHOB STOrO Psfa, KOTOPHH, Takum oGpasom,
WrpaeT poib MaXOPaHTHOFO p#fa, ¥ NO npusHaky Bedepwrpacca
pan (1) ans yKasaHHHIX SHau€HMH X CXOAUTCA PABHOMEDHO.

XoTs uyMCHO I W MOXKET OHTbL B3ATO CKOJb YrogHoO GJAmskuM K R,
HO M3 JOK33aHHONO BCE XK€ HE BHITEKaET PaBHOMEPHas CXOAMMOCTb B
npoMexytke (— R, R): 310 Buaso XoTs O Ha npumepe NpOrpeccuu
[n°264,5)].

Teneps, kak caencrsue Teopemst 1, n® 266, noayuaem:

2°. Cymma f(x) cmenennozo psoa (1) enympu e20 npomexcymra
cxodumocmu npedcmagasem cobol HenpepesHylwo @OYHKGUI0 om X.

Kakoe Gbl 8HaueHHe X ==X, BHY TP ¥ NPOMEXYTK2 CXOAMMOCTH, T. €.
MexaAy—R u R, un B3aTh, MOXHO BHOpath uncao 0<r<R
TaK, 4TOOH OnA0 |xo|<r. IlpumeHns ynomsmyryio Teopemy 1
B npomexyrke [—rvr, r], BBuay 1° ycraHoBUM  HeNnpepHBHOCTH
¢Gynkumu f(x) B 5TOM NPOMEXYTKE, CJEIOBATENbHO, B YaCTHOCTH, H
npu X == X,.

[O6pamaeM BuuManue umTaTess Ha TO, YTO Ml W3OEKaAW NPUMEHE-
Hus TeopeMd 1 B nmpomexyrke (— R, R), re pasHOMEpHas CXOHLMMOCTH
He MOxeT OLTh rapaHTHPOBaHa.]

HenpepuBHOCTh CyMMBl CTENEHHOrO pPARa MOXET OWITh HCMOJbL3OBAHA
JJis IOKasaTeNbCTBA TE€OPEMH O TOXJAECTBE CTENMEHHHX pd-
A0 B (HanomuHawme#t NoaoOHyo ke TEopeMy IJs UEAHX MHOIOYJIEHOB):

3° Ecau 0sa cmenennsx psoa.

D @t =gyt apx - agd b et L

n=0

,.So”n"”=”o+b1x+bax“+-..+m"+...

8 oxpecmuocmu mouxu x==07%) umeiom odny u my xe cyumy, mo
smu pads moocdecmeer i, T. € COOTBETCTBEHHBE KOphUNMEHTH
uX NONAapHO PaBHH:

ao=‘-'“bo, a1=b17 aﬁ———bﬂx cee 3 an=bn: cea

¥) 3mech uMeeTCA B BUMAY He TOZbKO JBYCTOPOHHASA OKDPECTHOCTH
(—3, 8) Toukn X=0, HO # ORHOCTOPOHH A OKPeCTHOCTh BMAa [0, 3) wam
(—?, 0]
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Ilonaras x=0 B TOXZECTBE
a ek =byf byx ..,

cpady yOexmaeMca B paBeHCTBE ay==58,. OTOpacmBas 5T# WJIEHH
B o0eaX uYacTAX HAMKCAHHOTO TOXAECTBA W geas WX Ha X (B 3TOM
cayuae MB BHHYMXIEHB CYHUTaTh X7 0), NoJayuynM HOBOE

TOXAECTBO
ayF-apx ... =b Fbyx ...

OHO TaKKe HMeeT MEeCTO B OKPECTHOCTH TOuKH X==0, HO HCK JI0-
4as CaMy 3Ty TOUYKY, Tak YTO OE30rOBOPOYHO MOJOKHTH B HTOM
ToxaectBe x=—0 Mb He uMeeM nmpaBa. Jluuib HENpPepPHBHOCTH
cymm oboux psamoB npu x=—0 NO3BOJSET HaM B3aKJIOYUTh, UYTO TOX-
JIeCTBO BCE K€ BHINOJHAETCH ¥ B MCKJIIOUEHHOH TOUKe, a TOrAA —
nonaras x==0-—noayuum, uro a;=>b;. OtOpaceBas 5T UYJEHBHI,
pend Ha x =0 u CHOBA OMHPasCb HAa HENPEPHBHOCTH (KaK U
TOMBKO YTO), HahifieM, uT0 ag=—by, u T. n. OOCwee yTBEpkaEHHE
OTPABABIBAETCA C NMOMOLIBIO MAaTEMAaTHYECKOH HHAYKILUH.

Dra  TeopeMa, YCTAHABIMBAWOLIAS  €IMHCTBEHHOCTb  PasJIOXEHUs
(yHKIMA B CTENEHHOH psf, BrepBele Oblia yKazaHa DHiepoM.

274. HenpepblBHOCTH HA KOHIle NPOMEKYTKAa CXOZHMOCTH. Paccmorpum
Temepb Gonee TOHKHH BONPOC O NOBeNeHHU cTenenHoro pspa (1) B6am3m oxHOro
M3 KOHILOB X==: R €ro NpoMexyTKa CXOZUMOCTH (cuuTas R KOHEYHHIM).
Tlpy 5TOM MBI MOXeM OIDAaHMYHTbCA I PaBb M KOHIUOM X =R, BCE CKasaHHOE
0 HeM, € TIOMOMbIO IIPOCTOH 3aMEHBl X Ha — X, NEPEHOCHTCA M Ha Clyvyah
NeBOTO KOHHA X ==—R.

B Bupe pnomoaHeHuss K TeopeMe 2° O HENpPEPHBHOCTH CYMMH CTENEHHOIO
pAlia B OTKPHITOM NpPOMEXYTKE (— R, R), MMEET MecTo

4°. Teopema AbGeasn *). Ecau cmenennoid psod (1) cxodumes (xoms 6ol He-
abconomno) npu x =R, mo e20 cymma f(X) npu IMOM 3HAHEHIL HENPEPHLEHE
caega, m. e.

0 jee]
f(R—0)= lim 2 Ay X" = Z a,R",

x=>R—0,T) n=0

Jan ODoka3aTenbCTBA MOXHO Oblio Obl yCTaHOBUTH, YTO IIPEANONONEHHA
TEOpeMbl BAEKYT 3a CO60/ paBHOMEPH Y I0 cXxoauMocTh pana (1) B 3aMKnyTOM
npomexyrke [0, R], a 3aTeM npuMennts OG6mylo TeopeMy 1 n° 266. Mul npes-
noyuTaeM JaTh MPSAMOE KOKa3aTelbCTBO.

bBea ymanzenuss OOIIHOCTH MOXHO cyutath R=1 (x 3TOMy ciyyaio BOnpoc
CBOAMTCA 3aMeHON x Ha Rx). Mrak, sHas, 4To cxonuTcs pan

[eS)
2 an=A1
n=0

*) Hunbc Tenpux AGenp (1802— 1829) — 3HameHHTHI HOPBEXKCKHH Ma-
TEMATHK,



274} § 3. CTENEHHBIE PSIAN ¥ PAABLI MHOTO4YJIEHOB 93
Tpedyerm J0KasaTh, YTO

fes)
lim 3 guxt=A

x—=1=0 =)

C sroft nensio, cuntas Bupens 0 <x <1, ymsoxum no npasuay Komw panm (1)
Ha MPOrpeccuio

\ 1

X = .

) 1__)( ?
n=20

MBI MOJdYYUM
1 [es) [or}
T—=" Ap X" = EA,,x", rae Ap=ay+a,4...+a,

n=20 n=0

BeiuteM Tenepb MOYNEHHO PAXBI

A=(1—x) 3 Ax»
n=0

0 ©
D apxt=(1—x) Y Apx™
n=0 n=0
MMonaraa A— A, =u,, IpATeM K TOMAECTBY
[o0] @
A— Y apxt=(1—x) 3} apx™. (6)
n=>0 n==0

Tak kak e, —0 [n°235, 2°], To mo mpomsBoABbHO 3amanHOMYy ¢ >0 Haiimercs

Takoi Homep N, ut0 |e, | << 5 & MHIb TOMLKO 2> N,

Paso6bem cymmy pafa B npasoit yactu (6) Ha mBe Cymmbl

N )
(I=x) D) apx®u (1—x) 3 apx
n=0 n=N+1
Bropas OLEHHBAETCA CDP23y W HE3ABHCHMO OT X:
oo o0 xQ
=20 Y aer|<U—2) Y laler<y—z) X am<i,
n=N+1 n=N-1 n=N+41

Uro e Kacaercsa TMepBOK, TO OHa CTpPEMHTCA K 0 npu x—1, u npH HOCTaToY~
HOH Gau3ocTH X K 1 Gyner

N
11=5 Y o<,

n=0
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TaK YTO OKOHYATEIbHO
0
|A— 3 apan|< s,

ne==|
YTO W NOKa3biBAaeT BHICKA3aHHOE YTBEpKUEHHE.
Orcofa BbITEKART TaKoe NpPoOCToe
Caedcmsue. Ecan 0as fynxyuu f (X), noaydeno pasrozicenue 8 CmenenHoi
PAO auwb 8 OMKPLIMOM NPOMENHCYMKe
oo
Fx) =) ax* (—R<x<R),
=0
HO (yHKYQUS OnpedeseHa U HenpepuisHa, a psd npodosscaem cxodumscs & Ha
KOKLEe 3M020 NpoMeNcYMmKa, cKaxces, npu x==K, mo pasaoxcenue 0cmaemcs
8epHnim U 0 x=R.
B sToM 7nerko yGeIMThCs, MEpPEXOAs B HaNHCaHHOM DaBEHCIBE K Npeieny
upd x — R—0.

275. IlocuresHoe MHTerpUpOBaHHEe CTeneHHOro puma. Ilo oTHowre-
HAI0 K HHTErPHPOBAHMI0 M JAuG(EepPEeHUMPORAHAI0 CTEHEHHHE DAIN —
B npedenax uX TNPOMEXYTKA CXORHMOCTH — BeRyT cebs, Kak OObIKHO-
BeHHHE NE/JIHE MHOMOUJIEHBI,

5°. Cmenennoti psad (1) 8 npomemymre [0, x], 20 |x|<R,
8ce20a MOJNCHO UHME2PUPOBANMSE N O 4 A e HH 0, TaK YTO — 0603Ha4aa yepes
JF(x) cymmy psna:

dgf(x)dx_—_-aox—{—%x“—l—%’x“—]l—...—{——a—’;’ll‘x”—[—... @

Jlna nmokasateancTBa BOsbMeM & Mex Ay |x| m R. B cuay 1°
paa (1) cxoaurcs paBHOMEpPHO B mpomexyrtke [—r, r], a Toraa mo
Teopeme 4 n° 269 B mpomexytke [0, X] paA MOXKHO TOWIEHHO uHTe-
rpupoBAaTH.

ﬂponmxompnpyeu MHOI‘OOﬁpE\SHHe NpHAOKEHUA 9TOH TeopeMn Ha Nnp u-

Mepax.
1) MoyaenunM HHTerpHpOBaHHEM nporpeccuti

l—}—x=1‘“x+xs—'-~-+(— DRt 4

-I—_F‘-F=l——x2+x‘——...+(—— Iyp-iggn-n 4

B npomexytke [0, x], rne | x| <<1, cpasy mnoayyaiorca pasaowesus

dx e

=

=In(l +x)=x-—-£23-{—-i§—- ceeF(—=1)n

14+ x

-+

X _ Xt x® g X2
‘_I_xs_—arctgx-x——?+—5-_,,,+(_1) o

_

-1
T

Oy Oty
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kotopeie B n° 257 u 256 GunaM ycTaHOBNEHB roOpa3fo 6onee CAOKHMM MyTEM,
Tax xax nepsuit pax CXONMTCA nMpH xX==1, a propo#t —HpH x==* 1, 70 coOT-
BETCTBYIOIIME Pa3iOXKEHAA (MO CREACTBHIO M3 TeopeMbt AGens) MMEWT MECTO H
OpH¥ 3THX SHAYCHHAX. .

2) BoabMem wu3BecCTHoe HaM pasaoxenwe B pax  ¢ynkumn (1 4+ x) 2
[n° 258] u samemuMm B HeM x Ha — x? (cumtas |x|<C1); B pesyabTaTe Hait-
IieM, 4TO

Tl_‘_____x’=1+ 2 ‘2“2:1‘”1)" o (—1<x<l).

n=al

ITpounterpupyem Teneps 9T0T Pal NouiseHHo B npomexyrie [0, x] (—l1<x <1y
OKOHYATeNLHO NOAYYNM HOB O € JAA HAC PAasNOMEHHE apKCHHYCa:

X

dx . 1 x8 1.3 x5
5—————=arcsmx—x +7~§-+.2.._4 . .5_+

Vi=—x

pLlde@rel) xmn
2.4-..-2n it

Tlo caenctBHw U3 Teopemnt AGens [n° 274], sro pasnoxeHHe HMeET MeCTO M
Ha KOHUAX x==: | npoMexyTKa, TOCKOAbKY psl CHOpaBa CXORUTCA H B STHX
TOuKax [cm., Hanpumep, n° 240}

3) Oco6yn poxb nOYNEHHOE HMHTErPHPOBAHHE WIpaeT OpH PasIOKEHHH
B GeCKOHeuHhe CTEeNeHHhe PANH MHOTHX HHTErpaloB, He BHIPAXAIONMXCA Yepes
sneMeHTapHnie Qynknunm B koHe4yHOM Buae [n° 165]. Hanpumep, ucxons us
H3BECTHOTO PA3NOKEHHA

g E X ST
=l D

[n® 253, (11)], natinem

X

ol P B NI S A L, X
S" dx=x—qp-gtg F— et Gt

0

lonoGHuwe pa3momeHns ¢ YCHEXOM MOrYT OWTh HCNONb30BaHH 1as Npuiv-
MEHHHX BHYMCACHHH M JJA COCTaBIeHHA TaGauML 3HAYEHMH WHTErpaioB, He
BHDaXalOMMXCA B KOHEYHOM BHJe.

276. Ilounennoe nuddepeHnnpoBanne CTeNeHHOro paxa. 6°. Cme-
nennot pad (1) snympu e20 npomescymra CcXOOUMOCMU MOINCKO
dugpbepenyuposams now reKHO, TAK uTO JMIA CyMMB f(X) psia
CYHIECTBYeT OpPOMBBOAHAS M BHIPAKAETCHA TaK:

F@= 3 e mat dage b e L (@)

Kakoe O6n sHaueHHe x=x; —R<Xy<{R, HH B34Tb, MOXHO
BHOpaTs JABAa 4YNCAA ry M I TaK, 4TOOH OO |X,|<ry<lr<CR.
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Beuny cxomumoctn psana (5) [n°273], ero obmuit uneH orpaHuyen:
la,|-r"<<L (n=1, 2, 8, ...; L=const).

Torma, npn |x|<<rg,

nla,x" 1t <n|a,

= » ro\n—1 ro\n—1
rit=nlay |t () < 1y (22)

(r=1,23 ...; Lo=r£=const),

TaK YTO WieHs psfa (8), Ans yKasaHHHIX SHaueHUH X, He NPEBOCXOANT
COOTBETCTBYIOMMX WICHOB MAaXOPaHTHOT O psaja

Lot Lo2(2) 4 2o-3(2) p b Loen ()7 4

B CXOAMMOCTM KOTOPOro JIErKo yOeiuTbCd C IOMOLILIO NpHU3HAKA
Ianambepa (NpuHAB BO BHHMAHHE, YTO Lr?< 1). Ilostomy B mnpome-
KyTKke [— 1y, o] PAA (8), COCTaBJeHHHH W3 NMPOUSBOAHBIX UJNEHOB pPsja
(1), cxonurcs paBHOMEepHO, M— 1m0 Teopeme 5 n°270 — nounenHoe
aupdepennuposasne  psaa (1) onpasiaHo A BCETO  MPOMEKYTKA
[—7ry 7o) B, B uacTHOCTH, AN TOUKHM X ==X,

3AMEYAHUE, M fokasam B 5° n 6° uro paas (7) u (8) cxozsarcs
B OTKPHTOM mNpoMexytke (— R, R), cnemoBarenbHO, MX pafuycCh
cxoxuMoCcTH He MeHbme R. Ho Beas, B cBolo ouepens, psaa (1)
fojyuaeTcs nouneHHnM auddepennvpoadneM (7) ¥ HOWIEHHBIM HHTE-
rpupoBanueM (8), Tak uyro m R He MoxeT OHTHL MeHbue
YyNOMSAHYTHX PaAHycCOB CXOAHUMOCTH, B coBokynHocTn w3
CKa3aHHOTO BBITEKAET, YTO paduycs. cxoduisocmu 8cex mpex psdos
(1), (7), (8) pasns mescdy coloi.

IMpumer. UYto6m nokasath Teopemy 6° B IeHCTBHH, paccMOTpHM and-
(epeniuagbHoe ypaBHeHHe
xu' v+ xu=0

(npocrelmuit cayyait Tak HaspIBaeMOro ypasHenns Becceas®), wacto Berpevaiome-
rocs B MareMarHyeckoH ¢usnke u ee mpunoweHusx). IToctraBum cebe 3amaueit
HaliTy Takoe €ro PemieHHE !, KOTOPOe pa3narasoch O B PAN IAs BCEX X.

Hanuumenm pasnoxenue HckoMoOH yHKIMH B BHie psafa C HeolUpe e e H-
HBEMH KOspbHLUUEeHTaMm

0
U == Z a Xt
n=90

*) $punpux Bunvreanm Becceanp (1784—1846) — Hemeuxn#t acTpoHoM.
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M, CUHTAR ero BCIOAY CXONAUIMMCA, ABaXIn npoiuddepeHUUpyeM IOYIEHHO;
Mbl TIOJNY YHM

o] [o o]
XU = 2 X"t = Z a,_ox" 1,

n=0 n=2
o0
W= na,x*,
=1
[oe)
xu' = 2 n(n—1)a,x"1,
n=2

[ToacTaBasia 3T0 B ypaBHEHHe, NPHIAEM K TOXAECTBY
o0
a + 2 (@p_e+ 1. ay) x*71 =0,
ey

a TOTHa, Mo Teopeme 3°,
a,=0, n*-a,40,,=0 (n=2, 3, ..).

Orciona, mnpexne BCero, No HHAYKIHMK 3aKIOYaeM, YTO BCe KOIQULHERTH
C HEYETHHIMM 3HAYKAMU &y =0(m=1, 2, 3, ...); 4T0 Xe Kacaerca KO3 (du-
IYEHTOB C YeTHBIMH 3HAYKAMH @y, TO NO pekyppeHTHOH (opmyune

1
Aoy == — pre Com—2
OHH BHIPA3ATCA 4Yepes d,

1
By == (— D™ Tl ap.

Wrtak, ¢ TOYHOCTBIO A0 HPOM3BONLHOTO MHOMMTENS @, IONYYaeTCd OKOH-
YaTeJbHO pAX
o 2
X m
Z ("])m——'_s—'v_'-
(ml)* . 22m
m=0

Yro 3TOT pAR REHCTBHTENbHO BCIOAY CXONMTCA, NErKO HPOBEPHTH HENOCPEN-
CTBEHHO. A M3 caMoro crnoco6a €ro nojxyuyeHus ABCTBYET, YTO NpeACTaBageMas
UM QyHkuus *) ynoBieTBOpAeT ypaBHEHHIO.

O6panlaeM BHHMaHHe uHMTaTens Ha CBoeoGpasHOe MCIONb30BaHHE Memolda
HeonpedeneHHnx Ko3Pduyuenmos: 3nech 3THX KO3QuIMEHTOB GecKoHeyHoe
MHOXECTBO, W HPHLIIOCh MPHOETHYTh K TeopeMe O TOXAeCTBE CTENeHHLIX PALOB,
BMECTO OGLIYHO NPHUMEHseMOH TEOPeMbl O TOXKIECTBE MHOTOYJIEHOB.

277. Cremennoit panx kak pax Teilmopa. Ilocnennss Teopema 6°
OTKDHIBaET BO3MOXHOCTh MNOCNEAOBATEABHOr0 MHOTOKpart-
HOT o AudpdepeHUUpOBaHNs CTENEHHOro psina. Takum oOpasoM, mo-mpex-
Hemy oGosHauas uepes f(X) OYHKIMIO, TNPEACTaBASEMYI0 CTENEHHHM

*) Dro <O6ecceneBa (yHKIMA C HYJIEBHM 3HAYKOM»; ee 0Go3HAyYaOT
uepes J, (x).
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pagom (1) B ero mNpoOMEXYTKe CXOAMMOCTH, OyZeM HMETb HOBCIOAY
BHYTPDH STOr0 NPOMEKYTKa:

F@)=atax+ax®+.. a4 .

S @=1-81+2-a95+3- a3 ... n-a, 5" ...
Fr®)=1-2:0342-3-qx ... (1 —1)-n-qx™ .,
STE)=1.2-3-aq34... 4@ —2)-(n—1)n-a,x"*4 .

o(m—1)na,-+..,

¢ v e . L T Y

™ ()=1-2.3...

« e s+ s e e e .

Ecau nonowurs BO BCeX STHX paBeHCTBaXx X==0, To npuaem
K XOpONO HaM 3HAKOMHM BHPAKEHHIM KOS(QQUUMEHTOB CTemeH-
HOTO puja:

a=F©0), a==f(0), as=f—2([0—),
"o "0
BQ="—g " sy =T, L
[cp. n°262, (7)]. Ecau Gut peus mwaa o pafe obmero suma (2) [n° 272,
TO TNpPHHLIOCH OH 3JeCh JHIIb BMECTO 3HaueHus x==0 n0ACTaBUTD
=x,. Hrak:

1° dyHxyua, npedcmagaseMas CmeneRHHWM padoM 8 e20 npo-
MexcymKe CXo0UMOCMmU, UMEem BHYMPU SMmO20 NPOMEICYMKA NPOU3-
800Hbie 8cex nopsoKos. Camsiil pad, no omuowenuio ¥ smoi Gynxyuu,
ABASIEMCA He HeM UMMM, Kak ee psdom Tediaopa.

J10 3ameyaTenbHOE MNPENJONEHHE DNPOJUBAET CBET HA BOMPOCH
pasnoxenuss ¢yHKHu# B CTENEHHWE pPAAH, KOTOPHMH MHE 33HEMAJUCh
B npeawiayme#t raase. Msl BuAuM, uTO ecanm (yHKUHA BooGme passa-
raerci B CTeNeHHOH pan, To HeoGxoxumo — B pan Te#nopa; nmosromy-to
MH ¥ OrpPaHMYMBA/IWCh HCCJAENOBaHWEM BOSMOXHOCTH MAJa  (yHKIMH
OHTh NpEACTaBJACHHOH uMeHHO cBouM psagoM Telaopa.

278. Pasnoxenne HenpepbiBHOR (QYHKIHH B PsjA MHOrouneHoB. Kiacc
Gynxunil, IONYCKAIOIKX DPa3nOXEHHe B CTeMeHHOH psn, Kpaline orpammyen.
Teopema 7° mpenpinymero HoMepa rOBOPHT O TOM, YTO (YHKUHA, Pasnaranmascs
B KaKOM-IHG0O NPOMEXYTKe B CTENEHHOA psf, BO BCAKOM ClHyuyae NOMKHA MMETh
31eCb IPOM3BOJANLIE BCEX NOPANKOB; la M 5TO TAKelNOe YCIOBHE, KaK Mb 3HaeM
u3 § 6 raasn XV [oco6o cM. n°259!], maneko He ofecneuwBaer BO3MOXHOCTH
CTEIIEHHOr0 Pa3noXeHus,

B sroit cessn npuoGperaer BaKHOCTb 10Ka3aKHasn BeliepuTpaccom (8 1885 r.)
TEOpeMa, KOTOpas YCTAHaBAMBAET IIA NPOM3BOIbHOM HeNpepuBHOH QyHKumu
BO3MOXHOCTb DAa3NOKEHMA B DPAaBHOMEPHO CXOAAwMACA psAl, COCTaBAECHHBIH M3
nen b;‘x MHOToOYaeHOB. Mu chopmyrupyeMm ee Ha A3HKe MOCAENOBATENb-
BocTelt

Teopema Beliepumpacca. Ecau gynrgus f(X) Henpepul8na 8 KOHeYHOM
3aMKHymoOM nposedsicymie [a, b, mo cywecmsyem nocaedosamesbHocmy yesnx
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MHO2044e008 {P, (x)}, KOmOpan 8 3mos npomexcymsxe paBHOMEPHO CXO-
dumesn k f(x).

MpennonoxuM ceayana, yto peus uxer o npomexyrtke [0, 1]. Torma Tpe6o-
BaHWAM TEOPEMH YNOBJCTBOPACT KOHKPETHaf WOCNEAO0BATENbHOCTb MHOTOYJICHOB

Ba(x)= Zf(,;) -Cre (1— x=rs), ©)

y=0

JHna noxasateabCTBa 9TOr0 HaM HOHAKOGHTCA PAR NPOCTHIX TOXIECTB.
Hpexne Bcero, npu a1060M HaTypalbHOM 7,

n
3 Cxv (I —xy =1, (10)

v==0

YyTO Cpasy noayyaercd u3 pasdaoxenus (a4 b)" no GuHomHanbHOM Qopmyne
HeloToHa, ecan B3aTh a=ux, b=1—x. [anee,

n
3 Crx (1 — x)* =nx. (1)

v=={)

HeiictBuTenpno, oT6pacuiBas craraemoe, orsevamouee v==0, Kaxnoe u3 oCTafs-
HBIX MOXHO MEpenucath B BHIE

n—)(@n—2)-....-e—1—v—1-41)
e 2. o—=1)

Wy, ecnd BBECTH 3HAYOK p==v— 1,

nx - C% _yx* (1 — x)nt,

Xt (1 — x)n_—x—f—‘i

BoiHOCA nx 3a CKOGKH, B CKOGKaxX HOJAYUHM CYMMY
n—1
> Ch_ (L — X)),
w=0

paeayio 1 B cuny (10). Ananornuso u

n n—2
M=) Cox* 1 —x)*V=n (n—1) x*- Z" C),;_Qx"(l — XA
A=20

v=0
=n(n—1)x% (12)
Hakonen, ymuoxas (10) na n®x? a (11) va— (2nx — 1), choxuM T4 TOoXIECTBA
nounenno ¢ (12). B pesyanrare Mpl NpHAEM K TOXIECTBY
n

2 [n2x*—2nx—1) v-pv (v—1)] - C)x* (1—x)*V=n*x*—2nx—1)nx+n (n—1) x*

v==0

*) M BoCnIpOM3BOAMM NpocTeifiiee U3 MHOTOYHMCAEHHLIX JOKA3aTeJbCTB TEO-
pemb Bejtepumitpacca, KoTopoe HpHHaLIeXHT COBETCKOMY akaaemuky C. H. Bepu-
mreiiny. Hanucanubie MHOrounens B, (x), KOTOpbIE NErKO CTPOATCH 11O 3HAYECHHAM

v
Gysxuun f(X) B PAUNOHANBHWX TOYKAX -, NMOMYYHAN HA3BAHME (MHOIOYIEHOB
Bepnmitefinas Qynxog f(x).
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Iy, 0Che ynpoiieHuti,

D —nx) Cox (1— X = nx (1— x).

v=0

Ecan npumath BO BHHMaHHE, UTO— NIpH MI06OM X —
1 1 2
x (1 -x)—z-—(—f—x) <7

TO MOAYYUTCA HEPABEHCTBO

n
n
v Nrp—
2 (v —nx)?.Cox’ (1 — x)* “gz, (13)
v=0
KOTODBIM Mbl HEHOCPEICTBEHHO M BOCIONb3YEMCH.

dukcupyemM no npoussony x B npomewyrke [0, 1]. Beuny (10), moxno
HamucaThb

FW=3 7@ C (L=,

BoiuteM mocnefnee paBeHCTBO MOuneHHO u3 (9):

By (x)—f(x)== i [f (;l—) —f (x)] (Chx® (1 — x)m, (14)

v—=

Jlia oueHKN 3TOH Pa3HOCTH OTHX €N bH O PACCMOTPHM ClaraeMele, OTBEYAaIOLIHE
v

6IM3KMM K X TOYKaM - W Tpouue craraemie. TouHee roBops, MO 3aflaHHOMY

gycay e > 0— BBUAY HeNMpepsIBHOCTH, a CaefoBaTexbHo [n°75] M pasHOME p-

H O # HempephIBHOCTH (YHKUMU f (x)— HalifeTca Takoe uucao 8 >0, saBucauiee
TOJBKO OT €, YTO

u3 | X" —x' | <¥ caenyer |f(x")—f(x)]<e (0<<x', x" <)
Bor Mbl u pazo6bem cymmy B (14) Ha nse, X, u ¥,, OTHOCA B nepByI crarae-
MBle, IS KOTOPHX l%——x <3, a BO BTOPYIO — T€, A1a KOTOPHIX ‘ ;——x[;a.
B nepBoM cayuyae, 0YeBHIHO, |f(%)-—-f(x)|<e n [cm. (10)]
n
I3, /<e- 3 Cr—xpr<e 3O (I—x)=e.

v=>0

Bo BTOpOM e, BBOAR HamGoabinee 3Hayenue M maa |f(x)|, umeeM TaKyio

OUEHKY:
13, l<2m- 3 v (L —xpn.

|7—x1>ﬁ
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Ho 3pech (v —nx)? =¥n2 rak yro teMm Gonee
=

I”——xlaa
n

n
M .
< P E (v —nx)*- Cox¥ (1 — x)*,

OxoHyaTenbHO, NCNOAb3Ys HepaBeHCTBO (13), moxyyaem

2 M
. <72—3—§E

M
Ecan B3ath n > s55-, 10 (He3aBucuMo ot x!) 6ymer u

28%?
!Z2’<E’

a TOrNa, 1O COBOKYIHOCTH,
[Ba (x)—F(x)| <2,

YTO M JOKa3biBaeT TpefyeMoe yTBepxAeHue —roka aas npomexyrtka [0, 1].

Cnyyait e NpPOM3BOJLHOIO IPOMEXYTKAa [a@, b] IPUBOXMTCA K PaccMOTpeH-
HOMY NPOCTHIM NIpeo6pa3oBaHueM nepeMeHHoM: x=a +y(b—a), rne 0<<y<< 1.
ITocTpoennasa no HenpepniBHOH ¢yHKUMH oT y: f (@ +y (b — a)) nocaenosarein-
HOCTb MHoOTOunenoB B, (y) cxonutca K Heit paBHomepHo aas y B [0, 1]. Torma
HOCAe0BaTeAbHOCTh MHOTOUIeHOB P, (x)=B, K%—Z) 6yner CXomuThCcA K
¢yHknun f(x) paBHOMepHO Maa x B [a, b]. Teopema nmoxasaHa.

Tepexoas o6bIYRBIM 06pasoM OT (YHKIMOHAILHOH TMOCIENOBATENLHOCTH
K (@yHxuuonambHoMy pany fcm. n® 263 u 264], MoXHO NpeiCTaBUTb TEOPEMY
Beftepmrpacca ¥ B Takoli ¢opme:

Kaocdas wnenpepvisras 6 npomescymre [a, b} dynxyus f(x) pasarazaemes
8 IMOM npoMedcymKe 8 pASHOMEDP KO cxo0awyulics psd

Fl)= 2_]1 Pa(x),

COCMABACHHNE U3 GervX MHO20%/1eH08 *).

[Tono6uoe pasioxenune B OTHOLICHHWH NPAKTHYECKUX NpUMEHEHNH, pasyMeercs,
ycTynaer pasnoxennio B pag Te#inopa, Ho, Grarojapsa ypessbiyaliHoOH ofumHOCTH,
uMeer G6ojbuloe TeopeTHYecKoe 3HayeHue. B yacTHocTW, OTCIONa BBITEKaeT, YTO
KaxcOas Henpepsi8Has Hynkyus moxcem Ovimb 3000HA eCUHBLM <AHAAUMUYE-
cxux svipadiceduenm» [n°18; cp. Touky spenus diaepa, n°21].

§ 4. OYEPK MCTOPUH PSOB

279. 3noxa Hbrorona m JleAGHuna. Mapannesbno ¢ co3nanneM B XVII Bexe
Ind@epeHIaIbHOTO W MHTErpaabHoro ucyucienus [raasa XIV] B Maremartmye-
CKYI0 NPaKTHKY BOWIAY ¥ GecKoHeuHste pambl. Haunem ¢ nossusiinxcs B 1668 r.
B Anramm pa6or, Tak HAH ¥HAaue CBA3AHHHX C NOTaPHUPMHYECKHUM PALO M

*) HanpuMep, MOXHO NONOKUTb Py (X) =P, (x), p, (x) =P, (x) — Pp_; (%)
(naa n>1)
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B sroM rony 6uno ony6aukoBaHo HeGoapmioe counnesne Hukoman Mepxka-
Topa (1620—1687) <JlorapuTMOTEXHHKa», MOCBAIIEHHAA METONAM BHYHCICHUA
aorapudmoB. B onHOR M3 NOCAEJHHMX T'JIaB aBTOpP 3SaHMMaeTcsas Ksaaparypo#t ru-
nep6oan xy==1, oTHecewHOK X acmmnroraM. Ilomaraa x=1- a, on numer
ypaBHeHue runepCoin B BuRe |

y=m.

Tlyrem nenenns MepkaTop NepexoIHMT K Pas3noXEHUIO B FEOMETPHYECKYIO Npo-
rpeccuio
1

——=Il—a+4a—a*+...,

14a

a 3a‘l‘EM, “HTezngMp A 110 @ NMO4YJl€eHHO, noﬂy‘IaeT ANA naowany anepﬁo!lhl H3BECT~
Rah pax [n° 256, (1))
a2 aa al
a— 5 o — .

yt3—7t

Bonpoc o6 06aacTH NPUMEHAMOCTH pPAfa He 3aTparuBaerca (Ha NMPHIOKEHHOM
yepTexe Cayya#iHO OKa3uBaerca @ > 1, Tak 4TO pas3noxeHue Ha Jeje HenpH-
menumol). Ha srom Bompoce ocraHaBauBaercs B cBOe# peulensun Bananmc.
Haxkonen, Buabam Bpoynkep (1620—1684) nax uncro reomerpuyeckuit BHBOJ
yacTHOH ¢dopmyan

1 1 1
m2=15+3gtset -

Jna npaKTHYECKOro BHIYHCICHHS OH ymorpebaser Gozee GHCTPO cxoiswmuiica
PAN, NpHYEM —NIYTEM CPaBHEHHA C TeOMETPHYECKOH Nporpeccuell — HaXomuT
I'paHHIH OIA OCTATKA.

Heckoapko panee Hauan 3aHMMaTbhCa GeCKOHeuHbIMH psgaMH HbioToH, Ho
€ro MCCACJOBAHHA B STOH OGNAaCTH, NEpenaeTalomuect ¢ UCCANOBAHUAMHA B IpY-
THX 061acTAX aHaau3a, OblIM ONYGJANKOBAHL, KaK MH 3HaeM, ¢ GOJbIIMM ONO3Aa-
nueM. Ciofla OTHOCATCH, MPeXile BCero, ero mucbMa ot 1676 r., npenHasnayennbie
nas Jle#Gpuna, ¥ ero use QynmaMeHTanbHee paGoTh: <«AHaIM3 C HOMOUIbIO
YPaBHEHHH ¢ GECKOHEUHBIM UMCIOM 4aeHOB» u «MeTon ¢unokcuit U GeckOHeYHbIX
PAKOB», 0 KOTOPHX Gblia peusb B rzase XIV.

Mo-BuaumMoMmy He nodxe 1666 r, HeioToH yxke Brazea 6N HOMHAAbHHM
PAXOM IIs JPOGHHX MIM OTPHLATeAbHHIX 3HaueHWH mnokasatens. CHayana od
NpUIIen K HEMY C MOMOIBI0 YMO3AKMOYEHHHA IO aHaJAOrMH; Pa3fNOKEHUA KOpHedH
HPOBEPANACD IYTEM BO3BEACHHA B CTCNEHD. BHOCJIGJICTBHH HoloToH HAXOAHUT
HpAMOH METON JeNeHHss CTENeHHHX DPANOB M H3BIEYCHHs KOPHEN M3 pPANOB,
NEpeHoCd CIoJla MPHHIMIL YyXe W3BECTHOrO K TOMY BPEMEHH YYEHHA O NeCATHY-
HBX JApoGsaXx. Pasfaras pasanuHbe BHpaXeHHs B CTeHeHHHe pafw, Heiorow cso-
AT HAXOXKEHHME WX (MOKCHA M GMIOIHT K TAKHM KE ONepanuaM Hall CTeNensMu
¥ 9TUM 3HAYUTENbHO PAacCmHpAeT 06IaCTh MPUMEHHMOCTH CO3JAHHOTO MM aHANM3a,

Hepeako Hbioron npuGeraer x o6paumeHnio pARE, T. e, MCXONA U3
Pa3noXeHUA OJHON BEAMUMHB IO CTENEHAM APYroM, YCTaHABAWBAET Pa3NOMEHHE
BTOpOA mo crenensM nepso#t. Tak, ormpasassck OT aorapudMuyeckoro pana

1 1
Z=x———§‘ x’-{-—a—x’~—...,

on nogyvaert

x=z+—;~z’+’~é-z°+ilzz‘+...,
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T. €. N0 CymecTBy —noOoKa3aTeabHul pan (Zo6aBHB B OGeHX YacTAX fio
eNMHALE, Mb NOXyuynsw Oul cnesa yucao 1 x, HaTypanbHu# Jorapupm KoTO-
poro xak pa3 ¥ paseH 2). JloGonuTHO, YTO pa3 Ao EeHHE CHHYC2A X N0
CTENeHaM AyrH z *)

— 1 s 1 s
X=z—p2 +T§(—)z —y
Hb10TOH HaxonuT ofpamiesneM paga, BHDPAKAOWEro Ayry
1 3
z=x+—(—5-x‘+mx‘+...,

T.€. U3 PA3NOXKEHUSA AaPKCHHY Ca, KoTopoe HbIOTOHY €CTECTBEHHO NMpef~
crapanerca Gonee . npocTeiM, W60 MOAyYaeTCA HHTErpUpoBaHHeM (IIOKCHH apK-

cunyca (1 — x?) 2, aerko pasBopauuBaemoit B GuHOMHaAbHuY pax [n° 275, 2)].

BeckoHeynbie psibl MAPOKO UCNOAL3YIOTCA HbIOTOHOM Nua peiienus ypaBHe-
Huit, KaK anre6paHyecknx, Tak M nuddepcHuuasbHbX. [IpuMenseMu#t UM MeTof,
110 CyLieCTBY, €CTh METOX HeoNpeleNeHHbX Ko3(duiuuesTos.

Nanaraa B «Anmannse» BONIpPOC O pelIEHMH YDaBHEHHA C INOMOUNBIO psla,
Hpi0TOH OCTAHABAMBAETCA HA AOKA3aTENbCTBE CXOAHMOCTH PANA MMEHHO K KOPHIO
ypaerenusa. Ho B npyrux cayvasx, pasnaras B pak Halepel U3BeCTHHE Beln-
YHHb, OH CXOJMMOCTBLIO He 3aHMMaercsa. Brpouem, Tak KaK rraBHOE Ha3HaueHue
pazos HbOTOH BMIAMT B MPUGAMKEHHBIX BHIYMCICHHAX, TO €ro, eCTeCTBEHHO, He
unTepecyet ¢opmanbHoe yCraHoBaeHHe (akTa CXONMMOCTH pAla — €My HYXHa
6uctpasa cxoguMmocth! Hanpumep, Bhuncnenne In2 HborTon ocymecrsaser
He C NOMOWBbI0 MEANEHHO CXORALMErocs paAfa

1,1 1
m2=l—gtg—gt..

a ucxonsa u3 dopmyas In2=21In 1,2—1n0,8—1n0,9: aprymenta 1,2, 0,8, 0,9
Mano PpasHATCA OT eNMHMHUB, YTO W obecrmeyuBaer OGbICTPYIO CXOAMMOCTbH HOra-
pudmuyeckoro psna. OueHkn jponyckaemoit norpemnocts y Hoorona ner.

Jleit 6 Hun, nesaeucumo ot HewoToHa, nl;mmen K HEKOTOPHIM H3 TeX pa3fo-
wennll, koropuimu HblotoH Biamen pasbuie. B 1693 r. JleiGnuu npennoxun aas
VHTerpupoBanua auddepeHunanbHLIX ypaBHeHMH B TOMHOCTH METON Heonpeje-
JeHABX KO3 dNUMenTOB («<Ipeinoaaras CaMuifi HCKOMBIH PAR Kak Gbl HAHAEHHbIMY).
B yacTHOCTH, 9THM NyT€M OH BHOBb MOAYYHI Da3noMeHHA XorapudMa u CHHYCa,
uCxXoin H3 auddepeHuHaIbHLIX ypaBAeHHH, KOTODHM OHH YIOBIETBOPAIOT.

B 1682 r. snepsuie JleHGuuneM Obl OMyG6AMKOBAH DAL

111
l—gtg5—7+

n
5 BAALEA STHM PAIOM Jle#t6uuu yxe nasHo **). TomyTno
®

JlefiGnnLL IaeT OUEHKY NOTPEMHOCTH NPH 3aMEHE YHCAA -~ OTPE3KOM paja. dtu

BeIpaxaiomu#t yucio

YKa3aHua BHOCAEXCTBUM Gbiny MM ofobuienn Ha ciayyalf moGoro 3HaKomepemeH-
HOro pslla C YXeHaMy, 10 aGCOMOTHONH BeaWYHHe YOHBAWWUMU N0 HYas (Hampu-
mep, B nucbme k¥ M. Bepuynnm, 1714 r.). Tlpu stom, BnpoyeM, Cy m(ecTB 0-
BaHHUE CYMMB CaMO COG60I0 Pa3yMeeTCs, M yYCTaHaBAMBACTCA (QAKTHYECKH AHIIb

¥) Pammyc Kpyra nNpuHAT PaBHLIM eNUHHUE.

#%) Ho, no-suamMomy, Bce e Obia onepexen anranyanuHoM J[Ixemcom
I'peropu (1638—1675), xoropui#t B 1671 r. B nucbMe cooGiua pAx HAAA apK-
TaHTeHca.
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HeoIPaHUYEHHOE TPUGIMKEHNE K HEH YACTHYHBIX CYMM IOINEPEMEHHO C Da3HBIX
cTOpoH [cp. n° 244, 3amevanue].

B 6onee mo3gHuX NHCbMax JIeHGHHUL FOBOPUT O pAuaX, «CXONAILHECA» K CBOHM
CyMMaM, TOHMMas CXONUMOCTb, KaK u Mul. Ho B T0O xe Bpems oH cormawmaercs
¢ yreepkaenneM, uto pam 1 —1-41—1 ... uMeer cymmoli wucio 53 910
NOAyuyaeTcss U3 PasnoweHus

1
1+ x

npu x==1: eCM OHO BEPHO NpH X < 1, TO IO «3aKOHY HENPEpPHBHOCTH> JOMKHO
6uith BepHO U npu x =11 OTCYTCTBHE SACHOCTH, MO-BHAMMOMY, OLIYIIaeT H caM
JleiGuuL; HEJapoM OH TOBOPMT B OXHOM NHCbMe: <... BEPHTb PaccykJEHHAM
0 GecKOHeYHHX pAlaXx CHeAyeT TONbKO TOrJa, KOrJa MCTHHY MOXHO J0Ka3aTh
W C NOMOIIbI0 KOHEUHHX (BETWYMH) 10 MeTomy Apxumenas.

BeckoHeyHHMH pANAMH 3aHUMARHCh 06a CmojBMkHUKA JleHGuuua — GpaThs
BepHyanmn ocofeHHo — CTapmnit U3 HUX, SKOG: COBOKYNHOCTb €ro pa6oT no
pagaM (1689—1704) naer manoxeHuwe BCEro, YTo M3BECTHO OHIIO B 3TOH 061acTH
B ero BpeMa. B vactHocty, cravasa Voran, a 3aTeMm $IK0O6 Hanm HOKa3aTeabCTRO
TOr0, YTO «CyMMa GECKOHEUHOro rapMOHHYECKOro psja

EE RN R

=l—x4ax—x4 ..

Geckoneunay, JoxazatenbcTso K06 DepHyaanm OCHOBAaHO Ha TOM ke NPHHLUIE,
yTo u o6eiyHoe [n° 236, 1)]. OH cnpaBeXaUBO NMONYEPKHBAET B 3aKMOYEHHE, YTO
«CyMMa GeCKOHEYHOTrO DANa, KOero Mo cheXHHMH yiIeH MCYesaer, HHOTLA KO-
HeYyHa, a MHOrga OecKoHeyHa». PasyMmeercs, «MOCHCHHHE UNEH» NOMKEH GhHITH
WCTONKOBaH Kak mpexea obulero ynenwa. Hyxno ormernts, uto 5. Bepunynmu
€BOGOIHO TOJb3yeTCA PACXONAMMMHCA DPANAMH M Jaxe NOAYYaeT ¢ UX NMOMOLUILIO
CXOIAUMECS PA3NOKCHUA.

280. Iepnon dopmanbHOro pPasBHTHA TeOpHH pAROB. B XVIII sexke npun-
IMIHaIbHBIe BONPOCH He NpWBiReKand K ceGe GoAbLIOrO BHUMAHHA, HO 3aTO
NpPaKTHKa PANOB— IIaBHHIM 06pasoM B pykax Jiinrepa — DOCTUrIa BBICOKOro
Pa3BUTHA.

B navane Beka, B 1715 r, Buimaa B ceer HeGoabimmas kuura Tefiaopa
<MeTton pasHocTeH, NpAMOi ¥ o6patHbit». HescCHOCTh M3NO¥eHWA MMena chej-
CTBHEM TO, YTO OHa He Cpasy Noiyymua pacmpocTpaHenue. Tefimop ucxopgun us
PaccMOTPEHHA KOHEYHMX pas3HOCTe! W JHIUbL 3aTeM, TIePEXOXd, Kak K Ipejeib-
HOMY Clyyao, K GeCKOHEYHO MalbiM PasHOCTAM M HX OTHOLIEHHAM, YCTaHOBHMA
Pa3nOMeHHE HapAlleHHOTO SHAYEHMA (QYHKUMH X OT 2 IO CTENeHAM Npupaile-
HHA U BEIMYHUHBI 2

. vdx | v? d2x+ v dix .
TTZ e @ TroEas T

9TO Pa3NoOWeHHe BMNOCACACTBHM W CTaau HasmBaTh pAxoM Teftnopa. Cam
aBTOp, BHIMMO, He MOJHOCTHIO OLUEHHA CBOe OTKPBITHE: IIPHIOKEHHH B KHUIe
OHO. HAaXOJMT MaJjo.

3navenne sToll GOpMyan O6blI0 BhIABIEHO JuWb B ofuupHoM «Tpakrare
o ¢Gmoxcuax> MaxaopeHa, BonenmeM B 1742 r. MakjopeH npuiea K ToMy
xe PANY APYruM MyTeM: OH KIalieT B OCHOBY pasjoieHHe IO CTENeHAM X C He-
onpefieleHHHIME KO3 dnuneHTaMy, NOBTOPHO ZAuU(pdepeHuupyer ero M, nogaras
BCsAKUM pa3 2==0, nocrenoBaTenbHo onpejenseT ko3pduuuents [cp. n° 277, 7°].
B Bupme npuMepa OH monyyaer GHHOMManbHm# pan. [Ipu BhiBONe pasmoxeHui
Apyrux mnpocTedmnx @yukuuit Maxaopen ucnoabsyer M auddepeHuuanbhbie
YPaBHEHHA, KOTOPHM OHH YNOBAETBOPAIOT,
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B «Tpaxrare» Mbl HaXOJUM eHIe JBe BelH, 3aCIYVKMBAIOL(ME YNOMUHAHMUA
Bo-nepsux, MaxlopeH OTYETIMBO yCTAHaBIMBAeT, NpaBla — JIHIIb B FEOMETPH-
4yeCKoli QopMe, HHTETrPDAAbHH A NPHU3HA K CXOAUMOCTH H PACXOJHMOCTH
NONQXHUTENbHHIX PANOB (BIOCHENCTBYHM aHAJIMTHYECKM HAaHOBO JoKasamHuii Komu;
cm. n° 241). 3ateM OH BHIBOLHT (HE3aBHCHMO oT Digepa, KOTOPHIH Cledax 3TO
HECKOJbKHMH TONaMM DPaHbIIE) 3HAMEHUTYIO QOPMyny ¥), CBA3LIBAIOLIYI0 CYMMH-
POBaHHE UYICHOB JAHHOTO BHIA C BbIYUCIEHHEM HEKOEro MHTerpana.

C 1730 r. maumnaercs Gxectsmas cepua pa6or DA aepa MO GeCKOHEUHBIM
panaM. VM 1OCBSAIIEHH MHOMOYHMCHEHHbIE CTaThH, KOTOpLIE Ha OPOTAXEHHH Goiec
noayBeka My6aukoBaauch B Tpynax [lerepGyprekofi AkageMuu HayK; MHOTO MecTa
OTBEJIEHO KM 1 B 3HAMEHHTHIX TPAKTarTax Jiuaepa Nmo aHamuay. [lepeyncanM BKpatie
NOCTHXEHHs Dilepa, He NPUIEPKHUBAACL NPH ITOM XPOHOMAOTHYECKOIO NOPANKA.

Dilnep BIepBhC BHIBOXHT, C IIOMOLIBI0 NOAPA3YMEBAIOUMXCA NpENETbHbIX
nepexolioB, MOKA3aTeAbHbIH ¥ NOTaPUPMUYECKNH PANbI, HCXOAA U3 GHHOMHAILHOTO
[cp. n° 268]. ToyHo Tak ®e OH MNOayyaeT pPANG AT KOCHHYCA U CHHyCa M3
W3BECTHBIX QOPMYyX HAA cos nz ¥ sin nz. OH ynomo6aser 6eCKOHEYRbIl CTENEHHOl
pfil OGEIKHOBEHHOMY MHOTOYJEHY M Pas3jiaraer €ro Ha MHOXHTeNW, ¥ TaKUM IyTeM
NPUXOIUT K INPEACTABNEHUI0 CHHYCa W APYIMX (QYHKIMH B Bule GECKOHEYHOrO
npousBefeHus. PaCIpoCTpaHAs H3BECTHOE NPABUIO NEPEMHOXEHHS JBYYJIEHOB
C OXMHAKOBHIMH NEPBHIMH YJ€HAMM Ha clyyail 6eCKOHEYHOIO WX YMCIa, OH MOJy-
yaeT 3amMeyartenbHbie QOPMYIH

b3 4

1 1 2 1 1
l+‘2?+3—2+~--='6—: 1+§7+3—4+“‘=W

W npyrue, nofpoGHbie WM. Dildepy NpUHALIENKAT M PasAOKEHUA

1 ctg z Ha

npoctble apo6u [cm. Huxe, n° 406, 3), 3ameuannel.

Dftnep paccMaTpuBaeT PANB K C KOMIJIEKCHBIME YJIEHAMM; COIOCTaBIEHHE
psaxoB Aaf sin x, coS X ¥ €* NPUBOXHT €TO K 3HAMEHUTHIM (OpMyIaM, CBA3bI-
BaoomuM 511 QynxuuM [n° 254] —ux B cBoe BpeMs JlarpaHx Ha3Bal <OLHHM H3
CaMBIX NMPEKPacHBIX aHAIUTHYECKUX OTKPHITHH, CHETAHHBHIX B 9TOM BEKE».

Mporo 3sanmMaaca Jiaep cyMmupoBasueM psnos. Kak ymoMmuHanoch, on
pambluie MaxnopeHa Ipuilel K H3BeCTHOH (OpMyade CYMMHDOBAaHHS W He pa3
K Heit Bo3Bpawmajaca. B wacTHOCTH, OH npuMenun ee X YaCTHYHOHA CyMMe rapMo-
nruyeckoro paga [cp. n® 236, 1) u n° 238, 4)]. Ditaep MHOroo6pa3HoO COMOCTABAACT
pARbl ¥ HHTErpaibl; Ha 3TOM HYTH OH HaxOQAUT U H3yyaeT BaXXHbLIC HHTErpannl,
BIIOCIEACTBHH NOJXYyYHBIIME ero uMma [uM nocsaulen § 4 raass XVIII].

C Maknopenom Ditnep conpuxacaercs eile B OLHOM NYHKTe: Te e Coobpa-
WEHUA, KOTOophie nprBean MakiopeHa K ero MHTerpaibHOMy NPH3Haky, Jiimep
yXe paHblile NPHMEHAN K YCTaHOBJEHUIO I'DAHML, MEXIY KOTOPHIMH COXEDKHUTC
cymMMma psana.

W3 mpyrux BONPOCOB, KOTOPBIMK HMHTEpecOBalca Jiiiep, yIOMaHEM O mpe-
06pa3soBaHMH PANOB—B HENAX YIYUIIeHHs WX CXONMMOCTH, O NMpPeo6pa3OBaHHU
GecKOHeyHRIX Npou3BeleHuii B pambl [cMm., Hampumep, n° 251, 3)]. Haxonen, yto
OCOGEHHO BAXHO OTMETHTb, Mbl HAXOJMM Y Jiinepa pasHOOGPasHble NPHIONKEHHA
PSAOB HE TONBKO B CaMOM aHaimse, HO Takxke B airefpe, B TEOPHH uucen
H B Jpyrux o6aacrax.

Onuako Bce 3T BOMCTMHY 3aMevyaTeibHble TOCTHXEHHs He MONyyuau y ditnepa
CKONbKO-HU6YAbL yGemuTeabHoro oGocHoBaHHA. [lono6HO GOJNBLIIMHCTBY CBOHX
COBpPEMEHHHKOB, gﬂnep K BONDPOCAM CXOIKNMOCTH OTHOCHTCS 6e33a6OTHO M CBO-
GonHO 110Ab3YETCH pacxomsmuMuca panamu. Hanpumep, ckaajpiBas pasiaomeHus

n o n__ 1 1
1_n=n+n-+n3+... u n—1—1+_ﬁ+;ﬁ+""'

*) Ee nasniBalor QopmMynolt Dtnepa—Maxaopena. K coxarenuio,
et He HamIIOCh MeCTa B HalleM Kypce.
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OH 3aKNI0YaeT, YTo GeCKOHEYHHHl B 06e CTOPOHBI PAX
i 1
--~+,7i +;+1+n+n2+n8+...*)

paBen 0! AHaAOrWYHO, MCXONA U3 PaBEHCTBa

|
r:}:‘"—-l +x+x’+x*+ ceey
Afinep He TONBKO BHBOLHMT OTCIOfa NpH x==-—1 pax, sanuMasmuli eule
Jle#i6unua: .

I—l+1—14..=,
HO # NHTAaeTCA OCMBICAUTL PABEHCTBO
141244484 =1,

noxyuaiomeecs npu x==2. Bnpouem, Diizep naer ceGe oTyer B TOM, YTO ;AR
nofo6HHX PACXOLAIMUXCA PALOB Helb3s FOBOPHTh O CYMMaxX B TaKOM xe
CMBICAE, KAK O CYMME CXOAAIerocs psfa, K KOTOPOH MOXHO NPOH3BOJLHO NPH-
6an3ATHCA, NOCAENOBATEALHO CKJIAAbBAsA €ro UAHH. Diiep CYNTAET, YTO ¢CyMMa
HeKOoTOpOro GeCKOHEeYHOro psaja e€CTh KOHEYHOE BHIPAXKEHWE, W3 PAa3lI0OmeHns
KOTOPOro BO3HMKAET 3TOT pai» **). B TakoM, Tak cKa3aTh, <0600UICHHOM» HOHM-
MaHHW¥ CYMMbI €CTb YXe 3epHO HCTHHB (¥ OHO COMpPHKAcaeICs C COBpEMEHHOWH
TOYHO OGOCHOBaHHO# TeopueH PaCXOAAUINXCH PAROB).

TIpoTHB NONBL3OBAHKA PACXOAAIMMHACA PAIaMU pe3Ko BoccraBan faanam6ep:
paccyxaenus, fIPOBOANMBIE C WX NOMOLLBIO, KAKYTCA €My <NOAO3PUTENLHLI MUY,
Jaxe eCHIH PE3YAbTATH UX COTTAaCYyOTCA C MCTUHOH Bnpovew,
caMoe JIOHATHE CXOAMMOCTH ¥ pacxomuMmoctd y Jlanambepa mMeNo <IOKaAbHbIfi»
xapakTep, GyAyum CBA3aHO C TeM, OKa3biBaeTca Ay noclenyiomymii wien (a6co-
MOTHO) MEHbHIMM HAH GonabmuM npeabinyumero. Takum o6pasom, no ero TepMu-
HONOIWY, PAN MOT A0 ONPEHCHCHHOrQ MeCTa CXONUTHLCA W JHUIb NOTOM HavYaTh
PacXogHThCH, # Ha060pOT [cp. 3aMeyaHue n° 239

OcraHOBUMCA B 3aKkiiouenue Ha JlarpaHixe—ONHOM W3 KpynHeHIIMX
MaTEMAaTHKOB pacCMaTpuBaeMoro nepuoja. IIpexme BCero, HalIeWHUT YNOMAHYTH
O HOCAMEM €0 MMA psle, NAIOIEM pPa3NOKEHHE KOPHA X ==p YpaBHEHUA
a—x + ¢ (x)=0, n naxe — mo6o#i Gyskunu ¢ (p) OT 9TOTO KOPHA.

B couunennu «Teopua ananutuveckux ¢ysxuubfty (1797 r.) Jlarpanx nenaer
NONKTKY OCBOGOAMTL puddepeHnnasbLHOe MCUHCIEHHE <OT PacCMOTpeHHs Gecko-
HEYHO Maibix MIH MCYe3alOH{UX BeAHYMH, MPeienoB MIH (IOKCHH» B CBECTH €ro
K canreGpauyeckoMy aHaaM3y KOHEYHbIX BENWUHH» *¥*), B srtoi monsiTke oTnpas-
HO#t TOYKO#H NPH3BaHB GBIAM CIYXHUTh UMEHHO CTeMEHHble painl. JomycCTHB,
yro Aast QyHKHUH f(x) HMEeT MeCTO pasnoxeHue

Flx+0=F(@)+pitqtrv4...,

rxe p, 4, r, ... — dynxuuu ot x, Jlarpanx npaMo onpeneaseT nocaesoBa-
TenbHbE <NPOU3BOAHBIC (YHKUHMH> (3ZeCh BIEPBHE NOABAAETCA 9TOT TepMHH!)
yepe3 KOIDPUUHUEHTH PA3NOKEHNsA, UCXOUA M3 NMPHBHIYHHX COOTHOLIEHUH

1y (e
9

r=Tmoas,

p=f(x), g=

*) Uurateab, KOHEYHO, 3aMETHT, YTO BOBCE HET 3HAUEHUit 7, NIPH KOTOPHIX
o6e NpPOrpeccHn CXONMINCh G5 OXHOBPEMEHHO,
*#) Cm. JI. it nep, «duddepenuuansroe ucuncienuer, § 1il.
#%#%) Bnpouewm, Te ke muacu Jlarpawx BHICKA3biBaX H paHblle.
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Ha stofi ocnose JlarpaHxy ynazoch M3ZOXHTb HE TONbKO 8HANHM3, HO W €r0 NpH-
JOMEHHA K reoMeTpHM M MexaHmke. Tem He meHee, 9Ta TOYKa 3DEHHA, ABMB-
AACH — KaK Pa3 B NPENXBEPHH HOBOTO NMEPHOXA B MCTOPHMH aHANH3a — peaKuued
Ha Heyrauy BCeX NPeXHUX NONMHLITOK €ro CTpororo 060CHOBaHUsA, pacnpocIpaHe-
HHA He TMoAyynaa.

B tom e counnenmn JlarpaHk ycraHaBnmuBaer u m3sectHywo [n° 106] yno6-

Hy10 dopMmy nis JONOJHKTEABHOro YaeHa B ¢opmyane Tehzmopa. Brnpouem, nia
arpamxa 9TOT uXeH OmJ NPOCTO BEIPaXXEHHEM OCTATKA psAfia, CXOXMMOCTb KOTO-

poro noipasymeBanach, €ro HasHayeHHeM OLIIO ML OGNErYUTL OUEHKY MO-

TPENIHOCTH, APOUCTEKAIOMER OT NpeHeOpexenna NMOCNENHAMH YJeHaMH paja.

Camyo cxomumocts pana Jlarpanx (nomo6Ho Ditaepy M APYruM COBpeMeH-
HHKaM) MOHHMall KaK CTpeMIEHHe K Hymo o6mero yiesa. Onpefe’ieHus HOHATHA
CYMMB CXONAIIEr0OCA PsAla ¥ HEro HeT, XOTA B HKOCTaTOYHO Giu3ko#i Ham dopme
OHO yXe He gaa BCTPEYaNoch, Hanpumep, y Maxnopena (1742r) uy Ba-
puHra (1776 r.). B navane XIX Beka Qpanuysckuit maTematnk ®Pypbe B
CBOEM 3HAMEHHWTOM COYMHEHHHM <AHaauTHuecKas Teopus Tennota>» (1811 r.; omy6-
mukoBano B 1822 r.) maer npaBuAbHOE oOnNpejeleHHE CXOAMMOCTH PANa H €ro
CYMMBI, 3aMeyas ApH 3TOM, YTO JJA CXOKMMOCTH DPAJia BOBCe HE NOCTATOUHO,
yTOGH YNeHH pAfA <HEMPEPHBHO YMeHbIIAMHCh» A0 Hyas. Kak Mel nomnmw, sto
06CTOATEaLCTBO GOJBIIE YeM 3a CTO NeT X0 TOro — Ha DpHMepe rapMOBHYECKOro
pala — nonuepkHyn emie ko6 Bepnymmmu!

Takum o6pa3oM, paccMaTpuBaeMas S10Xa, HeoGwvyajino Gorartas QopMaibHb-
MH JOCTHKEHHAMU B OGNAaCTH TEOPHW DAJNOB, NS NO'HYECKOro ee 060CHOBAHHA
nana Mano.

281. CospaHHe TOYHOfI TeopuH. Jluiib B MOCAEAYOULYIO SIOXYy — YXie B
XIX Beke, psan CTaid NPeNMETOM H3yueHHd camu NO cebe, ¥ KPHUTHYECKMA
NepecMoTp OCHOB aHaNH3a Ha MEPBHX Xe NMOPAX KOCHYACA MMEHHO MX.

B 1813 r. Beuuaa B cser padora I'aycca®) «O6uine MCCIeNOBaHMA OTHOCH-
TEABHO PAJA

POTICE) JUETCE o V-1 | NN
Ty T2 G+ 0D

(dtor paAx NOAYuMA HasBaHWe «rUNiepreoMerpuyeckoror.) Xora B NOHHMaHUH
CXONUMOCTH ¥ pacxomumoctu I'aycc, BHInMO, 6uia Gau3ok k danamGepy, Ho Bce
e HMMEHHO 3[eChb Mbl BIEDBHE HAXOAWM TOUYHO CHHOPMYTHPOBAHHHH NPU3HAK,
KOTOpHIH N0 OTHOWICHHMIO K NPHBEIEHHOMY DALY AdeT NOJHOE pemiende BONpoca
0 CXOJHMOCTH.

COBPEMEHHOE OlNpEHEICHHE NOHATHA CYMMBM pAlda H €/0 CXOZUMOCTH
HIE DACXOAMMOCTH, OCHOBAHHOE HA TIOHATHH Npefena, OKOHYATeAbHO YC-
TaHoBMIOCH nocae paGor Boabuawo (1817 r)u Kommn (1821 r.). B npezu-
CHOBHM K <«AureGpamyeckoMy aHaausy» Komn npaMo rosopur, 410 «pacxomns-
nuica pAl He MMeeT cyMMu». Kpome T10ro, 06a Ha3BaHHBIX yYeHBIX YCTaHOBHIH
B o6uielt dopMe yCroBHe, HEOOXOXHMOEe H NOCTATOYHOE AIi CXOLH-
mocTH paja [n° 242]. Komn gman taxite HECKONBKO NPOCTHIX M YAOGHbIX NPH3HA-
KOB, MOCTAaTOYHHX Jif YHKOCTOBEPEHHA CXONMMOCTH HAH DPacXOIHMOCTH
nosoxutTenpHoro paga [n° 239, 241]. BnocnexcTBuM NOABMIOCH OTPOMHOE KOAM-
yecTBO MOMOGHHX N OCTaTOYHHX MPHU3HaKoB, Bce Goxee u Gonee TOHKHX
¥ cHOXHbX *¥); MHTepeC K HCCACNOBAHMAM STOr0 PoOla HECKOJBKO ocnaben K
Hayajy Hamiero BeKa.

Hanee, Komn npHHEaflexUT YTBEPHACHHE O TOM, YTO CXOBMMOCTbL psja Y4,
crefiyer 3 CXOXMMOCTH paxa ¥ {a,| [n° 243], u pasnuuenue cuyvaes «aGcomor-
HOM» ¥ «HedGCOMIOTHOH» CXOXMMOCTH (X0TA ¥ Ge3 NpUMEHEHHs BTHX TEPMHHOB).

*) Kapa ®punpux [ ay ¢ ¢ (1777—1855)—«xpynueitmnit HeMenxnit MaTeMaTny.
*¥) N3 pycckuxX MaTeMarHkor HMM 3aHuMamuch H. M. Jlo6auesckui
uB. 1. Epmaxosn (1845—1022).
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CaMblil (aKT CyuecTBOBaHHA HeaGCONIOTHO CXONAMINXCA PAAOB, O NPHMEpY pala
1 1 1
I=g+3—7+-

6mn u3BecTeH eile co BpemeH Jle#iGnuua n 6pathen Bepuymin, no Komm nep-
BuM OGpaTHl BHHMMAHHME Ha TO, YTO HeaGCONIOTHasA CXOAMMOCTb OTPAXKAETICH Ha
apyrux csoiictBax psapa. [lpexnme Bcero, kak mokasan Komu eme B 1821 r., x
HeaGCcoNMOTHO CXONAUIMMCS PANAM MOXET OKa3aThCs HENPUMEHMMON €ro Teopema
06 yMHOMeEHHH panoB [n° 248, 3)]. 3ateM, Kak pas 10 NMOBOJY BHIIENpPHBELEH-
poro psana, Komwu (B 1833 r.) orMeTni, YTo CXOZMMOCTb €r0 MOXET 6bITh Hapy-
meHa NPH NEePecTaHOBKe YIEHOB Psala,

B 1837 r. Hupuxne Boickasan ofuiee yTBEp¥.AEHHE O TOM, YTO B aBCOJIOTHO
cXOfsfIeMcA PAlle NPU NepecTaHOBKE UYICHOB COXPAHAETCA CXONMMOCTb M Beju-
uuHa cymMbt [n° 246]. B To e Bpems OH Ha IpuMepax NOSCHHI, YTO B Cayuyae
HeabCONOTHON CXONMMOCTH OT TakKOH IIePeCTaHOBKH He TOIbKO MOXeET Hapy-
HUTBCA CXOXMMOCTh — 3TO GHIIO M3BECTHO M paHblie, —HO Aaxke TPH COXpaHe-
HUM CXOJMMOCTM MOXET M3MEHHTHCA CaMas BeaMyuHa cyMMsl, OG6mui ¥ OKOH-
yaTenbHbi — B STOM HanpaBjeHud — pesyabtat [n° 247] ycranosun Puman;
oH OBl ony6auKoBaH aMmb B 1867 r.— yxe NOCMEpTHO.

B «Aare6panyeckom anaanse» Kowmn (1821 r.) Mol HaXONMM HCCIEIOBAHHA,
OTHOCALLHECS K CTENEHHHM pPAKAM JJIA CAyyYas KaK BEL(eCTBEHHOM, TaK U KOM-
NIEKCHOH TepeMeHHoM, VM 6bl1 He TONbKO YCTaHOBJEH BHX 061ACTH CXONMMOCTH
N10106HOTO pAja (IPOMEXYTOK MAM KPYr CXOLMMOCTH), HO H IaHO TOYHOE Bbipa-
WeHne Pafuyca CXOIMMOCTH yepe3 KosdduuueHTh paga. BHyTpu obnactu cxonu-
moct Komu ofpamaercs co CTCNEHHHIM DAIOM, Kak C OGHIKHOBEHHHIM MHOIO-
uJ1eHOM, HanpuMmep audepeHRMpYET €ro NOYIEHHO, He HAaXOHA HYXHHIM JaTh
060CHOBaHHE 3TOTO.

[To oThHomieHnio K o6uwmM (QYHKIUOHAIbHHM psaxam Komu neitaerca X o x a-
3aTh HENPEPLIBHOCTb CYMMBI CXOAANIErOCA AN HeNmpepuiBHBIX Gynkumii (1821 r.)
W NPaBO MHTErPUPOBATh NOAOOHLI! pax moynesHo (1823 r.), npurom Ges Kakux-
1160 OrpaHHYeHHA OTHOCHTENbHO XapaKTepa CXOZHMOCTH psixa [cp. n° 266 u 269]:
NOHATMEM paBHOMepHORt cxomumocTH Kommu He Bmagen ¥, MOIb3YACH A3BIKOM
6eCKOHEYHO MalbIX, MHOH pa3 He JaBan ce6e OTyeTa B TOM, OT KaKMX NepeMeH-
HbIX OHH (aKTHYECKH 3aBUCHAT.

Ha omm6ouynocts nepsoro yreepxnenns Kowmwm yxaszan A 6enb—B 3Hame-
HHTOM CBOEM MeMYyape, NOCBSiIleHHOM GHHOMMalbHOMY psany (1826 r.). B kayecrse
ONPOBEPraiomero npuMepa A6enb NPUBOXUT PsN, COCTABIEHHBIH H3 CHHYCOB:

sin x—-%—sin 2x ﬂ-% sin3x—...;
XOTsi OH CXOJMTCH NPH BCEX 3HAUEHMAX X, HO €r0 CyMMa B TOYKax X = (2m 4 1) =
(m — uenoe) TePUMT paspeiB. B TO e BPeMs MO OTHOMEHHIO K CTENEHHOM Y
pany AGenb CTPOro JoKa3biBaeT HeNPEPLIBHOCTb €r0 CYMMB! NPH KakJIOM 3Ha-
YeHUH NEPEeMCHHOH, NP KOTOPOM PAN CXOAMTCSH, HaXe eCAM 3TO 3HaYeHWEe COB-
najaeT € KOHIOM NpOMeXyTKa cxoguMmoctu [n° 273, 274]. B mpouecce noxasa-
TenbcTBa AGenb (aKTHYeCKH YCTaHaBAMBaeT HAIHYMEe WMMEHHO TOrO CBOMCTBA,
KOTOpO€ BHOCHENCTBYHM HOJXYYHNO Ha3BaHHe PABHOMEPHOH CXONMMOCTH.

ITo nOBOMY NOYNEHHOrO MHTErpHPOBaHMsA Bhickasan (B 1845 r.) ceou comme-
sug Y e 6 b1 € B, KOTOPBIH NONYEPKHYT, YTO OHO JONYCTHMO «TOMBKO B YACTHHIX
cayyasx». Tak mocremeHHo cosmaBanoch yGemieHue, uTo Ha GeckoHeyHsle ByHK-
IMOHANbHEE DAXb Helb3d O6e30r0BOPOYHO DacNPOCTPAHATh NPHBHYHBIE JAst
KOHEYHBIX CYMM IIpaBMJa, XOTSl OCTABANOCh HEACHHIM, B KaKHX e CIyyasax STO
BCe e MOXHO JenaTh. Pemralomyio poip 3meCh CHIpajio M3yYeHHE CaMoro
XapakTepa CXOIMMOCTH (YHKUHOHANbHBIX PANOB M BBeJeHHE NOHATHA P aBHo-
MEPHOH CXOHUMOCTH.
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310 moHATHE —H CaMblfi TEPMUH, — [IO-BHAMMOMY, BNEPBble NOABUIHCL B
1841 r. B opuo#t (onmyGAMKOBAHHOH MWL 3HaunTenLHO Nozke) pabore Bete p-
WTpacca M DPUMEHANHCh UM C TeX NOP Ha ieKuuax. B meyaTu pasanuenne
PABHOMEpHO# ¥ HEPaBHOMEDHO# CXOMMMOCTHM 6hino nposeneHo 3aiifenem ¥) B
1848 r. u Crokcom *¥*) B 1849 r. Ecam cymMma psaja HenpepbiBHBIX (QYHKUMi
WMEEeT TOYKY pasphiBa, TO BOAM3M Hee «PAL CXOAMTCA NPOM3BOAbHO Mel-
Jerno» (3aliflenb) MAM <CXONMMOCTb PAJA CTAHOBUTCA GE€CKOHEYHO 3aMel-
aenHok» (Crokc).

[pn stom Crokc mymam, YyTo M, 06PaTHO, W3 HENPEPHIBHOCTH CYMMBI TaKOro
palla MOXHO 3aKII0YHTh 00 OTCYTCTBHHM 3aMeJJEHHOCTH, T. €, —KaK CKa3anu Obl
Mbl— O HalMYUH DAaBHOMEPHOHM CXoAUMOCTH; 3alillenb ke CUMTax STOT BONPOC
OTKPHTHM. BrocnexcTsuy Ha mpuMepax Gbi0 NOKa3aHO, YTO OGpaTHOe 3aKaoye-
HHe BOOG1IE HeBEPHO; CIPAaBEeJIUBOCT ETOCM e UM aNbHO AAACI Y UaA MO J0-
XHUTenbHoro panxa B 1876 r. mokasan Quuwu [n° 267

DTHM MBI 33KAHYHBAEM Hall oyepK. JOoMONHEeHHEM K HEMY MOXeT CIyXHTh
«OyepKk HMCTOPUM TPUIOHOMETPUUECKUX PsiAoB» B Konue raasbl XXIV [cm. Takxke
B n° 313 «Mcropnyeckne saMeuaHus O HepecTaHOBKE ABYX IpelelbHBIX OllE-
pauuti>].

*) ®uaunm Jliopsur 3afigean (1821—1896) — Hemeuknit MaTemarTHK.
#%) Jlwow Tabpuenr Crtoxc (1819—1903) — anranfickuli @Qusnx u
MaTeMaTHK.



TJIABA CEMHAZLIATAST
HECOBCTBEHHBIE MHTEIPAJIbI

§ 1. HECOBCTBEHHbIE HHTETPAJIbl C BECKOHEYHbIMH
APEJLEJAMH

282. OnpepeneHHe MHTErpanoB ¢ GeCKOHEYHbIMM TpeXeJamH.
B raase XI O6bi10 wu3yueHO MNOHATHE ~ ONpPENENEHHOTO  HHTErpana

b
Sf(x)dxlum clyyads KOHEUYHOTO NPOMexyTKka [g, b] u orpasu-
a

yuennoh ¢ynkumn f(x). Hacroswas rnaBa mnocesiieHa 060G6mEHHIO
3TOro TNOHATHA B PAas3/MuHBIX HanpaejeHusx. HauHeM ¢ paccMmoTpeHus
MHTErpana, pacupOCTPaHEHHOro Ha 6eCKOHEeYHH H NPOMEXYTOK.
Nyers ¢yskums f(x) onpemeneHa B npomexytke [a, ©0), T. e
s xZ==a, u ulaierpnpyema B Jo60# KoHeuHo#t ero uwactk [a, A],

TaK YTO HHTErpan Sf(x) dx umeer cMuica npu moGom A >a.
a

Koneunsl uan Gecxonenslli npedea 3moz0 unmezpaira npu A — oo
Ha3viBalom (NecoOcmaennsiM) unmezparorm @yuxyuu f(x) 8 npone-
ocymie om @ 00 co U 0603HAYAIOT CHUMBOJIOM

o A
.,S f ) de= lim ,,S f () dx. )

B cayuae cymiecTBoBaHMs Takoro KOHEUHOIr O Mpeieia FOBOPAT, uTO
unterpan (1) cxomurcd, a ¢yskuuio f(x) HasHBAOT HHTET P u-
pyemot# B GeckoHeuHoM npomexyTke [a, oo} B oTauume or usyueu-
HOTO paHee MHTErpasa B COOCTBEHHOM CMHCAE MAM COBCTBEHHOTO
MHTErpana, TOJMBLKO YTO oOmnpejeneHHn# uHTerpan (1) HasbiBaeTcs He-
cobcTBeHHB M),

Ecmu npemen (1) GeckoHeues WM BOBCE HE CYIIECTBYeT, TO PO
MHTErpal rOBOPAT, YTO OH PACXOAHUTCH.

¥) HanomuuwM, uTo Mpl yike CTaIKMBAUCH C MOHATHEM HECOGCTBEHHOrO HH-
Terpasa B n° 241.
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Ananoruuso (1), onpemensercs u uwmezpas GyHxyuu f(x) om
— 00 00 a:

S fdx=lim S fWdx (&' <a), @
- AR
paBHO Kak H unmezpar gyuxguu f(x) om — oo do -} oo
+ A
S f@)de= lim g f(x) dx. ®)
—o AI’.I$ g

IIpu 5TOM COXpaHseTCs:t M TEPMUHOMOrHs, BBeACHHas NO MOBOAY HH-
terpaia (1). B nocaeanem cayuae, B3dB mo6oe @, MONKHO MOJOKHTBL
A

a A
/Sf(x)dx:Sf(x)dx—}—Sf(x)dx,
4 A’ a

W CymecTsosanne npenenanpu A’ —— oo, A -}-0co Ana muterpaxa
C/IeB3, OYEBHAHO, DABHOCHJALHO CYLIECTBOBAHHIO TOPO3HbL npexenos (1)
n (2) ans nHTErpanoB cnpasa. TakuM oGpasoM, HHTErpalx OF — €O X0
~}-co MOXHO onpenenmb a paaeﬂcmom

Sf(x)dx..- Sf(x)dx-{- S ) dx

-— 00
B NPEANOJOKEHNH CYIECTBOBAHAA NOPO3Hb WHTErpanos cnpasa *), Onpe-
Je/ieHHE STO HEe SaBHCHT Ha fene OT BHOOpAa TOUKu a.

Mrumepru. 1) Oyskuus ——%,— VHTErpupyeMa B 11060M KOHEUHOM Npo-

1
mexytke [0, A] (A>0), npuuem umeeM
A

Tak KaK XA 9TOrO WHTErpaza npu A — co CymeCTBYeT KOHESHHWH npenea —2—
10 HaTerpa’ or 0 0 CO CXOMHTCA ¥ WMEET 3HaueHue

@ A
ax lim =3
l+x2—A_.,°° T2
0

0
2) S X _ . lim }5 4% — lim (—-arctgA’):%,

1+x’ A - — 00

*) Hckmovaerca auilib ca)qaﬂ KOrja 9T MHTerpanbl paBHH GeCKOHEYHOCTH
P33HbLIX 3HAKOB,
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283. IlpumeHeHHe OCHOBHOM (h)OPMYJibl HHTErpaJbHOTO HCYUCACHHS,
B npusenenHsix BHILIE NDHMEPAX MHTETPal MO KOHEYHOMY NPOMEXYTKY
BBIUACAICS € TOMOLIBIO HEepBOOOpasHOM (pyHKuMH, 2 3aTeM ocyuie-
CTBJISHICS IEPeX0A K npeaeny. MoxHo o6beanunts 062 MOMEHTa B OLHOH
dopmye.

Iycts, Hanpumep, ¢ynxuus f(x) onpeseseHa W HENpepsBHA B IIPO-
MexyTKe [@, ©0), Tak uyTo A1 f(X¥) B STOM INPOMEXYTKE CyUIECTBYET
nepsoo6pasnas ¢ynkuus F(x){n° 183}, u no ocuosHo#t dopmyne uu-
TerpajsHoro ucuncaenus [n°185]

A A
{f@ax=F@)—F@=F@

Orciona scno, uro HecoOCTBeHHH# unTerpan (1) cyulecTByer B TOM u
TOMBKO B TOM CJyHae, €CAU CYHeCTBYeT KOHEUHHBIH npemen

lim F (A)==F (o0),
A— oo

H TOorjaa
Sf(x)dx:F(oo)—F(a):F(x)l .

AHaoruyHo,

Sa f@is=F@)|

+ +
| r@ax=F)|

ecim mox F(— oco) pasymersb npezxen 11m F(A"). Camas Bo3MOX-

Y —
HOCTb BBIUHCJIEHHS JIBOHHOMH noncranoaxu, CBfI3aHHA C CYLIECTBOBAHHEM
U KOHEUHOCTbIO (PUIypUPYIOMIero B HeH Npenena, CBHAETENbCTBYET Yxe
O CyINECTBOBAaHUM HHTErpasa.

O6patuMcs K manbHeHWIMM NPUMEPAM.

4) Visyuum mpexne BCero BONPOC, MPM KAKHX 3HAYEHHAX MOKa3ateas A cy-
IecTByeT HecOGCTBEHHbIH nmerpan

dx

;—)‘* (a > 0).

a

oOd

—— 1-A
Sx— ¥ ¢
a

[ycts A z£~1, Torma
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Iipy A>1 [BOfHasA MNOACTAHOBKA —a C HE0 ¥ HHTEIPal— MMEET KOHEYHOe
3Hayenue, npu A <<1 o6a BeipawxeHus ofpamatporca B co. [Ipy A=1 nmeem

—=Inx , =0oQ.
X
a

Takum o6pa3oM, npennoXeHHl HATErpan npu A > 1 cxomurcs, a npu A << 1
PACXOAMTCA.
5) PaccMoTpuM HHTerpain (@ > 0)

[oe]

§ 7% sin bx dx,

[ee]
S e 8% cos bx dx.
0

Bcnomunas cooTBeTCTBYIOIME UM nepBooGpasHsle [n° 164, 4)], monyuaem cpasy
[ee]

. asin bx < bcos bx o b
eaxsin bx dx = — ——;i—.,————— o) =
a4 b 0 a+b
0
¢ bsin b b
- sin bx —acos bx oo a
e X cos bx dX = ———— s —— O | =
S a2 _I_ bﬂ 0 a2 + bz
0
6) Haxoneu, unTerpans
for] [ee]
S sinx dx, S cos x dx
0
He CYLecTBYIOT, NMOCKOJBbKY IBOHHbIE IOICTaHOBKH
oo . co
—cos x|, sin x
0’ 0

JUIIEHBl CMBICHA: COS.X W SiOl X npyu X — o0 NPEHCIOB HE UMEIOT.

284. Ananorus c panamu. Ipocreiimue Teopemsl. B nocrenyouienm
Mbl OTPaHMYUMCS uHTErpasamm Buaa (1) Bce CKa3aHHOE O HHX JIETKO
nepeHocurcs Ha caydau (2) u (3). Ilpn srom M Bcerga Gynem npen-
noJjarats, uro (QyHKums f(x) uHTerpupyeMa B COOGCTBEHHOM
CMHCIe Mexny JmoOwMu mnpefenamMu @ u A >a, TaKk YTO BOIpPOC
OTHOCHTCSl TOJIbKO K HECOOCTBEHHOMY HHTErpasy OT @ IO ©O.

[os]
Mexay HecOOCTBEHHHIMU HHTErpaaMu S f(x)dx w ugucnoBwMHA
a

o]
pamamn )@, cymecTByer rayGokas aHalorns, KOTOPYO MNOJESHO MHOA-
T

YepPKHYTb.
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Ecan npouecc CyMMHDOBAHUSA O 72 3aMEHHTh NPOHECCOM M H-
TErpUPOBAHHUA 1O X, TO aHAJAOraMu Gymyr

obuuti 4aen psoa nodunmezpassran QGysKyus
a, f(x)
Yacmutras cysma paoa cOOcmeernbii unmezpan
A
N -
Sa, S fx)dx
i a
cymma pada HecobcmBennull unmezpas
o [e3]
Sla, {fax
1 a
KoK npedea “wacmu4Holl KaKk npedea npedsidyuezo
cyumme npu N — co unmezpasa npu A - oo
ocmamox psaoda unmezpan
o]
2 2, gf (x)dx
N+1 A

Mu nepeuncianM nmpocTeHimue TEOPEMH O HECOGCTBEHHBIX HHTeE-
rpanax, cxomusie ¢ teopeMamu n° 235 o psnax. JloxasaTenbcTBO HX —
€ UCTOJb30BAHMEM YKa3aHHOH aHaJOrMy — NPEROCTABJSEM UYHTAaTelIo.

o«

1°. Ecau cxodumcs unmezpa/zs f(x¥)dx, mo cxodumca marace
a

(o]
unmezpan )Sf x)dx (A>a), u naobopom. [ipu smox

© A -]

{ reae= reo dx+5 f () dx.

a a
(22

2° B caytae cxodumocmu uxmezpasra S f(x)dx umeen

a

11m /5 f(x)dx=0.
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o0

3°. H3 cxodumocmu unmezpasa S f(x)dx sumexaem u cxodu-
a

o]
MOCMb UHmMe2pas s c-f(x)dx (c==const), npusesn
a

(<o} (e
S c-f(x)dx=c. Sf(x)dx.
a a
Haxoueir:
] fee]
4° Ecan cxodsmcs o6a unmezpaia S f(x)dx u S glx)dx,
o a a
mo cxodumcs uHmezpan S[ fxX)Egx)]dx, u
a

[ee]

f[f(x) g () dr= §, F@dsx | g dx.

]

285. CxonUMOCTh MHTErpana B CaAydYae NOJNOWUTENsHOH (yHK-
nuu. Ecam dynxkuua f(x) nonoxmrensHa (HEOTPHUATENLHA), TO
HHTerpaj

A
@ (4)= S fx)dx @)

TIPEACTaBAsET COGOH MOHOTOHHO BO3DAaCTAO WY (YHKHHIO OT me-
pemerHoil A. Bonpoc 0 CYIWECTBOBaHHHM /I HEE KOHEUHOTO Npexena
npu A — 00 pEIaeTcss OYeHb NPOCTO — Ha OCHOBAHMH TEOPEMH O Npe-
Aene MOHOTOHHOH dyHkuum [n° 47]:

lan cxodumocmn  HecoGemsennozo unmezpasa (1)—8 cayuae
nosodctimensnoii dynxguu f(x) — neobxodumo u docmamouno,
umobs unmezpar (4) npu sospacmanuu A 0CMABaACcs 02PAHULEHHBIM
céepxy:

A
S fx)dx<L (L = const).

Ecau oce smo ycaosue ne ewnosneso, mo unmezpan (1) usmeem
3nauenne oo. [Cp. n°236.]

Ha stom ocnoBaua c/emyiomas <TeOpeMa CPaBHEHHMS» [J HHTErpa-
J0B. OT MOMOXKHUTEAbHH X QyHKUuH:
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Teopema 1. Ecau, xoms 6 npu x= A (A==a), umeem mecmo

(o]
Hepasencmso f(x)<<g(x), mo u3 cxodumocmu unmespara ‘s g x)dx
a

o0

caedyem cX00UMOCIME UHME2PAAQ S J (%) dx uau, wmo mo sce, u3 pac-
a

© (o]
xodumocmu S J (x¥)dx caedyem pacxodumocme S g(x)dx.
a a

HOKHF»aTEJIbCTBO MOXHO CKONHPOBaThb C JI0Ka3aTelbCTBa TEOPEMH 1
n° 237.

YacTo mOAE3HA CaeAyomlas TEOPEMa,  SABJMOMAACA  CJACACTBHEM
nepBoit:

Teopema 2. Ecau cywecmsyem npedea

. fx) !
xlinzo 209 =K O K<+ 0),

(2]
mo u3 cxodumocmu uxmezpaia S gx)dx, npn K< oo, ssme-
a

o]
Kaem cxo0umMocms tmmezpaxlas f(x¥)dx, a n3 pacxodumocmu nep-

a
8020 unmezpasa, npu K >0, sumerxaem pacxodumocms 8mopozo.
[Takum obpasom, npu 0< K< --00, 06a HHTerpana CXOAATCA WJH
o6a pacxozsitcs OXHOBPEMEHHO.]
JIOKABATEJNbCTBO— TAKOE K€, KAaK W JA8 aHaJOruyHofl Teo-
pemnt 2 n° 237,
Bribupas KOHKPETHYI0 (YHKIMIO I/ CPABHEHHS, MOXHO OTCIOAd
NOJNIy4YHTh Y4aCTHBIC IPU3HAKK CXOAUMOCTH WK PacxoaMMOCTH HMHTErpaa

©
Sf (x)dx. [TlpakTHueckoe 3SHAYEHHE WMEET CpasHeHHE C (YHK-
a

nuei }1«;, KoTOpas uuterpupyema or @ >0 5o co mpn A>1 u ne

unTerpupyema npn A << 1[n°283, 4)]. Ha sroM nocrpoeHsl chaeayomue
NpUBHaKMU.
Ilycms 0as docmamouno Gosvwux x dywxyus f(x) umeem 8ud

f=2  a>o).
To20a: 1) ecan A™>1 u ¢ (X)<<c<-} oo, mo unmezpar Sf(x)dx

cxodumes, 2) ecau gce A<l u ¢(x)=c¢ >0, mo smom unmezpan
pacxooumcs.
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JIlns nokasaTenbCTBa Hall0 BOCNOJB30BATHLCA TEOPeMOR 1; yHKmmed
4
CpaBHEHUs SBARETCS — [n° 284, 3°].
Ecau npu x—co dhynkyus f(x) nssasemcs OCeckoreiHo mManol

nopsaoxa >0 (no cpasnenu ¢ %), mo unmezpan Sf (x)dx
a

cxooumess uamn pacxodumcs 8 3asucumocmiu om mozo, Oydem au
A >1 aa < 1.
3aech CAENyeT COCNaThCs Ha Teopemy 2; poab GyHKImU g (¥)

urpaer .

[TPUMEPH
[eo]

o0
5‘ x%2 ix S‘ dx
p T ™ J o x YT

[TonnHTErpanbHbie BHIPAXKEHHA MNPH X -— 00 NpPeiICcTaBIAwT cobow Gecko-
HEYHO Maubie, COOTBETCIBEHHO, mopsaxa !/, m 2. CnejoBaTenbHO, NepBbit HH-
Terpaa pacxofMTCs, a BTOPOH — CXORHTCH.

286. CxoxuMocTh HHTerpasa B o6mem ciayuae. Bompoc o cxoau-
(]
MOCTH HeCOOGCTBEHHOIO WHTErpana S f(x)dx, cornacio ofbmemy onpe-
a
nejaenmo (1), mpHBOAMTCA K BOMPOCY O CYIIECTBOBAHHM KOHEUYHOro
npegena npu A-—>oo aaa oyskuus (4) or A. Ilpumenss k srol
¢Gyuxkuun TeopeMmy bBosbmano — Kown [n°53], MoxHO yciaoBue cxo-
JUMOCTH HecOGCTBEHHOrO HMHTerpana MpeICTaBUTh B cieaylomel gopme:
o
Jlas  cxo0umocmu HecoOCHBEHKO20 UHME2PAND S f(x)dx neoo-
0
xodumo u Oocmamoyuro, 4mobes wxaxcdomy wuucay e >0 omsewanro

maroe wucao Ay >a, wmobs npu A>Ay u A"> A swnoansaoce
HepaseHcmao

l‘I)(A’)—@(A)l=|§’f(x)dx— ff(x)dxl=‘§’f(x)dx |<e
a a A

3ror Kputepu#l MO3BOJAET C JIETKOCTBIO YCTaHOBUTb Takoe npenso-
JKEeHue:

(o]
Ecau cxodumcs unmezpan S{ f(x)|dx, mo u nodasro cxodumcs
a

o
unmezpan S f(x)dx.
a
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B camom pene, NpUMEHSIA MSAONMEHHMH KpuTepud K  MHTErpamy

[f(x)|dx, xoropuii npeamonaraeM CcXOAMUUMCH, BRAHM, YTO JAJs

Ly 8

1o6oro ¢ >0 Hailzerca Takoe Ay > a, uTo

PR

A'
5 1f () | dx <,
auub ToabK0 A" > A > Ao Ho, ouesnano,
ar A
{5f(x)dx ]<§ 17 ()1 d

H, CIEJ0BaTeALHO, NN TeX xe A, A’ TeM Gozee BHNOAHSETCH Hepa-
BEHCTBO

Ij'f(x)dx|<e,

OTKYld, B CAJy Haliero KpHTepus, BHITEKAeT CXOAMMOCTb HHTerpana

o«

S Fx)dx.

e

OrmetnM, uTO H3 CXONMMOCTH NOCAEAHEr0 HHTerpana, Boobuie

[e+]

roBops, He CJAEHyeT CXOAUMOCTb HHTerpana Sl f(x)|dx. 3ro obcros-
a

TeNCTBO J@€T OCHOBaHME 0co60 OT/MYaTh caeayommit cayuall, Ecau

o] o
Hapsay C MHTErpajioM S f(x)dx cxomwrca u mHTerpan Sl J ()] dx,
a a

[o2]
TO HHTErpan Sf(x)dx HasHBalOT a6CONIOTHO CXOAAMWMUMCSH,

a
a QyHkumo f(x) —a6CcoNOTHO HHTETPHPYEMOH B NPOMEXYTKe
[a, oo]*). Ilpumep uuTerpana, cxonsuierocsi HeaGCOMOTHO, GyneT AaH
B n°287.
Ilokasannas Teopema MNO3BOJSET YCTAHOBHTL CXOLMMOCTh MHHTE-
Fpaja OT 3BHaKONepeMEeHHOR dynkuuu f(X), NpuMeHss NPHIHAKK
NPEAENYILEro HOMEPa K MOMOXHTEeAbHOH dynkunu |f(x)]: ecau

*) CHOBa — aBaiorks ¢ GeCKOHEYHHIMH DPALAMH [cp. n° 243].
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3Ta (QyHKUMA OKA3KIBAETCA UHTErpupyeMoll, To (YHKHuA f(x) Takwke
Oyner mHTErpHpyeMa M npuTOM abCcoaoTHO.

©
Tlycts, Hanpumep, OpeANOXeH WHTErpan -k—i%dx. Tax xax
cos ax 1
k2 + x4 T k2 + x2

W BHTErpan ot ¢ynkuuu cnpasa cxoaurcs, To [n° 285, Teopema 1]
CXONMTCS MHTErpas OT (YHKIUM CJeBa, a ¢ HMM — (aBCOJMIOTHO) CXO-
JATCH M TMPEMJIOKESHHHWH HHTErpaJ.

Kax pugHo, a1 8SHakonepeMeHHOH (QYHKUME H3/I0XKEHHBIE
3aech COOOpaweHus — B ONarONPHATHOM CJy4yae — MOTYT YCTaHOBHTb
aumb a0CONWOTHYO CcXOAUMOCTb., Ecaum ke WHTErpan oOf JaHHOM
(yHKUuM PaCXOAMTCA WAKM CXOAMTCHA, HO He abCOJIOTHO, TO pasJHYHTb
9TH CJyyaH C TOMOILBIO MNPHU3HAKOB, YCTAHOBJAEHHHX A/ NOJNOKATEAb-
HHIX (YHKUHH, HEeab3s.

287. Bonee ToHKHMe NMpH3HaKkW. Mu HaguM cefiyac NMPU3HAKW APYroro THmna,
KOTOpHE NO3BOJAAKT YCTaHAaBANWBATb CXORHMOCTb HECOGCTBEHHHX HHTErpaloB B
pAalle cayyaes, KOTAA a6COMIOTHAA CXONMMOCTb OTCYTCTBYeET.

Mycts umeem nse QyHkuun f(x) u g (x), onpelefeHHpie W HeNpepLIBHLHE B
npomexyTke [a, 00); OTHOCHTenbHO GYHKHHH g (x) Gynem eme npeanosarath,
YTO OHa MOHOTOHHA H HMEET HeNPepHBHYI0 Xe NPOH3BOZHYI0 (OYEBHIHO,
He Menmowyo 3nakal). Hac uuTepecyior ycaoBus, oGecneynBaiomye CXOAUMOCTh
WHTErpana OT NPOM3BENEHHs

s F(x)g(x)dx. ®)

Ipednonosicum, umo
(1) 1) unmezpar (4)

A
? (A)= S F(x)dx

npedcmasanem cobow ozpanutienuyo dysxyuw om A:
|®(A)| <K (K==rconst, a<< A << o)

o0
(xom 6u npemesa lim @ (A), 7. e. BeCo6CTBEHHOro HHTErpana Sf(x) dx,
Ao
a

A He cymecmosano);

2) g(x)—=0 npu x— co.
020a unmezpan (5) cxodumes.
Tipu m060x A" > A'> g umeeMm, MHTETDHPYA MO YaCTAM!

A a’
5 F@EE dx=2 @)g )~ 2 e (- | o (e (xaxn
A
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€CaM K NOCHefHeMY HHTErPaly NPHMEHHTh OGOGIEHHYIO TEOPEMY O CpelHeM
[n° 182, 10°], T0 OH NpPeNCTaBHTCA B BHIE

A a
S@‘WE“V”=@®§@WWm=¢mkmw~am1(Ask;m
A
" OKOHYAaTEeIbHO
AI
5ﬂﬂgwwm=@M%*¢@gM7+@G%4HMgM% ©)

Tak rak, B cuny 1), o6e cko6ku Mo a6COMOTHOH BEIMYMHE He NPEBOCXOAAT 2K,
a, BBHAY 2), HafineTca Takoe A, uyT0 NpH X > A,

'g(x)l<f4_k‘

(rae ¢ >0 B3ATO Hamepex Mo npou3sony), To mpu A’ >A> A,
AI
|§ rwe|<a
A

OTKyJla M ClelyeT CXOXuMocTb uHTerpana (5) [n°® 286].

MoXHO 3aMeBUTb BLICKa3aHHblE YCIOBMA APYIMMH, NoTpe6oBaB Goabmiero
OT MHOXMHTENs f, HO 3aTO OGNEIYyWB YCIOBMe, HajlaraeMoe Ha MHOXHTEIb g.
Wmenno, nycmy meneps

() 1)y cywecmsyem rHecobcmsennoill unmezpan

S f(x)dx =A1im @ (A);

2') dyrkyun g (x) oxa3vi8aemess 02PAHUYEHHON:
lgx) <L (L==rconst; a<< x <<co).

H npu smux yeaosusx unmezpar (5) cxooumes.
Ha sror pas B (6) Bropsie MHOXHTENH OTrPaHUYEHHl, a MEPBbe — 32 cyeT A
n A’ — MOTyT GbiTb CHefaHbl CKOAb YrOZHO MalbIMH, YTO HPHBOAMT K TOMY Xe

pe3yabTary.
O6patHMca K TpUMe paMm.
Wurerpans
fee] . (o]
sin x €0S X
S o dx, S o dx
a a

(npr @ >0 u x> 0) cxonarca no npusnaky (I). 3a dpynknuio f (x) 3nech MoO¥HO
B3ATh, COOTBETCTBEHHO, Sill X WIK COS X, TaK KakK

A A
‘Ssimxdxl:{cosa~—cos,4]<2, |Scosxdx‘<2,
a a

X017 B 6eCKOHEUHOM IPOMEXyTKe 3TH (YHKHMH U He uHTerpupyemut [n® 283, 6)];
poab g (X) wrpaer g
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[Mpu A > 1 918 MHTErpafsl CXOXATCA a6COMNIOTHO, NOCKONbKY CXORMTCH
[n® 283, 4)] unrerpan
«©
dx
F ’
a

a |sinx| m |cosx|<Cl. HaoGopor, mpu A<C1 o6a wunrerpana cxopsrca
nea6conwrho. Hra Toro yro6sl AOKa3aTh 3TO, Hampumep, AiA HHTErpana

[o0]

sin x
g dx,

X
a

HY¥HO YCTaHOBHTb, YTO HHTErpan
*Q 0
sin X

X
a

pacxonurca. [eicTBUTeIbHO, €CI¥ Obl STOT MHTErpad CXONMACA, TO BBHAY
HEDaBEHCTBA ] .
| sin x | =sin® x

n nopasHo [n° 285, Teopema 1] cxommaca 6H M BHTErpan

oo - xR

S sin? x =_l_ 1 —cos 2x dx:
X 2 X

a

HpHﬁaBHB K HEMY 3aBeIOMO cXoxAuuAcA HHTErpaa

dx.

2

o0
1 cos 2x
X b
a
Mbl anH.IJIH 6b1 K 3aKJIIOYEHUI0, UTO CXOHUTCA HHTeraJI

[ce]

1 dx
2 x’
a
yero Ha nene et [n° 283, 4)].
3aMEuAaHuE Teneps, KOria Msl YCTAHOBUIM CXOAMMOCTH MHTEFpanon

[oe] [oe]
sin x cos X
S dx mn S dx,
a

X X
a

Mbl MOYEM, HAKOHEIl, Y TOYHHU T b ONpeleleHHe HEeINEMEHTapHuX PyHKumi si x
(«wHTErpanbpHbIit CHHYC») M i X (<HHTErpalbHHil KOCHHYCY), O KOTODOM Mbl yfo-
Munanau B nepsom ToMe (cTp. 316). Vimenno, moxararor

«© .
six=— S SH;t dt,
X X
*=0 (*>0)

[o0]

cixz—s CO:': dt.
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Ecan, sanpumep, BTOpYI0 M3 9THX (OpMya Hamucath B BHIE:
ciX == S 1:-?ﬁ—t—dt S g.e;—tdt

TO — N0 M3BECTHOMY CBOHCTBY oOmpeienenHoro unrerpana [n° 183, 12°] — acuo,

: Cos X
4YTO FPOM3BOXHAA OT Ci X JAeHCTBHTIEAbHO pPaBHa x

§ 2. HECOBCTBEHHBIE MHTEIPAJIbI OT HEOI'PAHHYEHHBIX
$YHKHHH

288. OnpexeneHe HHTErpayioB OT HeOrpaHHYEAHHX ¢yHKumH. Pac-
CMOTPHM Tenepb GyHKIMIo f (X), 3aNaHHYI0 B KOHEYHOM NPOMEXyTKe [a, b],
HO HeMHTerpupyemylo B 5T0oM npomexyTtke. Ilpexnonoxum Gosee
ONPENENEHHO, YTO OHa MHTErpupyema B JioGOM npoMexyrke [a, b — 1],
rie 0<q<b-—a, HO OKa3LIBAETCA HEHHTEIPUPYEMOH B KawAOM IPO-
mexyrke [b—m, b] cneBa or Toukn b. Touka b HoCHT npu 3TOM Ha3sa-
Hue oco0Oof TOYKH.

Mooicno noxasamse, wmo 86ausu mouxu b @gynxyus f(x) moz0a
Keobxodumo Gydem HeozpaHuveHHONl, U MMEHHO B 9TOM INpPHYMHA
TOFO, 4T0 BO/AM3M b oHa HeuHterpupyema. OOHUYHEKM Aag Hac Gyaer
cayuaft, xoraa dyHkuusa f(x) B Touke b <«o6pauiaercs B GECKOHEUHOCTb»
(HamoOMHUM, YTO [OA 3TUM DasyMeeTCs JHUIb TO, YTO NPH X — b QyHK-
HUst CTPeMHTCH K GeCKOHEeuHOCTH).

b—n
Koneunnil uau OecxoHednbli npedes urnmezpaira S f(x)dx npu

a
n— 0 naswsaom (recoGemsennsin) unmezparos dynryun f(x) 8 npo-
Mescymre om a 00 b u 0603HavalOT:

b b—n
| f()de= im Sf(x)dx. )
a Kind

B cayuae cymecTBoBanHMs TaKOTO KOHEUYHOT O MNpenena roBopsr,
uro uurerpax (1) cxopurcs, a dyHkwmo f(X) Ha3HBAIOT UHTET P U-
pyemo#i B npomexyrke {a, b]. B mporusHOM cayuae npo mHTerpa’a
FOBOPAT, YTO OH PacCXORAHTCH.

Oepumer. 1) Pynkuus orpaHuyeHa ¥ HHTErpupyeMa B 11060M

—X
npomexcytre 0, 1 —n} (0<<q<<1), m
f—7

§ _V_dx___; = arcsin (1 — ).

l—x

B rouke x==1 dynxuus obpamaerca B 6eckoneyHoctb., OYeBHUHO, TOYKA X =]
M ABAAETCA OCOGO.
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Tak Kak BoiuMCAeHHW#t unTerpan npu 5 — 0 CTpeMHICA K npexeny
arcsin 1=%, TO CYulecTBYeT HeCOGCTBeHHHH urTerpas
1 1—q
S 2 —tim | =T
5 V‘ —_X 70 -z
TMycte Teneps cbynkn.uﬂ f(x) orpanuyesa u unterpupyema B MoGOM
npomexytke [a-+7, 8] (0<y <b-—a), HO OKasHBaeTCA HEHHTErpH-
pyemMo#t B Kax oM npomexyTke [a, a1~ v] cnpasa or Toukn a (0cobas

touka). Torna (wecoGcmsennnii) unmezpas ynxguu f(x) om a do b
onpedeasiemcs pasencmeom
& b
S f®)dx=1lim S f(x)dx. ©
7 —0
a aty
Ecim o6e Toukn @ W b OKasHBAaTCA OCOGH MH, TO onpedesexue
unmezpasa om a 0o b Odaemcs pasencmsom
b b—mg
S f(x)dx =lim ( f(x)dx. %))
- 710
1]9-»0 a+1h

Onpeneaenue (3) MOXKHO 3aMEHHTb TAKHM:
b [ b
Sf(x)dx: Sf(x)dx—l— Sf(x) dx,
a a [

B NpPEAnoNomeHnH, 4To @ < ¢ < b H 062 HeCOGCTBEHHHX MHTErpana Cnpapa
CyllecTByIOT (IpH 9TOM BHOOD TOYKW ¢ pOJHM He Mrpaer) ¥).

IMo oTHOmIEHHIO K HeCOGCTBEHHBIM MHTerpanaM (2) u (3) coxpausercs
Ta W€ TEPMHHOJOTHH, YTO U BHILE.

[IpaMEPH.

o
dx
2) S——————-——, oco6as Touka — 1,
—— 3
_lVl X

0 0
dx . S dx . . n
————=lim ————=lim [— arcsin(— 1 N=+:
_Sll/'l__xs ..,]r_..o_l_}-."']/'l_x "l'—vO[ ( + 7)1 Okl

1
3) S —-—df—, nIse ocobuie Toukn —1 m 1,
—X

-1

Vi—s

*) Cwm. cuocky Ha crp. 1L
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Herpyaso noOHATh, KaK ONpefensercds HecOOCTBEHHBIH HHTerpan
Sf(x)a’x npu HadAydd MoGoro (KOHEYHOro) uucaa OCOOHB X  TOUeK.
a

Haxouen, paccmorpum Qyskuuo f(x), sagaHdyio B GECKOHEUHOM Npo-
MexyrTke, Hanpumep, B [a, 00], M HMEIOIYI0 B HEM KOHEYHOE YUCJIO
oco6eix Touek *), BO/M3A KOTOPHIX OHa nepecraer GHTb HHTErpupyeMmoil.
r}I‘pennonomuM, 4TO B KaX/JI0M KOHEYHOM mpomexyrke [a, A] uHTerpaxn

S J (x)dx cymecTsyeT, Kak cOGCTBEHHBIH 1M KaK HeCOGCTBEHHBIH, COTIacHO
a

naHHOMy Buiie onpexenenuo. Torna, mnepexoas eme pa3 K npexeay
npu A — 0o, MoxHO paseHcTsoM (1) [n° 282] onpeseants Heco6GcrBEH-
HBI MHTErpan B NpOMEXyTKe [a, oo).

289. [IpumeHenue ocHOBHON (HOPMY bl HHTETPATBHOTO HCYUCICHHS,
ITycts dynkuus f(x) onpeseneHa M HenpephBHa B NpOMexyTke [a, b),
B TO BpeMs Kak b cayxur mis Hee ocoboit Touxo#t. [las f(x) B mpo-
mexyTke [a, b) cymecrByer nepsooGpasHas ¢yHKuus F (x), u

b—n
n

\ fwax=Fe—n—r@=Fw|"",

TaK 4YTO CXOAMMOCTL HecoOcTBeHHOro mHrerpasa (1) paBHOCHIBHA
CyUieCTBOBaHMIO KoHeyHoro npexena lim F(b-—m). Ecau nocnepuust
CYILECTBYET, TO €r0 €CTECTBEHHO npuﬂgn’o 8a sHauenue F (b) nepsooG-
pasHo#l (yHKUuH NPH X == b, NOCTUrHYB STHM HENpepuBHOCTA F (X) BO
BceM npomexytke [a, b]. Ilas BoiuncaeHus unterpana (1) Mbl umeem
Tor4a (opmyay OCHLIYHOrO BUZA:

b
Sf(x)dx:F(b)——F(a)—_—F(x) Z )

Ta xe ¢opMyna mMeeT MeCTO H B TOM CJAyuae, eciu ocobas Touka
JIEXUT BHYTPH NPOMEXYTKA WM NPU HAJUYHN HECKOJBKMX OCOGHIX TOUEK,
HO (3TO HYXHO TBE€DIO NOMHHUTDH) MPH HENPEMEHHOM YCJOBUH,
utoGH 1epsooGpasnas dyukuus F (x), umeomas f(x) csoel npoussox-
HOH BClOLY, HCKJIoYas OCOOLIE TOUKH, OblAq HeNpepuisHa u 8 mux
nocaednux. CyuecrBoBanve Takofi neppooOpasHol ofecneunBaer cxo-
JIMMOCTb HeCOOCTBEHHOro uHTerpana. Ecau ke nepBoo0pasHas Ha KoHIE
NPOMEXYTKA MM BHYTPU Hero ofpauiaeTcs B GECKOHEYHOCTb, TO HMHTeE-
rpajJ PpacxOAuTCs.

*) Oco6hiX TOYEK MOXET GhiTh U GECKOHEYHO® MHOXECTBO, JHIUb OB B Kam-
JIOM KOHEYHOM npomexyrke [a4, A] (A>a) ux 6blI0 UMb KOHEY[Hoe
uucHo (KOTOPOE MO¥ET PacTH 10 GecKOHeyHOCTH BMecTe € A).
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OGpatuMcs XK IPUMEPAM,.

4) Viccnenyem, HpH KaKKX 3HaYeHWsX MoKasarens A >0 CXOMHTCA HECOG6-

CTBEHHBLIH MHTErpan »
dx
E=o S
a

[Ipeanonaras Az~1, numeem
4 d 1 ]
_ex L e
S(x—a)*’l~—)\(x %) la’
a

TaK YTO WHTErpan cxomutcs npm A <<1 m pacxoxmrcs npu A > I: mepsooGpasnas
Ha KOHIE X==@ ofpamaerca B 6ECKOHEYHOCTb. I10 TOM ke NMpUYMHE PACXORUTCH
WHTerpax u npu A=1:

b
.
a

b

dx
Sx——a =In(x—a)
a

5) AHalOrMYHHI pe3ynbTaT MOXeT OBTh YCTAaHOBAEH OTHOCHTENbHO HH-
Terpana

b
dx
Sm (b>a, ;\>0),
a

KOTOpHﬂ HECyIeCTBEHHO PAa3HHUTCA OT Npexbiayulero.
1

6) Oaa nurerpana S Inx dx ocobas Touka x=0. Mimeem
0

1

1
S Inxdx=xlnx—x 0=——l,
0

TaK Kax npu x — 0 mepooGpasHas uMeeT mpeleabHoe 3Hayenue 0.

290. Ycnords M OPUBHAKA CXOXMMOCTH MHTerpaisa. Mul ocra-
HOBHMCA JIMHIb Ha C/Jyuae, CBA3aHHOM ¢ onpenejennem (1), Tak Kak
nepedpasupoBka IJs ADYTFHX CJAydaeB He NPEICTaBIseT TPYIHOCTEH,
Beugy nosHo# aHajsoruu ¢ HecOOCTBEHHBIM HHTEIDAJIOM, PaclpOCTpaHeH-
HBIM Ha GECKOHEYHBIH MPOMEXYTOK [a, ©o], MB He OyIeM NepevyucasTh
npocrefimux Teopem [cp. n° 284], a mo Bompocy O CyLIecTBOBaHHU
UHTErpaia OTrPaHMYUMCH (OPMYIUPOBKOH HEKOTOPHX OCHOBHHX IOJO-
eHuli — HX JOKa3areJbCTBa aHAJIOTMYHB IPHBENEHHHLIM BHILE. Bo Bcex
cayyasx HMHTErpUPYEMOCTh (B COOGCTBEHHOM CMEICAE!) paccmarpuBaeMbix
dynxuuit B mobom mpomexytke [a, b —v} (4 >0) npeanoxaraercs, u
€IMHCTBEHHO TOYKa X ==0 sBJsieTcd 0C 0060,
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Kax u B n° 285:
Jars cywecmeosanuss HecoGcmsennozo unmezpasa (1) 8 cayuae
nosroscumensrnoll yuxyuu f(x) wneobxodumo u docmamouxo,
b—n

4mols unmezpan S J(x)dx (3> 0) ocmasascsn ozpanusiernsin ceepxy:
a

b—1y
S fx)dx<L (L == const).

Ecru sce amo ycaosue ne swnoauero, mo unmezpan (1) umeem
3HayeHues —- oo.

Teopemnt cpasHenus 1 u 2 u3 n° 285 Wi NONOKHTENLHHIX (GYHKLHH
M 31eCh MMEIOT MecTo. Msl HE cTaHeM HX BOCHDOM3BOMHMTH, HO ctop-
MyJHpYEM OCHOBAaHHBIE Ha HUX TNPH3HAKH,

Ilycms 04 O0ocmamouno 6auskux K b 3nawenni x dynxyus f(x)
useem 6:0:

fo=% e>o. ,,
Tozda: 1) ecau A<1 n o(x)<<ec< 00, mo unmezpas S fx)dx

a
cxodumcs, 2) ecau owe A\=1 u q(x)=c >0, mo smom unmezpan
pacxodumcs.

Bonee wactHas ¢opma, yxoOHas Ha NPaKTHKe:
Ecau npu x— b ynxyun f(x) Asasemcss GeckoHewno Gonsutoli

b
nopaoxa >0 (no CPaBHeHUu ¢ ), mo unmezpan S F(x)dx cxo-

b—x
a
dumcs uan pacxodumcs 8 3asucumocmi om mozo, 6ydem au k<1
win A=1.
fe w{ MEP Bl
dx
1 e
) § yT—x
Mopwurerpanpuas Gysxuna npy x — 1 npeacranager 6eCKOHEYHO GOILITYIO TO-
paaka -
1 . 1 __ 1 1
Vi—xi yi—x itx+trete 74

CI[G}IOBZTC.’[I:HO, HHTErpan CXOAHuTCA,
®

npu x — 1.

2) \ (tg x)Pax (p #0).

Sy vl
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Ecan p >0, 10 0co6ok TOYKOH sBaAserca %,
B ofoux cayuyasx NOAMHTErpaibHOE BHPaXEHHE ABAAETCA GECKOHEUHO GOAbHIOH
nopanka |p |. Urak, cxomumocts npu |p { <1 u pacxomumocts mpe [p|> 1.

npu p << 0 ocobas Touka 0.

1
3) S x671 (1 — x)rt dx,
b

Tpu a <1 oco6as Touka 0, mpu b <1 ocoﬁala Touxa 1. Pasmoxum npenno-

12 1
MEHHH! BHTErpan Ha ABa, MANpHUMep, Tak: 5 = S + S Tax kak nonuHTErpain-
0

2

nan QyBknua npu x — O ABaserca GECKOHEYHO Goabinof (eciw a << 1) nopamka
1—a, TO mepBu#i HETErpa} CyulecTByeT Aumib Npy ycaosun l—a<<l, T e,
a > 0; anamoruyHo, BTOpOfi cymecryer npu b > 0. Wrak, npepaowennnit nure-
rpabn catonmcs B TOM M TOIbKO B TOM Clyyae, €CIH OINHOBPEMEHHO a >0
uHno>0.

(o]
4) § XP-te ¥ dx,

1
Ocobuie Touxn co u 0 (opu p < 1). !Scymecrayer aums mpu p >0 (6ecxo-

(o]

1
HeuHo 6OoAblNas NMOpAfKa ! —p MO OTHOWEHHIO K ;), 5 CYIECTBYET, KAKOBO

6rl HU OHINO p, TAK Kak, B3AB A > 1, uMeem
xPtg~x xhMp-1
-—l—=-—-e—x———»0 opH X — oo;
y

©

(S cymectsyer npu p >0,

S3AMEYAHHE Mudynomuua.un B nepsoM ToMe (c1p. 316) 0 HesmemeHTap-
Ho#t @yskumn li y== ﬁ:ly (<muterpaabnuii aorapam>). Hrobs yTounuTh cogep-
JAUYIOCA B MHTErpaile NPOU3BONbHYI0 HOCTOAHHYIO, MOMATAIOT

. dt
liy= TR

flpu y <1 oTOT WHTerpanm cymecrsyer Kak coScreednnf. Onunaxko mpu y> 1
WHTErpaj TEepReT CMbICH — faxe kak HecOOCTBeHHbH, TaK Kak npu t=1 nox-
unterpanbHafd QYHKIHA HBASETCA GeCkOHeyHOo GOJLLION NepBOro mnopaaxa
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1
(1'10 CPaBHEHHIO C t——1>. B aTom Cliyyae HanmMCaHHBIH BHIIIE HHTErpal IIOHH-

MaioT Kak npenex
1—¢ y

. dt
s]-l-r»nO S + S m.
0 1+e

Ha mokasartenncree CyueCTBOBAHUA TAaKOro npexena OCTaHaBAMBATBCA HE 6)’IIEM.

B cayuae sHakonepeMenHod (yHKUuM, npumeHss npusHak BoJab-
1aHo — Koy, umeeM Takoe obuiee YCJOBHE CXOAMMOCTH:

b
Jas cxodumocmu HecoOCmEeHH020 UNMePALA S f(x)dx, 20e b—
a

ocobast mouKa, Heobxo0umMO u 00CMAMOUHO, HUmobb Kancoomy
wucay e >0 omseyano maxoe wucao 3>0, wmobu npu 0< <3 u
0< <3 sunoansmnocs wnepasencmso

b~
‘ S f(x)dx|<s.
b—n
O1Ci0fa, KdK W BBILIE, BHITEKAET:

b
Ecau cxodumes unmezpan S 1f(x)|dx, mo u nodasno cxodumecs
a

b
unmezpan S f(x)ydx.
a
O6parHoe, BooOme rosops, HesepHo. [lostomy u 3meck ocoGo OT-
b

JWYAT eayyal, KOTAa Hapsly C UHIErpajioM S f(x)dx cxomurcs w
a

b

S[f(x)|dx; TOTJA MEPBHII MHTErpas HasHBAlOT aGCOMITHO CXO-
a

AsmumMcs, a GyHkumo f(x¥) —abCONIOTHO HHTErpupyeMo#
8 mpomexytke [a, b}

§ 3. NPEOBPA30BAHHUE U BbIYUCJIEHUE HECOBCTBEHHBIX
HHTErPAJIOB

291. WHTerpupoBanue no 4acTAM B clAyuyae HecOGCTBEHHBIX HH-
terpalioB. Ilycte dyHKuuE u=u(x¥) u v=v(X) ONpPEAEIEHH H He-
NpepHBHE BMECTE CO CBOMMH NEPBHIMH TPOM3BOAHBIMH BO BCEX TOUKax
npoMexyTka [a, &), uckaouas Touky b (KoTOpas MOXET OwlThb paBHa u
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—-00). Torna uMeer MeCTo PaBeHCTBO
b b
b
udv:u'ol - S vdu,
a

a a
ecau ToJ ABOHHOH IOACTaHOBKOH NMOHMMAETh PAa3HOCTh

limb u(x) v{x) —u(a-v(a).

Ilpn sToM mnpeanonmaraercs, 4To M3 TpPeX BXOAAIIUX B PABEHCTBO BH-
pameHuH (ABa MHTEerpana W JBOHHAas MOACTAHOBKA) HUMEKT KOHEYHOE
3HaueHne JBa: AJA TPETbEIO 3TO YKe OTCIOAA BBHITEKAET.

B camom nene, B3sB a<[xy< b, HanmmeM OoGHuHYIO GoOpMyy
VHTErPUPOBAHUA MO 4YacTsM AJs IIPOMEXyTKa [a, X,], rAe Bce HHTe-
Fpaibl — cOOCTBEHHBIE:

S udv=1[u(xg) -v(xy) — u(a)-v(a)] — S vdu.

a

Ilycte Tenepr B STOM paBeHCTBE X, cTpemurcs K b. Ilo ycaosuio, 1Ba
M3 BXOAfIIUX B HEro Bmpamennﬁ UMEIT KOHEYHBIE HPEACJB TNpU
Xo— b*)., CnemnoBate/bHO, WMEET KOHEUHHH Ipelea TakkKe TPEThe
BBRIpAXKEHNE, U JOKa3pBacMOE pPaBCHCTBO OMNPABALIBAETCA C IIOMOMIbIO
npelenpHOro INEpexoaa.

MTrpumerP

T

z PR x
5 2 2

—§ x. 8% dx=—§-—x—dx
] sin x tgx

~— MHTErPUPOBAHMEM [0 YAaCTAM 37eChb YHANOCh CBECTH HECOGCTBEHHHH WH-
TErpal K COGCTBEHHOMY M TeM J0KasaTh CyIMeCTBOBaHME HECOGCTBEHHOIO
HHTerpana.

2
Slnsin xXdx=x-Insin x
0

292. 3ameHa nepeMeHHBIX B HecOGCTBeHHBIX MHTerpaiax. Ilycts
Gdynknus f(x) onpeseneHa M HENpPEpHIBHA B KOHEYHOM MM GECKOHEU-
HOM npoMmexyTke [a, b) ¥, CleIOBaTENbHO, WHTErpupyemMa B COGCTBEH-
HOM CMBICIE B KakZOH €ro vacTH, He COAepaule# TOuku b, KoTopas
MOKET OnTb H —}-cO; 5T TOYKA, N0 NPEANOJOKEHHIO, SABJISETCS €AuH-
crBenHodl ocoGoit Touko# ana ¢yskumn f(x).

b

¥) 910 BEpHO M B TOM ciyyae, KOrAa KaKOH-11HGO W3 WHTErpanos S OKa3bi-

a
BaeTcs co6crBeHHBM[n® 183, 11°].



130 IJ1. XVHl. HECOBCTBEHHHE WHTEIPAJIH {292

Paccmorpum Tenepr MOHOTOHHO BOBDPAaCTANWY0 QyHKIMIO
X==¢(t), HenpepuIBHyIO BMeCTE CO CBOelt npomssonHo# ¢ (f) B mpoO-
mexytke [o, ), rie B Moxer 6uTh m -}-co, M momycTHM, uTO 9 (X)=a
1 ¢ (B)=~>. ITocneanee paBeHCTBO HALAEKMT NOHUMATL B TOM CMHCIE,
yro lim ¢ (f)==>.

t—p

[Ipn 3THX yC/IOBHAX HMEET MECTO PaBEHCTBO

b
{fenax= §f(<p ®)-¢ O at M

B OPEANOJOXEHAN, YTO CXONMTCS OAMH U3 STHX MHTErpaioB (CXOAH-
MOCTb APYroro OTCIOAA yXe BHTeKaeT). Bropo#t murerpan Oymer ju6o
COGCTBEHHBM, M60 HECOOCTBEHHHIM — C EXMHCTBEHHOH ocoGo# Touko#i B.
Ilo reopeme 06 oOpatHo#f ¢yskuum [n°71] scHo, 4o u f MOXHO
PaccMaTpuBaTh KaK MOHOTOHHO BO3PACTAOUIYI0 H HENPEPHBHYO QyHK-
umo or x B [a, b):¢==0(x), npuyem lim0 (x)==8.
X —+b

Iycrs Teneps X, u £, GYAyT HPOHSBOMbHLE, HO COOTBETCTBYIOUIAE
OIHO [pPYroMy BHaueHHs X ® ¢ H3 npoMexyTkos (g, &) u (a B).
Toraa ¢ momompio 3ameHH NepemMensol B co6CTBEHHOM uuTErpane G-
lEM HMETH

Xo t
{rar={reey ¢ oa

Ecan cxomurcs, ckaxeM, BTODOH ua umrerpanos (1), To CTaseM npu-
GauxaTh NPOUBBOABHKM 06pasoM Xy k b; npn stom fH=="0(x,)
ycrpemurcs K B, u M ycradouM ¢opmyay (1) OZHOBPEMEHHO € JIOKa-
8aTE/bCTBOM CXOJAMMOCTH MHTErpajla CJeBa.

Hame paccyxaenne oIMHaKoBO NPHUMEHHMO B CJydae MOHOTOHHO
yOuBawmeh dysxnun ¢ (f), xoraa a >B *). Tak ke HCUEPIHBAIOTCH
H Jpyrue BOBMOXHHE Clyyaw pacnpeleneHus ocoGmx Ttouek. Ilpm pac-
CT2HOBKE TIpelenoB B npeoOpa3oBaHHOM MHTerpalze BCerfia CaedyeT
NOMHUTB, YTO HUJCHWI npedes o 00ANHCEK COOMBEMCNIBOBAND HUNCHEMY
npedeay a, a 8epxnuil npedes B — sepxHemy npedesy b, Hezagucumo
om mozo, 6ydem au o< uau o >P.

Hpumepru. 1) Buuncauts HETErpa

S’b dx
SV E—a)—x)

*) 1 B cayyae HecOGCTBEHHNX WHTErpaios, IIPu a > B, Mbl HOAaraeM




292) § 3. IPEOBPA3OBAHUE H BBIUYHUCJ/IEHUE 131

MOACTAHOBKOM
x=acos? ¢ 4 b sin® ¢.

T
3nech a=0, B==—-, H HCKOMHH HHTerpan npuBOXMTCA K COGCTBEHHOMY

©
7
2‘5 de=m,

2) Jas ycTaHOBAEHHA CXONMMOCTH HHTErpasa

HHTErpany

sin x® dx BHIIONHWM B HeM

Oty g

=0, b=p=00. M mony-

I
R

3aMeHy nepeMmenHolt: x==V'1, dx=

at_ .
2vE’

1
uyuM 3aBefloMo cxoummmiica [n° 287] uHrerpan 7

o
sin t

.V-—— £,
CXOIMTCA U npe:mox(enﬁuﬂ HHTErpal. ”HTepeCHO OTMCTHTB YTO IOZLIHTErPalib«

Han (YBKOHA B HEM NpPH X — CO HE CTPEMHTCA HH K KaKOMY mpefely, KONeOaach
meway —1 u 1.

CAe0BaTEAb HO

o]
AHanornYHO WCYEPNBLIBAETCA BONPOC O CXOXMMOCTH WHTerpaia § cos X% dx.

3) Buiuncnenve uurerpana
0

[ = dx

14 xt

MOXET GHTb OYeHb YNpOILIEHO NpHMeHEHVWEM HeXecoO6GPasHLX MOACTAHOBOK.
Tlpexue Bcero, kK HeMy NIPUBOLMTCH WHTErpan

o0
xtdx
14t

1
TONCTAHOBKOH X == i (@a=0, b=00, a=00, §=0), Tak uyTO MONKHO Hanucars

Lo
3 1
1_1 (14 x)dx (l-{-—;)dx
-7 T4 xf ‘? A
X2 4 —
: ; *
Ecm temeps mpuGerHyTs K MOXCTaHOBKE x—--]l? =z (=0, b =00, ¢ = — 00,
f==00), T0 cpasy moayunm
+ oo -+ o
1—-l S dz L arctg——— ="
2 ) FFiT ey hvEl TV
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293. BeiuHclieHHE HHTErpajloB ¢ NOMOIMBI0O HCKYCCTBEHHBIX NPHEMOB.
Mbl BHIYHCANM HECKOABKO BAMHBIX HeCO6CTBeHHbIX HHTErpanos ¢ NpHMEHEHUEM
HCKYCCTBEHHEX NDHEMO'B. COOTBETCTBYIOUIHE NepBOOGpasHble QYHKIHH
sjpechb B KOHEYHOM BHJIe He BHIDAMAITCHA, U MMM BOCIONL30BaThCA Heab3s. Bcee
9T MHTerpansl GbliM U3BECTHH eule mareMmarukam XVIIl Beka (B wactHocTH —
Ditmepy), Ho — 6€3 CTPOroro BHIBOAA.

1°. TlocTasum ce6e 3afayell BBIYMCIMTb MHTErpa’

k17

P
J=Slnsinxdx,
0

B CYWIECTBOBAHMHM KOTOPOro Mul yite yGenumuch [n° 201],
910 BHIYMCIEHHE OCHOBAHO Ha MCNOJb30BaHMK 3aMEHH IMepeMeHHON. VMeew,
nojaras x == 2¢:

n *

J=2

c"'ﬁ*la

1 T
1nsin2:dt=12‘-1n2-|— 2§1nsintdt—}—2glncosta’t.
[1] [1]

T
floncraBnas B mocaefHeM WHTerpane t=—2———u, npuBeieM ero K - BULY

T

2
2S1n sin  du, Tak YTO, OKOHYATENbHO, A oONpefeneHus J NOXyyaeM ypas-
T

4
HEHHE

J=3 1242, orxyma J=—3In2

2°. OGpatuMca X BHIYMCAEHHIO HHTErpana
(o]

— x2
K= S e *dx,
0
BCTpEYalomlerocs B Teopun BeposaTHocTed *). C sTofi wembio npenBapuTeasHO
JOKa¥eM HeKOTOpble HepaBeHCTBa.
O6uunpivi B 1r(depeHunanbHOM HCUHCACHHH METONAMH HETPYIHO yCTaHo-

BuTh, 40 dysxumus (1 - ¢) e~ mocTuraer coero Hamboablero aHauenus | npu
t=0. CnegoBareabno, nasa £ £0 6yner

(+Het<l.
Tonaras 3pech ¢ = x? Mu noayyum
X2 — x2
(I—xe" <1l u (1+x¥e <l,
OTKYHa
1
l—xt<e™® <
< <{y
*#) CyuiecTBOBaHNHe STOrO MHTerpala He BLI3HIBAET COMHEHMH, TaK KaK (npu
x>1) e”* <e™*, a unrerpaa nua e~ ¥ BHUNCAAETCA HEMOCPENCTBEHHO.
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Orpannuys B NMEPBOM M3 STHX HEPaBeHCTB u3MeHewme x npomexytkom (0, 1)
(rak uto |— x2>0), a Bo BTOpoM, cudtas x>0 mOGHM, BO3BOLMM BCE OSTH
BbipameHUa B CTeNeHb C JIOGHIM HaTypalbHHIM NOKa3aTeneM n; 370 faetT Ham ¥)

B P I
(1—x)'<e ue <(1+x2)"'
O<x<]) (x>0)
Vuterpupys mepsoe HepaBeHCTBO B mpoMexytke ot 0 go 1, a sTopoe —

or 0 10 oo, noayyum

1 1 0 o]

- dx
‘g(l—x’)" dx < § e dx < § e dx <§ TF

Ho
o©
§ enxt gy = VL: -K (momcranoska u=yn -x),
n
T
l H 2nll
e WV = \ sip2ntt — n
5(1 x)dx_gsm tdt_(Zn-}—l)l!
(noxcTaHOBKA X == COS )
H, HaKOHell,
' T
¢ H (2n — 3
dx - an-3 _(2n— a
§ a +x”)”=§ S Al = o D

(noxncraHoBKa x == ctg ).
®

2
Mb  BOCMOAb30BAMMCh 3HeCh M3BECTHHIMH BHIPAXEHUAMA i Ssin"‘xdx
0

[n°® 187, (5)]. Takum o6pasom, HcKomoe 3HaueHHe K MOXeT OhITh 3aKIIOYEHO
MeXAY CACAYIONMMY JRBYMR BhIPAaXEHUAMH:

— ol — @n—3 =
Ve ot on<K<Vr-G—gr 7
Tak uYTO, BO3BOXS B KBaipaT M NpeoGpasys:

T @] w <K <ser (G ee—n-(3)-

Us ¢popmynn Baanuca [n° 188]:

L 2nll ]s. 1
7“,,‘3“00[(%_1)!1 o1

*) Nas HEPABEHCTB C MONOXKHUTECAbHB M UYICHAMU BO3BbIIUEHHE B Ha-
TYPAALHYIO CTelleHb NOYJAEHHO — JOMYCTHMO,
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134
7erKo ycMOTpeTs Tenepb, 4TO 06a KpallHuX BhipaxeHHs NPH 71— 0O CTPEMATCA

ki1
K OAHOMY M TOMY Xe nOpeuneay ‘Z-, cleposareAbHO,

1(‘=% o K.—:l/;E (tax xak K> 0).

3°. PaccMoTpHM, HaKoHeL, MHTerpan
oo
sin x
L=§ ~4x,

CXONMMOCTb KOTOpOro HaM yxe uspectHa [n°287). Ecam onpenenenne

HeCOOGCTBEHHOrO0 MHTErpana 4
US sin x

9TOrO

dx

L= lim
A0

BCTONKOBaTh <Ha A3bIKE MocnefoBaTeabHocred» [n° 32}, 10, B wacTHOCTH, MOXHO

TIONOXHUTh
n-e '—2-
sin x
S dx,
X

L= lim
n— 0
0

C npyroit cTopoHbl, BMECTO Hpefeda NOCIEN0BAaTeALHOCTH MOXHO [n° 234] uckats

CyMMy GecKoHeYyHOro paja
® E 3 % 3x
2 = 7T 7 'u T © D)
§+{S—§}+{S~§}+.‘.=§+S+S+.“,
[1] 0 T ®
7
TaK 4TO OKOHYAaTeAbHO
n
w Otz
= Z ﬂ_.xdx‘
X
ve=0

MNonoxus v=2u mau 2n— 1 n npuGernys, COOTBETCTBENHO, K MOJNCT2HOBKE

X=pn+¢ BAH X==pn—¢, GyAeM HMeTb:

® T
@ +h5 7
sin ¢
= (—1)* dat
S, ¢ )§P“+t
2}»-7-

n
k7
g

k3
-2_- .
= (— )t sin ¢
S 1 §M_tdt.

e -n5
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Orciona
® L3
7 ; o 7
sin 1 1 :
L——GS"T‘dt‘l- 21§(—1)“(m+m)smtd&
p.==
Tax Kak pax
N 1 1
e D) { e e ™
21( I (t+p1:+t—p.1e)
p.==

(1

B npoMexytke 0<f<< T CXONUTCA paBHOMEDHO, H60 MaxopHUpyercAa

[ee]

1 1 ’

CXONAIMAMCH PALOM ;—2 ~————") 0 €0 MOXHO —II0 yMHOKEHWH BCEX €ro
Cp—7

UNEHOB HA OrPAHHYEHHYIO (QYHKIMIO Sin £ — MHTEIPHPOBATD MOYJEHHO. JT10

JlaeT HaM npano Hanucarb Bupa)erPle Ana L B BHIeE:

= fon e[ et L)
0 1

Kak mu yBugnm Bmociencrsum {n° 406, 3), sameyanue], BupaxeHHe B CROGKax
PaBHO -S-E-Z, npeacrapasg coGolt Tak HasblBaeMoe «pasnoxeHHe Ha MNOpoCThie

apo6u» pas stoit GyHxumm. Tlpunumas oToT ¢axT 6Ge3 MoKa3aTeAbCIBA Yke
ceﬁqac, Ajd HCKOMOI'O MHTErpaina OKOHYaTeAbHO NOAYYHM

x
Fl
=
L=Sd¢=—2~.
0

Hpusenennut usnmupiit BHBOX npHHamnexut Jlo6auerckomy, xoropsit nep-
BWM O6paTii BHUMaHHe HAa HECTPOrOCTb TeX NPHEMOB, C IOMOWbI0 KOTOPHIX
9TOT BaXHBIH HHTErpan BHIYHUCIHAJICA DPaHblIE,

Ha pnene JloGayeBckmi cBoMM METOZOM NOAyYHA Jawke Godee oGLLYIO
tdhopmyay:.

) 2
jﬂx)-si“—’fdm Sf(X)dx,
1]

X

B npennonoxenun, uto f(x 4 w)==f(x) B f(n—x)=f(x); B paccMOTpeHHOM
cayyae f(x)=1.
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3aMEvyanne HaliewHni#t pesynbTaT Mo3BOASET 3aKAIOUHTH, UTO

i 0

o | 5 upu a>0,

L(a)':S smtal dt = 0 npu a=0,
0 n

| —2 npu a <<0.

fpu @ >0 sror muTerpan mpusonutcsa k L NpocTol MOICTAHOBKOH x = af: M3Me-
HeHNe 3HaKa ¢ BleueT 3a COGoH W3MeHCHMe 3HaKa WHTerpaia, a npm a=0 pa-
BEHCTBO HYHO MHTErpana OvyeBHIHO.

I10 mpocToe 3aMevanume, NpHHagxexawee Pyphe, NPOH3BENO CHAbHOE Blie-
YarieHye Ha ero COBPEMEHHWKOB: QYHKUHA OT @, [0-Pa3HOMY BblpawkaeMas HpH
Pa3NUYHBIX 3HAVEHWAX 9TOH MEPEeMeHHOH, B TO e BpeMa NOMYCKaeT M eAuHOE
<anaauTHyeckoe Bmpaxenuer! [Cp. n° 18, 3° u nmxe n° 422 u 423].



I/TABA BOCEMHAILIATAS
UHTEIPAJIbl, 3ABUCSAIIUE OT NAPAMETPA

§ 1. QJIEMEHTAPHASl TEOPUSA

294, Tlocranoska samauu. Paccmorpum oyuxumo f(x,y) ZAByX
NePeMEHHBIX, OMNPENeNEHHYI0 OJs BCeX B8HAUEHHA X B HEKOTOPOM —
KOHEYHOM MM OECKOHEYHOM — NPOMEKYTKe [a, b], u Bcex BHaueHuii y
B MHOXECTBE EV:{y} Ilycrp npm Kaxa0M NOCTOSHHOM 3HAYeHHH Y
us ¥ oynkuus f(x,y) Oymer wnterpupyema B npoMmexyTke [a, b),
B COGCTBEHHOM W/ HECOOCTBEHHOM cMmbicae. Torma uurerpan

b
1(y)=§f(x,y)dx )

Oyner, OueBMIHO, (PYHKUMEH OT BCHNOMOTraTeJbHOHN mnepemenHofi
W mapaMerpa y.

ToBops 8 n° 269 o mociaenoBareavHocT#t ¢ynkuult {f(x)f, Mu
paccMaTpuBaan MHTErPaJIbl

I, = SI: Fn(x)dx,

KOTOpHE NPEeACTaBAAT co00# uacTHhHH ciaydait umurerpazos (1) B posn
napameTpa saeck (UrypUpyeT HaTypalbHbIH yKasaTeab #.

ITo ortHowenuro K ¢yHkumu [(y) €CTECTBEHHO BO3HHKaET psA
BONIPOCOB -— O CYLIECTBOBAHHH W BBIDAXKEHUH €€ Tpelesa OpH ompeie-
JIEHHOM TPEJEJbHOM NEPEeXOje, B YacTHOCTH, 00 ee HEeNpephBHOCTH
no y, 06 ee AudHEPEHNUPYEMOCTH ¥ BHIPAXEHHU MR €€ IPOU3BOAHOH,
HaKoOHeL, o0 ee HUHTErpaZe. Bcem sT1UM BONpOCaM U TIOCBAIIEHA HACTOA~
mas rjasa.

Wayuenne cBOHCTB ¢hyHKIMH, BHIPOXEHHOH uHTerpanoMm (1), 3asm-
CAIMM OT TIapaMeTpa, MOKET MPEACTaBUTb CaMOCTOATE/BHBIR HHTEpec
[8 srom orHomweuun cm., uanpumep, § 4]. Ho, nmomumo toro, stm
CBOMCTBA, KaK YWTATE]b YBHUAHT, UMEIOT U MHOroo6pasHbie NpUMEHEHHS,
B 0COGEHHOCTH K BONPOCY O BBIYMCJACHHM HECOOCTBEHHHBIX WHTErpa/oB,
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205. PapHoMepHOe cTpeMJeHMe K mpeaensHoll ¢ynknuu. Baxuyo
posb B MpeACTORIMX HMCCACAOBAHMAX OymeT wWrpaThb yKasaHHOE B 3aro-
noeke mousarue. Ilycts dynkuus f(x, y) ompemenesa, B ofuieM cayuae,
B ApymMepHOM MHOXecTBe A =2 X ¥, rge & u ¥ 08HAYAOT MHO-
WECTBA 3HAueHWH, NPUHNUMAEMHIX NOPO3Hb NEPEMEHHHIMH X H Y, NPHYEM
¥ umeer coeft TOUKOH CryLEHHs, CKaXEM, KOHEUHOE YHCIO Y.

Ecaw: 1) 0an gynxguu f(x, y) npu y — y, cyuecmeyem KoHewHas:
npedensnas HyHKLUS

y{'j‘: fx y)=0¢(x) (xusZ) @

u 2) dan aw6o20 wucra ¢ >0 raidemcs maxoe He 3asucsuyee om
X 4ucao 3>0, wmo

npu |y —yo| <3 6ydem |f(x, y)—o(x)|<e ®

cpa3y 0as 6cex x uz X, mo 208opam, umo gynxyus [(x, ¥)
cmpemumcst K npedessnoli yuxyun ¢ (X) pasHoMepHO omHoCU-
measro x B oGnactu 2,

Herpyauo nepegpasupopate 970 onpenesesue W Ha TOT CJayuai,
KOrJa y, eCTh HECOGCTBEHHOE UHUCHO, HANpHMEp -} ©o: NPH STOM JIHUb
HEDaBEHCTBO BUAA |y — y,| <8 3aMeHsAeTCs HEPaBEHCTBOM BHAA Yy > A.
B raase XVI [n° 264] MH umean yxe €0 ¢ YACTHEIM CAYYZEM TaKOTO
PaBHOMEPHOTO NpuOMMMEHH K TpeNe]bHOH (YHKUMA; TaM peyb nua
0 ¢yuxkuun f, (X), comepkameh B KauecTBe NapaMeTpa HaTypanbHEH
yKasareab n,

B n° 266, uMes 1en0 C mOC/IENOBATENBHOCTBIO (DYHKUMH, MB yCTa-
HOBHJIM, YTO AMS1 DPAaBHOMEPHOM CXOAMMOCTH HEOGXOAMMO M JOCTAaTOYHO,
TaK CKa3aTb, <PaBHOMEPHOE BHIIOJHEHME» NpPHHIHMA cxomumocTd. To ke
MOXHO crenath M B oOmeM cayuae. Vimenno, eciau OrpaHmumthCs npeft-
TOJIOXKEHUEM, YTO Y, KOHEYHO:

1° Has mozo umoGn dynruus f(x, y) npu y—y, umesa npe-
OeabHyYI0 PYNKLWIO U cmpeMusacs ¥ Heff PABHOMEDHO OMHOCU-
measro x 8 obaacmu X, HeoOxodumo u docmamouno, Umobs. 04
Kaxcdo20 wucaa ¢ >0 cyuwecmsosaio maroe He 3aBucsuee om X
wucao 8 >0, 4moGs Hepasencmso

[fie N)V—Ffx p)i<e €Y
sunoananocy 0as scex x u3 X cpasy, auuws moasko
[y—»l<3 |yV—nl<d @y u?). )

[B cayuae yy==-} o0 B3aMeH nNOCAEIHMX HEPABEHCTB IOABISIOTCS

HepaBeHCTBa y >4, ¥y > Al
HeosxoaumocTs IlycTh uMeeT MeCTO paBHOMEpHas CXOIH-
e

MOCTb. 3aMEHUB B ONPEAENCHHH € HA 5

H COOTBETCTBEHHO BHOpas 3,



295] § 1. 9IEMEHTAPHAS TEOPHS 139

BO3bMEM Tenepb nBa SHauenuas y m ¥’ us ¥ TaK, YTOOH BHINOMHAAHCH
ycaosus (5). Torma Oydem mMeTh, KakoBo Gul HH OHJIO X,

[fEN—e@I<5 1 le@—F@nN<s,

oTkyxa u caepyer (4).

IHocraTtounocTs., Ecan ynoMsHyroe ycJOBME BHINOJHEHO, TO
npexae BCEro fCHO CYUIECTBOBaHuE npenetpHo#t ¢ynkuun (2). Ilepe-
Xops 3aTeM K nOpefe]y B HepapeHcTee (4) npu Y —y, (npnuem y
¢uKCHpOBaHO TaK, 410 |y — ¥, |<C3), momyunm:

o () —fxy)|<e

DTEM M YCT4HOBJEHO paBHOMEpDHOe crpemienue ¢yHKuun f(x,y)
K npeaenbHOR GYHKnum ¢ (X).

[Tycts Teneps MHOXecTBO 2 nNpencraBaser co60H KOHEYHH i
npomexyTok [a,8]. ITo Teopeme 1* n° 266, ecau nocaenoBaTeNbHOCTH
{f»(*)} HenpepHBHHX ¢yHKUEH DABHOMEDPHO CXOAUTCH K Npeaeib-
HO# QyHKIMA, TO W NOCHeAHsAs HeoOXoauMo Oyner HENPEPHBHOf; 5TO
yTBEpKJAEHWE NEPEHOCHTICA M Ha ofmwi cayvali:

2°, Ecau goynryun f(x,y) npu swbox y u3 Y wenpepwsra no x
8 npomescymre L =[a,b] u npu y—y, pasHoMepHO cmpe-
Mumcs k npedeastoli Hynxyuu 9 (x), mo u sma nociedran PyHxyusn
maraice Gylem Henpepusxa.

JlefcTBUTENBHO, CTOMT JMIIbL B3aTh MIOGYI0 NOcaeRoBaTeabHOCTL {y,}
U3 ¥, HMEIOILYI NpeseaoM ¥, YTOOGH COOTBETCTByIOas HOCJEHOBa-
TeapHocTs Qyskmutt {f(x,y,)} paBHOMepHO cXomHaAach K @(x):
HanpuMep, MpH KOHEYHOM y, HEPABEHCTRO

If(x’yn) —¢ (X) ] <s

Oyner BHNOJHATLCA A BCEX X M3 2, Juiib TOAbKO 7 HAaCcTOJbKO
Benuko, uto |y,— y,|<¥fcm. (3)]. Ocraercs Jsmmb COCHaTHCA Ha
YNOMSHYTYIO TEOpemy.

Jlerko o0oGmiaercs u Teopema Humm [n° 267, teopema 2%]; Ha
9TOT pa3 MH NpennoiaraeM, uto Bce y < Y.

3% Hycms gpynryus f(x,y) npu awbox y us ¥ Gydem wenpe-
pui6Ha no x 8 npomescymxe X =|[a,b] u npu 8ospacmanun y,
MOHOMOHRHKO 603PACM AR, CIPEMUNMCS K HENPEPeLBHOL dice npe-
Ocavnoll ynryuu ¢ (x). Tozda cmpemaenue smo HKeoOxodumo Oydem
PQBHROMEDH B M OMHOCUMEASHO X 8 npoxmescymie .

Has nokasatenpcTBa BHAEAHM NS & MOHOTOHHO BOBPACTAOWLYIO
TIOCAENOBATEALHOCTE  {y,} 3HaueHMH y, CIpeMSIUXCH K o, M pac-
CMOTPHM COOTBETCIBYIOIIYIO MOCHEAOBATEABHOCTh ynKuuit {f(x,¥,)}
OYEBRIHO, TaKXKE MOHOTOHHO BO3PACTAIOIUX BMECTE C K.

Teopema ImHu N0O3BOJSET YTBEPXKIATb, YTO 5TA NOCAENOBATENBHOCTDH
CXOAuTCH K @(X) PaBHOMEPHO OTHOCHTENBHO X B mpomexyTtke 2,
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CnenoBarenbio, no safawHoMy € >0 HaiiZercs Tako# HOMEpP 7, 4TO

HEPaBEHCTBO
[ 9 (x) —f (x yno) ‘ <e

OKaXeTCs BBINOJHEHHBIM Cpasy AJS BCEX X M3 Z. BBI/]B.y MOHOTOHHOIO
BO3pacTaHud Q)yHKLlHPI f BMeCcTe C y, TOraa In0JaBHO BHIIOJHACTCA

H HepaBeHCTBO
[e()—F (% |<e

JUIlb TOJABKO Y > Yp: STMM [OKA3HIBAETCA HAUIE YTBEPHAECHUE,

XO0Ta yCTaHOBJIEHHBI# YACTHBH TPHU3HAK DABHOMEPHOro NPuUG/ImKEeHus
W KaXETCd OYeHb Y3KHMM, HO OH HepemKo OblBaeT moJjeseH, H36aBsis OT
HeoOXOZMMOCTH HHHIM TyTeM YOeXHaTbCd B HAJAUYAM  PAaBHOMEPHOTO
NPHOJIHKEHUS,

296. HpenenvHblll mepexox mOX 3HAKOM MHTerpana. OGpauiaemcs
Tenepy, K pAaccMOTPeHuIo uHTerpasa (1), B3aBHCALIETO OT mapamerpa ¥,
OrpaHMYMBafACh BHayale CJAy4yaeM KOHEYHOrO IpoMexyTrka [a,b] u ne-
npepelBHOH (yHKIMH,

[Ipennonaras, uro o6xaacte & u3MeHeHus napaMerpa y UMeeT
TOYKY CFYWIEHHS Yy, MOCTaBUM BONpoC O npepeae ¢yHxkuuu (1) npu
Y=o

Teopema 1. Ecau ¢hynwyus f(x,y) npu nocmosunom y Henpe-
pui8Ha no x 8la, blu npu y-—>y, cmpemumcs ¥ npedesvnoii HyHi-
yuu (2) pasHoMepHO OMHOCUMEABHO X, MO UMEen. Mecmo pasencHeo

b

b
lim I(y)=lim \ f(x, y)dx= S(p () dx. )
=30 =0y o

HoxkasaTEabcTBO *). HenpepsiBHoCcTe npemessHod  (yHKu#H
¢ (x) yxe wussectHa [n°295, 2°]. 3amaBmNCh OPOWSBOMBLHEIM  YHCJIOM
e >0, -Haltnem Takoe umcao 3 >0, uro6s umeno mecro (3). Torma npu

|y ~— | <3 OyneM umers

}ff(x,wdx— § ¢ (x) dx|=| § If (o ) —o ()] dx| <

=

|7 (6, ) — 9(x) | dx e (b —a),

R Ly >

4TO M HJOKashBaeT dopmy.y (6).
dopmyna (6) moxer GuiTh mepenucaHa B BUIE
b b
lim \ f(x, y)dx= S lim f (x, y) dx.
o Yy Y

Iy—+Yo

*) Jag ONpefeneHHOCTH Mbl MPEfoAaraeM, YTO ¥, KOHEYHO,
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Tlpn Hanuuuu ee FrOBOPAT, YTO npedesvHpili nepexod RO napamempy
donycmim <nod 3HAKOM UHmME2pQAQ>.

Mpennonarass, uto Bce y<y,, uMeeM Ha OCHOBaHmM 0COGUIEHHOH
teopemsl Jlunn [n° 295, 3°):

Caedcmesue. Ecau gyuryus f(x, ¥) npu nocmosnnor y Henpe-
pusna no x 8 [a, b] u npu o3pacmanuu y cmpemumcsi ¥ Henpe-
poi8HO L ace npedeasroll hyHKUUUW, MOHOMOHHO Bo03pacmaf,
mo cnpasedausa gopiyra (6).

B npennosoxenny, yro obaacts ¥ cama mnpencrasaser coGo#t  Ko-
HEYHHIH MpOMeXxyToK [¢, d], paccMOTPUM B 3aKJIUEHHE BOMPOC O He-
npepuBHOCTH (ynkuun (1).

Teopema 2. Ecau @ynxyus f(x, y) onpedesena u HenpepuléHa,
KoK QOYHKyuUs om 08YX nepemeHHvX, 8 npamoyzossHure [a, b; ¢, d},
mo unmezpan (1) 6ydem wuenpepsignoll dyHxyuei om napamempa y
8 npomescymre [c,d].

IHOKABATEABCTBO. BBuay paBHOMEpHOH HENMPEPHIBHOCTH (YHKLHHA
f(x, y) [n° 187], no npoussoseHOMy & >0 Hafimercsa Takoe 3 >0, uto

U3 HEPABEHCTB o s
" — x| <8 |y —y <2
CHeNyeT HEPAaBEHCTBO

[f " ) =1 | <

Tonoxum, B vactHocTH, X =x"==Xx, 3y =y, Y’ =y; TOrZa npU
|y —3|<3 xakoBo 6u HE 60 X, GyneM uMeTh

|f(x’ » ""f(x’ ) l<s

Takum o6pasoM, ¢yHxuus f(x, y), NpH CcTpeMmieHuH ¥ K aoOoMy
YaCTHOMY SHayeHHIO Yo, cTpemurca K f(¥, ) PaBHOMEDPHO OTHO<
cHTEAbHO X. B TakoM cayuyae, mo Teopeme 1,

b b
tim \ f(x, y) de= S Fx o) dx
Y=o b1 p-
nin

lim I(y)=1(ys),
y-=JYo

YTO M NOKa3HBaET Haile yTBepXIEHHUE,

297, Juddepennupopanne nox snakom uurerpana. I[Ipu usyyeuun
cBOKCTB (yHKuuu (1), KOTOpast 3ajaHa HHTETPaJOM, COAEPKaUlUM MNapa-
METpP y, BaX(HOE 3HAuUEHWE HMEET BONPOC O NPOMUSBOLHOHK 3TOWH
GyHKHMHE O MapaMeTpy.
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Ilpe wSBECTHHX NPEANOJOXEHMSX JAs BHYHCACHHA NPOU3BOAHOMR
I'(y) moxer OuTth mpuMeHeHa dopmysa

b
ro)={r,c yas ™

WA — €C/IM  BOCIOAb30BaThC GoJee  BHIpasuTENbHHMH 0GO3HAYECHUAMH
Kouu —

b b
D, {7, ydx= D,f(x, y)ax.

Ecsm Takad mepecTaHOBKA 3HaKOB NPOMSBOJAHOH N0 y M MHTerpana
Nno X JONYCTUMA, TO roBopar, 4To dyHkuuio (1) wmoocno Jduddhepenyu-
posams no napamempy «nod 3HAKOM UHME2Z2DALA>.

Brnepsnie nomoGuuit metox Jle#Oumy coobmun B 1697 r. B muckMme
Kk W. Bepuyamm, uem mnpusen mocieasero B Bocropr. Camoe BMHCIE-
HHE MNPOM3BOMHOU MO YKasaHHOH (OpMyse W MOJYYWJIO Ha3BaHHE «mpa-
Busa JletGuuuas.

Crenyromas TeopeMa yCTaHaBAHBAET MPOCTHE AOCTaTOYHBIE YCTOBHS
JUT TIPAMEHUMOCTH STOrO NpABHJA.

Teopema 3. ITycms ¢hyrxyus f(x, y), onpedesennas 8 npsamo-
Yeoasnure la, b; ¢, d], 6yoem nenpepssna no x 8 [a, b] npu aw6or
nocmosnuos y 8 [c, d). [Ipednonoscuxr, daree, 4mo 80 8ceii obracmu
cywecmeyem wacmuas npou3sodnas [y(X, y), Henpepusnas KoK
Pynxyus 08yx nepemennnix*®). Tozda npu mobox y u3 [c, d] umeem
xMecmo gopuyaa (7).

HenpepriBHocts ¢yHkunn f(x, y) no x o6ecneyuBaer Cymecrsosa-
nue uarerpana (1).

Ouxcupys aw000e 3Hauenue y==y, NPHIaNUM €My TpHpauleHHE
Ay=—*F. Toraa

b b
100={f(x, ypdx, 10+ B= {760 30+ Byas,

T3aK 4TO

I(po+R—10)__ { fx Yo+ R)—F{x, )
——Q—T—-———— u % ¥ dx. (8)

R >

Wnrerpan cnpasa sasucar or mapamerpa k. Ham npeacronmt A0KasaTs,
uto npu k2 — 0 3jgeCL JAOMYCTHM NPEAE/TbHBIR NEPeXox mNOA 3HAKOM

*) VI3 o9THX yCNOBHH, COGCTBEHHO, yiKe BHITEKAeT M HENPEPHBHOCTD (YHKIUA
F(x,y) 10 060HM apryMeHTaM, HO Mbl €l0 HOAb30BATHCA He OymeM.
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uHTerpana. OraMm OYNET YCTAaHOBIEHO u CyUIECTBOB2HHE TNPOH3BOZHOM

1’(.1’0) =lim [(.Vo + k’z‘_l ()’o)
k=0
H Hanuyue TpeyeMoro paBeHCTBa

b
I’ (yo) =’:I_I>I3 S f(x:J’o+ ’;)"‘f(xv.vo) dx=
a

b b
= \lim f(x,yo‘*‘k;'—‘f(xy.&'o) dx = Sf;'(x’yib)dx'
k-0
a a

C stoff ueabio cuayana no dopmyre Jlarpamxa Hanuiuem
1 k - y ’
Lot t D—FEI) _ iyt o)) 0O @)

Tlone3ysach ke paBHOMEPHOH HenpepusHOCTHIO GYHKUUH [y (X, V),
IO MPOHSBOJBHOMY & >0 Hallzem Takoe & >0, uro Apw

"= | <8 w |y —y | <3
6y11er BHINOJMHATECA HEPABEHCTBO
If_\;(x": ”)""'f_;'(x', y’)]<€-

Honaran smece X =x"=wx, y =y, ¥V =y -+ 0k n cunran
| 2| <3, nomyunm, ¢ yuerom (9), uto cpasy axa Bcex X Oyaer

LeNEDTEI) £, 5,y | <o

Orciona sicko, 4o moauHTerpaisHas ¢ynkuus (9) npn k—O0 pasno-
MEDHO OTHOCHTENBHO X CTDPEMHTCA K npelenbHoR ¢ynkuan fy (x,y,).
draM, no TeopeMe 1, W ONpaBAMBAETCS NpefeNbHHH NEpPeXox nox
snHakoM uHrerpana (8).

298. MurerpuposaHde AOX SHAKOM uHTerpana. Ilocrasum, HakoHel,
Bompoc o6 uuTerpaJge no y or GpyHkumun (1), ckaxem, B npo-
MexyTke [e, d].

Hac oco60 Gymer unTepecoBaTb Ciayuall, KOrja STOT MHTErpan Bhi-
pasurcad dopmyot:

4 d b b d
Viay={{{r@nir}ay={{{renar)as
¢ c a a ¢

KOTOPYI0 — 0€3 CKOOOK — NUINYT OOHYHO TaK:

d b b a
§ar § reanae={ax (s ar (10

€ a
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Ilpn namwunu ee ropopar, 4to ¢yHkumo (1) moscHO unmezpuposams
no napamempy y «n00 B3HAKOM uHme2pasra> (B3STOro no me-
pEMEHHOH X).

Tpocretimue ycaoBus, NOCTATOYHBIE O/ PABEHCTBA ABYX MOBTOPHHIX
unterpanos (10}, naer

Teopema 4. Ecau gyuxyus f(x, y) nenpepvisna (no obeus nepe-
MeHHbIM) B npAMOy20asHuxe [a, b; ¢, d], mo umeem mecmo ¢hop-

syaa (10).
Hoxaxem Gosee obuiee paBeHCTBO
0 b b
S dy Sf(x, ) dx= S dx § F(% ) dy, (10a)
[ a a 14

roe ¢c=<n<<d.

B Jsesofi u mnpaBod ero yacTax MH HMeeM [IBE (PYHKUMH OT mapa-
METPa 7; BRIYUC/IUM HX NPOH3BOIHEIE MO 7).

Buemnn#t pHTErpam B JEBOH 4YacTM WMEET NOJBIHTErpPaibHyl0 (yHK-
nuo (1), wenpepsiBHyo mo y B cmay teopemb 2, ITostomy ero npous-
BOIHAA 1O TEPEMEHHOMY BepXHeMy mpezgeay Oyler paBHa NOJUHTe-
IpanbHOH (PYHKIMH, BHIYMCACHHOH MpU y==1, T. € HHTErpaly

b
10)={ f @ wdx.

B npaso#t yactu (10a) cTouT mHTerpan

b n
§ ot mds, e o (e =\ /(5 ay;

GyHKUMS @ (X, 1) YAOBJETBOPSET YC/IOBHsSM TeopeMbl 3, JLeHCTBUTE/NBLHO,
© (X, M) HenpephBHA IO X B CUJY TeopeMel 2 *), 3areM, IPOU3BOLHAS

o (6, =1 (x, M)
HEMpephiBHA KaK (YHKUMA AByX mnepeMeHHnX, ITostomy Kk ymomsHyTOMY
HHTErpajJy NpuUMEHMMO npasujo JlelOHuua:

b

b b
Dy § o mde={ ¢yt dr={f0n Dax=1.

Takum obpasom, nepass v npasas yactu pasencTBa (10a), Kak QyHKUMH
OT 7, WMMEIOT pPaBHEIE [POW3BOJHBIE, CAEAOBATENbHO, MOT'YT DasHHTbCS
pasBe b Ha nocrosHEylo. Ho npu 7=c o00a ynoMsHyTHX BHpa-
eHust o6pamaroTcsi, OYEBHIHO, B HyJb; CJELOBaTeNbHO, OHM TOXKIE-
CTBEHHBI DU BCEX 3HaueHusix 7, ¥ paBeHcTBo (10a) mokasaHo.

Hpu v==d u3 Hero, B yacTHOCTH, ¥ noJyuaerca pasencrso (10).

#) 3xech poab mapameTpa Wrpaer X,
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3AMEYAHME 3T0 paBeHCTBO Brepssie Gwao ykasaHo dinepom B 1769 r.
(sanevatano B crefyomeM rofy). OHO aumb HLAOCTPHPYETCA TNIPHMEPOM,
<TaK K4K OCHOBaHHE 3TOrO BNOJHE ACHO H3 NpPHpOAHN AKG(EpeHLHaloB U HHTE-
rpanos».

299. Cayua#t, Korja H mpefedbl HHTerpaja 3aBHCAT OT mNapaMeTpa.
O6patuMca K PacCMOTPeHnio Goaee CIOXHONO Ciydad, KOTAA He TOJBKO TOM-
HHTETPalbHOE BbIPAXEHHE COXePKMT IlapaMerp, HO M camble Ipefenbl MHTe-
rpaina 3aBUCAT OT HErO. B srom clyyae WUHTEerpal mMeeT BHI

By
I(y)= Sf(x, y) dx. (11)

a(y)

OrpaHHYUMCA HCCAENOBAHMEM BONPOCAa O HENPEPHBHOCTH H HXH(depeHIHu-
pyeMmMocTd 0 napamerpy noxzoGHOro MHTErpana.

Teopema 6. ITycmp Pynxyus f(x, y) onpedesena u Henpepovi8Ha 8 npsamo-
Yeoavnure [a,b; c,d), a Kpussie

x=a(y), x=0(y) <y=<d)

HenpepelgHol 1 He wx00am 3a e20 npedeas. Tozda uunmeezpan (11) npedema-
sasiem co00ii Henpepoisryo dynxyuio om y 8 [c, d].

Ecan y, ects moGoe yactHoe 3HayeHne y, 1o wmHrerpax (11) moxno Ha-
nucate B Buue

f(yo) 8 a(y)

()= S £5,3) dx+5 75 ) dx—S Flx,y) dx. (12)
a(vo) B(yo) a{¥o)
[lepBbifi puTErpan, B KOTOPOM Ipefensl Yie IMOCTOAHHE, IPH ¥ — ¥, CTPEMHATCH K
B(¥0)
To)=\ f(x, y)ax
o yo)

no reopeme 2. OcTaumbHble K€ JBa UHTErpana JONYCKAOT OLEHKY

lmSY)f(x, 9) dx Ism-lam—wm,
B(re)
ay)
] 5 f(x»y)dx]<M' fa (1) —a (v0)
ol o)

rie M==max|f(x,y), 1 —B Ccu1y HempepsBHOCTH QYHKUUH «(y) u B(¥)—
fipH ¥ — Yo CTPEMATCH K HYJIO.
Takum o6pa3oM, OKOHYATENbHO
lim 7 (y)==1(30),
Y=o
YTO d NOKa3LiBAET TEOpEMY.
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Teopema 6. Ecau, csepx cxasannozo, gyuxuus f(x,y) donyckaem 8 nps-
Moyzossiure [a,b;c,d] nenpepusnyio npoussoduyrw f,(x,¥), @ maxowce cy-
wecmsyiom 1 npoussodnsie o' (y), §' (y), mo unmezpas (11) umeem npoussoduyio
RO nepamempy, KOmMOPas supascaemes Hopiuyaoi

By
I'(y) =DS Py dx+ @) -fEO) )—a @) f@@)y) (13)
)

W apecs mm Gynem ucxonuts u3 pasencrsa (12). TlepBmi#t nuTerpan npn
Y=Y, HMeeT NpPOM3BONHYIO, NpEJCTAaBAAEMYI0 HHTErpPa’zOM OT NPOM3BOAHOH

Bryo)
Fy(x,30)dx
«(yo)

~ 1o reopeme 3. Jna BTOpOro uHTerpana (3HaueHHE KOTOPOro IpH y ==y, €CIb
HYJAb) HMeEEM 110 TeopeMe O CPelHeM:

1
Y=

By
SY fix,y) dx =EOZH00 5 )
(]
B(yo)

FIe X CONepIHUTCH mexnay B(y,) ¥ B(v). Orcona npouasBomuas BTOPOro MHTE-
rpala mpH y ==3,, KOTOpas COBNajaeT C IpPeleJOM NPENUIeCTBYIOHIEro BHpawe-

HHA NpH y — ¥, Gymer
B (yo) « S (B (o) yo)-
AHasoruyHo, 19 NPOH3BONHON TPETLETO MHTETpala IPH y==3, NONYUHM

—a’ (3¢) * f (@ (P}, Vo)

O6neannnsn Bce sTH pe3yinTatsl, y6eXUMCA B TOM, 41O npoussomsan [’ (v,)
CymecTByeT M HaeTcs yKasaHHoH ¢GopMynoit.
AMEVY A HHE 3aKH0yeHUs 0GeHxX TEOpeM COXPaHAIOT CBOIO CHAY M B npei-
TIONOXEHHH, YTO QyHKuHA f(x,y) 3alaHa (n 06n3afaeT yKa3aHHHIMH CBOHCTBaMH)
XML B 06A3aCTH, COJEPKALEHCA M e X Xy KPHBLIMH

x=a(y) m x=R(y).

BosmoxHOCTb paccMaTpuBaTh (QYHKUHIO M BHe 3TOH OGJAacTH HCIORL3OBAHA
Gbia [as YIPOIEHHA DPACCyXAeHHUi.

[loyudTeabHo B3rasHYTb Ha YCTAaHOBAEHHbE Pe3yAbTaTH M C TAKOH TOYKA
apenus: uurerpan /(y) noayyaerca u3 mHTerpaia

1(,8,0)= Sf(x,y) dx,

3aBUCAIIETO OT TpEX NapaMeTpoB y, 4, U, MOLCTAHOBKOH & ==a(y), v ==§(y).
Bonpoc ucyepnbiBaercs npuMeHenneM OGIIHX TEOPEM O HENPEPHBHOCTH M O KU~
(epennupoBanun croxHod dyHxuud. B yactHoctn, dopmysa (13) manucaHa no
KAaCCHYECKOH cxeme:

/]
=t T O) O
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300. Mpumepst. 1) Buwc:mu HHTErpaa

b __ s
l-.=-..S E X g O<a<h).

Ipencrasue IOALIHTEPANLHOE BHIPAXEHHUE, B CBOIO Oouepexb, B BHIEC HHIErpana

xb— xe
nx S ) dy
a

¥ NEPECTABHB — NO TEOpEME 4—8 NOBTOPHOM HHTErpainie
1 b

= deSxydy

0 a

HHTETPHPOBAHHA 1O X # NO Y, Cpa3y noxyvyaeMm pe3yabrar
b 1 b
dy b41
= y = == ——
I gdygxdx Sy—l—l ma+l'
a a
2) 3ToMYy BLIYHCACHHIO MOXHO NPHAATh M APYLYI (OpMY, €CTH paccMaTpH-

BaTh MHTerpal /—ApHM GHUKCHDPOBAHHOM @ —Kak (PYHKUHIO OT e p e~
MeHHOronapaMmerpa b(b=a) lo reopeme 3:

|
dl b 1
r s xdxr= .
CuenosareasHo,
=Iln®+1)+C
Ho npy b == a unrerpan /, ouesunHo, o6pamaerca 8 0, Tak yro C=-—In(a -+ 1).

TlofcTanans, NPHAEM K TOMY e pPe3yabTary, YyTo H BHILUE.

3) B paccMOTpEHHHIX Clyyasx BWNOJHEHHE YCIOBMH Teopemb: 3 mmu 4 Owio
HENOCPEACTBEHHO sicHO. [IpH HapyMmIeHWM STHX YCIOBHH SaKMOYEHHE TEOopeMb
MOXKeT OKa3aThCA He B e AL u M. [IpuBenem mpumep storo.

HOycts f(x, ¥) = T x’ _‘_yg)z B npamoyroabuuke [0,1; 0,1]. Torna
\ X #=l 1

X, y)dx = = 0),

§f( ) 17| _ ST y>0)

1 i 1
o §f(x.y)dx= arctgy l ==
b 4

B TO BpPeMA Kak
1

§dx§f(x y)dy——T

Ormetum, uto B TOYKRe (0, 0) dyHKUMA f(x,y) TEPHHT Pas P H B.
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§ 2. PABHOMEPHASI CXOAUMOCTb UHTEIPAJIOB

301. Onpenenenne pasBHOMepHO# CXOAUMOCTH HHTerpatoB. Ilpu
pacnmpoCTpaHEHH: MBJOXKEHHOH TEOpHM WHTErpastioB, 3aBUCAMIAX OT Na-
paMerpa, Ha cay4alli HeCOOCTBEHHBIX WHTErpasoB ocobyio poab
Wrpaer NMOHATAE DABHOMEPHON CXOJLUMOCTH HHTErPajoB, KOTOpoe
MBI TIPEABAPUTENLHO K BBISICHAM,

[peanonoxum, yro ¢yuxknua f(x, y) samaHa i Bcex 3HayeHmH
XZ==a W BCeX 3HaueHu# y B HekoTopo# obaactu . Ilycre, manee, npu
KaXAOM y B 3TOH 00JacTH CYLIECTBYET HHTErpal

19)={fx ydx. M

Io camomy ompepe/ennio HeCOGCTBEHHOrO HHTErpala ¢ GECKOHEUHEIM
npenenom [n° 282}

(- A

Sf(x, ¥)dx =lim Sf(x, ydx.
A->o

a a

Taxum o6GpasoM, MHTErpan
a
F(A, )= 7(x, y)dx, @

a

npencrasasiomni coboit ¢pyskumo or A u y, npu y==const u A —>co
umeer npenenom I(y). Ecau cmpemaenue smozo unmezpasa x 1(y)
npoucxodum paeHOMEpPHO OmHOcumeArsHo y 8 obsacmu ¥, mo
unmezpan I (y) nasviéatom pasrHOMEepHO CXO00SUWUMCST OMHO-
cumensHo y OasT YKQ3QHHBLX 3Ha4eHud napamempa.

dro 8HayMT, yro AAs Jioboro & >0 HalNeTcs Takoe He 3aBHUCS-
nmee OT y UHCIO Ay==a, uTo, UL TOMLKO A > Ag HEpPaBeHCTBO

o A i
I’Sf(x, y)dx—§f(x, y)dx|=‘§f(x, y)dx‘<s

6yIeT BHIMOJMHATBCAIOLHOBPEMEHHO N BCeX 3HaueHu#h y B ¥,
Ecim comocrasuTh nuTerpals (1), sasucsmmit oT mapamerpay,c 6ecko-
HEYHBIM (YHKUMOHALHHIM DAJOM

[e9]

Zl Uy (X,

na=
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rie poJb mapaMeTpa WrpaeT X, u BCNOMHUTb cKasaHHoe B 1n°284 o6
aHAMOrHd MEXKY HECOOCTBEHHBIMH MHTErpaJaMd ¥ OECKOHEUHBIME D~
naMd, TO CTaHET ACHHIM INOJHEIR TNapaaienuaM MeXAy JaHHHIM BHILE
onpeeNcHHEM M ONpENeaeHHeM PaBHOMEPHOH CXOAuMOCTH psaa B n° 264,

3ameruM, yTo uMenHo 3ahpens n CTokc, KOTOpHIE MIepBHIMH IIPOTHBONOCTA=

BUNM PABHOMEDHYH ¥ HEPaBHOMEPHYIO CXOAMMOCTb ()YHKLUMOHAIBHOIO PsNa

[n®281], onHoBpeMEHHO yKa3aad Ha HOROOHBHIE XE BO3MOXKHOCTH H IS HHTe-
®Q

rpana S y COIlepxameEro napamerp.

a
Jas mpuMepa PacCMOTPHM HHTErpan

[22]
S ye ¥y dx,
0

KOTOPHI CXOAMTCA NPH KaXAOM (QUKCHPOBAHHOM 3HaueHHH y =0,
Berypcaum HemocpeacTBEHHO MHTErpan

oo
S ye ¥y dx,
a

Ipn y =0 on pasen 0, kakoBo 6bl HH GHa0 A; eciu ke y >0, TO C NOMOLILIO
TOACTAHOBKH X)) ==L NErKo HaXOAuM

% X
S yerydx = S etdt = =4y,
A Ay

Korna y pukcuposauno, 310 BHpaxenne npu A — co, OYEBUIHO,
crpemurca K 0, u, KakoBo On HM OblIO & >0, HepaBEHCTBO

e e 3)
Oyner BmmoanaTecs ana Bcex A > A,(y), rae

lni
g

y

Ay(y)=

8aBUCHUT OT .

Ecan usmenenue y orpannyeso npomexyrtkom [c, d], rae ¢ >0,
TO Haflercds M He 8aBUCsmEe OT y uucao A, TaKoe, uTo Tnpu
A>> A, HepapeHCTBO (3) OyAeT BHIOJHATBCA CPasy HJas BCEX y:
DOCTaTOyHO 3a A,y npussth A, (c), u6o npn A > A, Oyzer Toria

ey e e (c<<y<<d).

WHpiME  cOBaMM, Haml HMHTErpad CXOJUTCA PAaBHOMEPHO OTHO-
CUTENBHO y B NpOMexyTke [c, d].

Wnaue 0GCTOMT 7€/10, €C/M napaMeTp y H3MEHSeTCs B NPOMEeXYyTKe
[0, d] (@>0). Ha stor pas Takoro A, yxe He cywecryer (1o
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Kpaiineit mepe, ecmm e<1). D10 BUAEHO XOTA OW U3 TOTO, YTO, CKOJb
Gonpmnuy Hu B3fTh A, BHpaxeHwe e~ crpemutca k 1 mpy y-—»0, Tak
YTO Jasi HOCTaTOYHO MAJHX SHaueHudt y oHo Oymer OGoxbiue JoGoro
wacna €< 1. CXOMMMOCTL MHTerpata npu N3MEHEHHH J B NPOMEKYTKE
[0, d] yxe He OyneT paBHOMEpPHOH OTHOCHTENBLHO .

302. YcaopHe H JHOCTATOYHbIE NPUSHAKH pPABHOMEPHOR CXONH-
moctH. Ilo/b3ysch OGEM KpHTEDHEM DaBHOMEPHOTO CTPEMJEHHH (YHK-
nuu k npeneay [n°295, 1°], MOXHO NPHUMEHHTEABHO K DPaCCMaTPHUBAEMOMY
cayyaio chOpMyJHPOBRATh €r0 Tak:

Hrs mozo wmobur unmezpas (1) cxoduscs pasHoMeprHo omrOCU-
measno y 8 obaacrmu Y, HeoGxodumo u docmamouno, 4mobs. npu
a060x 3adannox & >0 Hamaocs maxoe 4wucao Ay, He 3a8ucaumyee
om y, 4mobs. HEPaBEHCMEBO

A’ A A’
[Sf(x, ydx — Sf(x, y)dx!=] Sf(x, » dx\<*s
a a A

BWNOAHANOCE ODHOBpPEeMENHO dag 8cex y u3 ¥, amumus moasrko
A>SA> A,

YcranoBuM Teneph HEKOTOPHE NPHUBHAKH, MO KOTOPHM OGHIKHOBEHHO
Ha MDaKTHKE CYNAT O PaBHOMEPHOH CXONMMOCTH MHTErpaJOB.

1°. Mu Gyaem npeanonarate ¢yskumio f(x, y) HenpepuieHO# mo X
ana x==a. Ecau cywecmsyem maxasn, 30sucawyas auus om X, @ynk-
yun ¢ (x), unmezpupyeMas 8 GecKoHe4 RO M npomexcymre {a, oo},
4mo npu 8cex 3HaueHUAX y 8 Y

I/ <o) (@22 x=a),
mo unmezpas (1) cxXo0umca pasnomMep O OMHOCUMEALHO Y (8 YKa-

3aHHOI obaacmu e20 3Rauerui).
3TO HENOCPEJCTBEHHO BHITEKAET U3 HEPABEHCTBA

a a A
|§760 nax|< Fires plar< feaan
A A

€C/M BOCNOJb30BAaThCA TOJBKO YTO JOKASaHHEIM KPHTEPUEM.

IIpy yxasaHHHIX YCJAOBHSX HMHOra roBopaT, uro ¢yskuus f(x, y)
MMEET MHTETDUDYEMYI® MaXODAaHTY ¢(x) mam uro wuurerpan (1)
MaXOPHDYETCH CXONSIIMMCA HHTErpaioM

?? (%) dx,

He COZEpKallUM NapaMerpa.

Jlerko ycmoTpern CXOACTBO STOrO TpH3HAKA C WSBECTHHM INpU3Ha-
KOM DaBHOMEDHOH cXoAuMocTd (YHKIHOHAABHOrO psjAa NpPHHALIENa-
wuM Besiepmrpaccy [n°265].
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[Mpumer. 1) Unrerpan
(o2

Cos ax
§ m dx (k ?-L- 0)

CXOUTCA PaBHOMEPHO OTHOCHTENBHO MapaMmeTpa @ (B moGoll 06AACTH €ro H3Me-
HEeHHs), OO MAaXODHPYETCA CXONALUIMMCA HHTErpa’soM

dx
ks+xs:
He CONepWAmNM a.
2°, PaccMoTpum RMHTErpaiu

Sf(x. ) -gxdx (4a), Sf(x)-g(x,y) dx (46)

OT NIPOM3BEJEHMA ABYX (YyHKIMH, B3 KOTOPHX JAHLIL B ONHY BXOIUT MapaMmerp ¥,
u3MeHAImUAca B Hekotopo#t obmactn ¥, H cohopmyaupyeMm xna Hux Gonee
TOHKHE TPU3HAKH PaBHOMEDHOH CXORHMOCTH, KOTOpHE CKONMpYeM C IIpH3Ha-
kos n° 287,

Pynkuun f v g (B ciyyae HagoOGHOCTH — NPH y ==const) Mb, Kak M TaM,
CYHTaEM HenpepuiBHHMH QYHKUMAMH OT X, a %_, CBEPX TOTO, MOHOTOHHOH U
uMellel HenpepuIBHYI0 NPON3BOAHYI0 No x. Toraa

() unmezpan (4a) cxodumcs pasnosmep O omuocumenssuo y 8 Y, ecaw:
1) unmezpan

A
® (4, y)= Sf(x, y)dx

RBASEMES POBHOMEPHO OZPAHUMEHHBLI npu 8cex A u Bcex y:
@A NI<K (K = const);

2) g(x)—0 npu x —oco.
TouHOo TaK xe

(I) unmeepanr (46) cxodumcs pa8HROMEPH O OMHOCUMENLHO Y, eCAU
1"y unumezpanr

ff(x) dx

cxooumes, a
2) dynryus g (x, ¥) pasHOMEPHO O2panudena Oas 8ceX X u 8cex y:

lgoNi<L (L = const).

UYro kacaercs JOKa3aTeJIbCTBA, TO OHO, N0 CYHIECTBY, OCTARTCA INpPEXKHHMM,
TaK KaK — BBHJy HE3aBHCHMOCTH NOCTOAHHHX K u L or y —H oneHsa uH-
Terpana

AI

§f-gdx
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noayyaeTcs He3aBUCHUMO OT ¥, YeM M ofecneyuBaerci paBHOMepHad
CXONIUMOCTb.
[Tepumerb. 2) Materpan

X sin ax d
R+ x?
0

CXONUTCH. PABHOMEPHO OTHOCHTENBHO @, RIS a == a,>0—mno mnpusnaky (I).
HeiictButeabHo, Mox0XuB f (X, @) ==sin ax, uMeem

1 —cosad
a

Ssinaxdx = <_2_=K;
a4y
0

C APYroi CTOPOHH, GyHKuHA

£ =iz

MOHOTOHHO yObiBas (o Kpalineii Mepe, LMa HOCTaTOYHO GONBIIHMX X), CTPEMHTCH
K 0 apu x — co.
3) Wnrerpan

e i
sin x
Se—ax___dx
X
0

CXONUTCA PABHOMEPHO OTHOCHTENbHO @, naa a=0—no mpushaky (II). 3necs

Sin X
Fly="2

cubicael) dynkuna g (x, a) = e % orpanuyeHa ejxuHuued.

uuTerpupyema or 0 A0 co, a MOHOTOHHO YGbiBalomas (B LIMPOKOM

303. Cayuaii uHTErpanoB C KOHEYHbIMH Hpexeaamu, PaccMoTpum
Teneph Gynkunio f(x, y), onpeneieHHyio A1 3HaueHud X B KOHeu-
HOM mnpoMexyTKe [a, b] u 3HaueHuH y B HexoTOpOH obamactu ¥; mycTs
npu y==const oHa uHTErpupyeMa N0 X (B COOGCTBEHHOM CMbiC/IE W4
Her) oT a a0 b. Torma umrerpan

b
1y)=\7(x.y)dx, (%)

6yAb OH COOCTBEHHHBH uWAM HeT, €BJASEICA TNPENLIOM IpH
n— 0 nuTerpana
by

¢ = | F(x.y)dx. (6)

a

Ecan cmpemaenue smozo unmezpasa npu 11— 0 r npedeay 1(y)
npoucxodum pa6Ho MepHO OMHOCUMENsHO Yy 045 3HadeHud y 6 o0-
aacmu Y, mo 2080psam, umo unmezpas (5) cxo0umcs PAaBHOMEPHO
OMHOCUMENBHO Y 8 YKA3aHHOL obaacmi.
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10 3HAuMT, uTO AAA MOGOro ¢ >0 muatizercs TaKoe He 3aBHCH-
mee oT y yucao 8 >0, 4TO /ML TOALKO 7 << 8, HEPABEHCTBO

b

]Sf(x,y>dx—b§nf(x,y)dx]=| S fy)de| <e
a a b—n

Oyner BHLMOMHATECA ONHOBPEMEHHO MJ% BCEX B3HAUYEHHH Y
na .

Herpynno cdopmyanposars 3mech yc/ioBue, HeoGXONUMOE M JOCTa-
TOYHOE I/ PAaBHOMEDHOH CXOJMMOCTH, PaBHO KaK W NEpeHecTH Ha pac-
cMarpuBaembift cayyait pmocrarounsle npusHakn n°302. [lpemocrasasem
5TO YHTATEJIO.

Mu paccmatpusanm umterpan (5) oT a@ 10 b KaK Npeiea uHTe-
rpana (6) or @ 10 b—v W HAC MHTEPECOBAJ XapaKTep NpPUOTHKEHUS
NOCJAENHEr0 MHTErpaia K cBoeMy mnpeneny. Takum o6pasom, ocoGyio
PoJb 8aech Wrpaer Touka x==»& (xaKk B n° 301 — rouxa X ==0c0). Moxer
NoHanoOuTbcss (B B3aBUCHMOCTH OT OOGCTOSTENBCTB, KOTODHIE BHISCHSTCH
JlaZplie) OTBECTH MNOJOOHYIO Ke pOJb M JPYrod TOUKE NPOMEXYTKa.
Hanmpumep, T1OT Xe unrerpan (5) MOXHO paccMaTpuBaTbh KaK npexen
npu n— 0 uHTErpana

b
sag)= | fexdx.
a1

Ecan nocnexuuit npm m— 0 npubmmxaercs K CBOEMY Tpefeay paBHo-
MEPHO OTHOCUTENBHO J, TO TaKxe FOBOPAT O PaBHOMEPHOH CXo-
numocTtnu unrerpara (5). Bce ckasaHHoe BHIIE MNEPEHOCHTCA ©  HA
5TOT Cayuai.

Ec/an MOXET BOSHHKHYTb COMHEHME OTHOCHTENBHO TOro, O KaKoM
clyyae pPaBHOMEDHOH CXONMMOCTH HIAET pe€ub, TOBODPST, YTO UHMeE2pan
cxodumcesi pasHomepno (OTHOCHTENLHO y B oOmpeleleHHO# oGaacTw),
COOTBETCTBEHHO, Npu X ==00, npu X==50, Apy X=a 1 T. L.

Ormetnm, uto, KaKk MNpPaBHJIO, DaBHOMEpHAs CXOAUMOCTb HHTErpaja
(5), ckaxem, nmpu x==»5b, Hac GYyNET MHTEPECOBATb B TEX CJAydasX, KOrla
YMEHHO TOYKa X ==& OKa3bBaeTcd 0c 06 o# ana unterpana (5) B cMucae
n°288 — npu Tex maM WHHX 3HaueHnsx y. Ho onpeaesenue He TOJBKO
dopmasbHO COXpaHser cuay M TOrjga, Koraa wuurerpan (5) npu Bcex
BHAYEHHSX OKa3HIBAaeTCA COGCTBEHHBIM, HO, KaK YBUAHM, MOXET OKa-
3aThCsl pEaibHO NOJIESHBHIM TaKXkKEe M B 3TOM CJyuae,

Hanpumep, uuterpan
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AR Kakporo smaueHna y B npomexyrke [0, d], rne d >0, 6yger cymecrsoBarth
KaKk co6cTBeHHbIN. OnHaxo IJIA YKa3anHOro n OMEeXyTKa H3MCHEHHA y €ro Cxo-
JHMOCTb He Gylder paBHOMEpHOH npu x ==0. JeHcTBUTEAbHO, HEPABEHCTBY

1
— = a
(5 iy dx_-arctgy <g

T
eCnu TOAbKO E<-§—, Heab3s YAOBAETBOPHTb OJHOBPEMEHHO XaAd BCEX 3Haye-

Hult y >0: CkOAp ManHM HH B3ATb ¥, €r0 NeBas Yacth Npu y— 0 cTpemuTcs
T

K - M, IR JOCTATOYHO MaaBIX 3nayeHuft y, Oyxer HasepHO Goabmie, uYeM e.

§ 3. HCMIOJAb30BAHHE PABHOMEPHOH CXOIMMOCTH
HHTETPAJIOB

304. NpeneasHnii mepexox nox 3HAKOM HHTErpana. Mu satimemcs
TENEpb MBYYEHUEM HHTErpana ¢ GeCKOHeYHBIM Npese/ioM

10)={ f(x.5)dx, o

KOTOpHH 3aBACHT OT mapamerpa y (u3MeHswomerocs B obractn %), u
BOKAXEM A HErO DAl TEOPEM, CXOAHMX C TeopeMamu n°296-—298,
YCTaHOBJIEHHHIMA JUISl HMHTETPAJOB B COGCTBEHHOM cMuicye. [lepexox
OT OAHMX K ADYrHM OYZET OCYUIECTBJMTbCA 1O TOMY e IJaHy, KOTO-
poMy MM caefoBaaM B n°266—~270 npu nepeseceHud CBOHCTB KOHEY-
HOH CyMMBl QYHKHHHE Ha caydalh CyMMH GEeCKOHEUHOTrO (YHKUKOHAJALHOTO
psna. Tlono6HO TOMy kak TaM pelalILyld POAb HMrpajda pPaBHOMEpHas
CXONXMMOCTh (PYHKUMOHAJLHOTO DSilla, BAECh TAKYl e poab Oyxmer
WrpaTh paBHOMEpHAf CXONMMOCTb HHTerpaia supa (1). Takum o6Gpasom,
pyxosonsmeil nueedl n1s Hac cHoBa OyHeT Ta aHANOrAs Mewny Oecko-
HEYHHIMH DANAMH M HECOOCTBEHHEIMM HHTErDajaMH, KOTOPYIO MH He pa3
noavepkusanu [n°284, 301].

Haunem MB C BONpOCa O NMpERETLHOM NEPEXONE NOA 3HAKOM HHTe-
rpand, pacnPOCTPAHEHHOTO HAa GECKOHEYHHH MPOMEKYTOK.

Teopema 1 n° 296 Ha sTOT cayuah He PpacHpOCTpaHSIETC: ecaw
maxe BO BCeM OeCKOHeuHOM mpoMmexyTke ¢ynknus f(x,y) npu
Y—>Y, PaBHOMEDHO CTpeMHTCd K mpenenbHOll QyHxnum o (x), npe-
AenbHHA MEPEXOM MOX BHAKOM MHTErpala MOXET OKas3aThCil HeNOIy-
CTHMBIM.

Paccmorpum, B Buze mpumepa, ¢ynkumo (n=1, 2, 3,...)

n

fa@="Lre (x>0,
Jn (0)==0.
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OObiuHnMH  MeTOAaMH  Iu(EPEHIUANLHOFO HMCYHCICHHS JIETKO YCTaHO-
BUTb, YTO HauGOJbIIEro SHAaueHMs STa (yHKUAA JOCTUFAaeT NpH

n 33 —3

x='l/3—, U PaBHO OHO 1}/_ e 2. Tak Kak npu m—->0O 5TO 3Haye-
n

HHE CTpeMuTCS K HYJIO, TO OTCIOAa %CHO, uto ¢ymkuus f,(x) npu

n—>00 Bo BceM mnpoMexyTke [0, co] paBHOMEpHO CTpeMuICcH

K ¢(x)=0. Tem He MeHee umHTerpan

§nMM=1

NpH 72— 00 BOBCE HE CTPEMHTCH K HYJIO,

YcaoBust, HOCTATOYHBIE JJS JONYCTHMOCTH NpENENBHOTO INEpeXoxa,
JA0TCA Chaepyomedl Teopemoi:

Teopema 1. ITycms gynxyun f(x, y), onpederennas 0as x=a
uoan y uz Y: 1) nenpepwona no x u 2) npu y—y, cmpemumcs
K npedensnoli ynxyuu ¢ (X)—pPaBHOMEPHO OMHOCUMENLHO X
8 Kascdom Koneunom npomescymre [a, A). Eciu, céepx mozo, 3) un-
mezpan (1) cxodumcst pa8HoMep O omHOCUmeAsHO 3 8 obaacmu %Y,
mo

tim { 7(s, y)dx = (o). @
I+JYo A g

OrtmernM, npexne Bcero, yTo ¢yHkums ¢ (x) Oyaer Takxke Henpe-
peiBHOR [n° 295, 2°]. ITo ychosuio pasHOMepHOfi cxoaumoctn [n° 302]
g moboro s >0 Hatmercs Takoe Ay _>a, uTO

<e

ana Beex y w3 ¥ ommopemenxo, muwp Toapko A'>A > A, [Ilepe-
XoAd 8HeCh K Tpeleny npud y-—»y, NOA 3HaKOM wunTerpaia [n° 296,
TeopeMa 1], moayuum A

Aﬁq»(x)dx <

A’
| 75 ndx
A

otkyna caeayer {n° 286), uro dQyHkuus ¢ (x) nHrerpupyema B Gecko-
HeyrnoM mpomexytke [0, col.
Nanee, npu moGom A > a, umeem:

oo o0 A A
V76 nix— (o dx|<| {75, ax— [ omax|+
~+ Sf(x,y)dx -+ 59(x)dx .
A
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Ecan Badars 1o mpousBoJy umcao & >0, TO MOXHO CHauara Qukcu-
poBarb A Tak, 4ToGH BTOpOE W TpeTbe CJaraeMue ChpaBa CTald

&
<—3—-(HesamcuMo or y!), a sarem HacTonpko NpuGAM3HTL ¥ K ¥,

yToGbl CHeMaTh B TepBoe cnaraemoe(% [n° 296]. Torma, aaa yxa-
8aHHBIX ¥, OyJeT

°§f(x, y)dx-—? ¢ (x)dx |,

YTO W NPHUBOAMT K (2).

Otcrona, npuMenss o6obmennyto Teopemy Hunu [n° 295, 3°], moxHo
NOAYYHTh TaKOE

Caedcmeue. [Iycms neompuyamenvnan dyrwxyus f(x, y)
Henpeposra no X 048 XZ==a U CHMpeMumcs, 803pacmasn
¢ eospacmanuem y, ¥ npedeasnoii Pynxguu ¢ (x), maroce Henpe-
puenoil 6 yKazanHom nposmexcymre. To20a U3 CYu,ecmsosanls
uxnmezpana

Y edx ®

Yyoe Buimeraem Kok cyuwecmsosarue unmezpasa (1) (npu scex y us %),
max u nasunue gopayas (2).

ITo ynomssyTofi TeopeMe NpM YKa3aHHHX YCJOBHSX CTPEMJIEHHE
¢ynkuun f(x, y) x ¢(x) OyZeT paBHOMEDHHM OTHOCHTENBHO X
B MoOOM KOHeYHOM npomexyTke, [Jlasee, B cuay Teopemm 1 n° 285
cywectsyeT unTerpan (1), Tak kak

Flx y)<¢(x)

dynkuma ¢ (X) wWrpaeT ONHOBpPEMEHHO M poJb Maxopautet [n° 302],
ofecrieynBaomlel paBHOMEDHY 0 (OTHOCHTEIbHO ¥) CXOZMMOCTb
nurerpana (1). Takum o6pasoM, coOmojeHbt BCe YCAOBHS MJIA TNpUME-
HEHHMsSl TIPEBIAYIIEH TeopeMsl.

C npegenbHEIM NepexoloM MO 3HAKOM MHTErpPaja yauie BCEro npH-
XONWTCA HMETh [eN0 TPHMEHWTENBHO K MOCJAeN0BaTeNbHOCT] (yHKUuH
{f.(x)}. Tlepexons oT mnocrenoBaTeNbHOCTEH K OECKOHEUHHM psiaM,
MOXHO NOJAYYUTb, TaKUM 06Pa30M, HOBHE TEOPEMbl O TOWICHHOM HHTe-
rpupPOBaHUY (PYHKIUOHAIbHBIX DSLOB.

Bor, nanpumep, kakyio ¢opMy noayuaer cneACTBHE

Ilycme pao

2t ()
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cocmosuull U3 NOAONUMEABHHX U HERPEPHBHHX 04
X==a hynxyul, usmeem OAS SMUX 3HA4EHUl X Henpepu 8HY 0 e
cymmy ¢ (x). Ecau nocaeonas 8 npomesicymre [a,~4- oo] unmezpupyenma,
mo 8 IMOM NpoMeNCymKe ps0 MONCHO UHMe2puposams NO4 A€ HHKO.

Haxonew, npocTeiM cneacTBueM u3 TeopeMmsl (1) fiBAfETCA U Teopema
0 HENpepHBHOCTH uHTerpasia (1) mo mapamerpy.

Teopema 2. [Iycme yuxyus f(x, y) onpedesena u Henpepbiéna
(vax dynryus 08yx nepemenHvix) AR 3HAHEHUE X ==a U 3HQUeHUd Y
6 npoxexcymxe [c, d]. Ecau unmeepas (1) cxodumcs pasHoMepro
OmMHOCUMEAbHO Y 8 nposedxcymre [c, d), mo on npedcmasasem co0oiw
HENPEPLLBHYI0 OYHKLUIO OM Napamempa y 8 Imois NpoMescymre.

JefictButensHo, Kak Mpl  Bugean B n°296, npu usMedHenun Xx
B moGoM KoHeuHoM mpoMmexyTke [a, A] dynxums f(x, y) npu y—y,
(rme y,— moboe YacTHOE BSHAUEHHE y) DaBHOMEPHO OTHOCH-
TeMbHO X CTPEMATCA K npesenbHofl dywkumu f(Xx, y,). A rorma, no
Teopeme 1, B unrerpase (1) MoxHO mnepefity K npelefy NOA SHAKOM

UHTerpana:
©

oo

lim I(y)=lim |\ f(x, y)ds= 5 F e yp)ydx=1(y,),
Y=o Y=o

a a

YTO ¥ MOKa3HBAaeT HAlle YTBEPKIEHUE.

ITpocro moxaswiBaeTca u anansor teopembl Jluum [n°267]:

Teopema 3. Ecan uenpepugras @ynrxyus f(x, y) Heompuya-
measHa, mo u3 nenpepsierocmu urnmezpasa (1) xax @yuryun om
napa.mempa, BbiMEKAEH PABHOMEDHAS €20 CX00UMOCIS.

B stom ciayuae nempepeiBHas [no Teopeme 2 n°296] ¢yukuus ot y

A

S f(x, y)ydx

a

npu Bo3pacTanuu A —BO3pacTaeT M, CIEAOBATENbHO [0 0606uien-
Ho Teopeme [umnu, n°295, 3°], crpemmrcs k csoemy npemeny (1)
PaBHOMEDHO OTHOCHTEJIBHO ¥, 4YTO M TPeGOBAJIOCH /JOKA3aTh.
305. MrTerpupoBanue MHTErpana mo mapamerpy. Cnauaia TOKaxeM
ClIeIyIONLYI0 TEOPEMY:
Teopema 4. Ilpu npednosodcerusx meopems. 2 uUMeem Mecmo
popmyaa:
a

Suw@=?@§ﬂnnM=§wfﬂnw@- )

LetictButensno, npu mobom A>a

d d A d ©
Y10)dy=(ay § 75, s+ §ay 7 (5, yyax
[ a ¢ A

[
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HO — 1m0 Teopeme 4 n° 298 —

d A A d
§ dy §fdx= § dx§fdy,
TaK 4TO paSHOCTb
d A d
§ 1(9) dy—§ dx chdy

HanuuIeTCqd B BHAE
d d A d ©
Idy—\dy \ fax=ay § fdx.
J10s—fa }rae=]

Ecam  teneps~—TWpPH  TPOH3BOALHO MaJoM € >0 —pBsate A Ha-
CT04bK0 GOJbiNM, 4TOOR OO

|;§fdx|<s

np® BCEX Y, TO YynoMaAHyTad pasHocTh Oyner (aGCOMOTHO) MeHbiue
e(d—c¢). B TakoM ciyuae

d A 4
S I(y)dy==lim S dx Sfdy,
& Ao

a

L1

910 paBHOCHABHO (4).

Ecau  Bocnoab3osarbess Teopemoth 3 [n°304], To nmerxo BuiBecTH
OTCIOAd TaKoe

Caedcmeue. B cayvae neompuyamensHol Pynxyun f(x,y)
odHa Henpepusrocms unmezpasa (1) no y eaewem 3a co6oli dhop-
xyay (4).

TakuM 06pasoM, MH — NPH UBBECTHHIX  YCJIOBHAX — YCTaHOBUJHU
[paBo TEPECTaBsTb ABa MHTErPaNa, W3 KOTOPHX ORMH PacHpPOCTPAHEH
Ha GeCKOHEUHBH TPOMEXYTOK, a APYroH — Ha KOHEUHHH.

Mexay TeM BO MHOTHX CJAY4aAX KaK pas NPUXOAMTCS MNEDPECTaBAATh
MHTErpanl, B3ATHE 06a B GECKOHEUHHWX MPOMEXYTKax, mo dopmyne

o © © R
§ay {7 (nyyae= ax { F(ns)ay. ()
c o a

c

Onpasaate Takyio NepecTaHOBKY YacTO NPEACTaBJSETCS KENOM CJOXHBIM
¥ KPONOTJ/IMBHIM,

Jlawb ans yskoro KJaacca ciyuyaes yaaercs oGocHosate opmymy (5)
o0uluME COOOpaXEHNAMY; Harnpumep:
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Teopema 5. Ilycms gynryus f(x, y) onpedesena u KenpepvisHa
047 XZ=@ u y==c u npumom HeompuyamearsHa. I[pednoao-
owuM, dasee, wmo oba unmezpasa

OSOf (x, y)dx, ff (x, »dy

RBASWOMCA Henpepu 8Ho ML YNKQUAMU, Nepsui— om y, a 8mo-
poii—om x. Toz0a, ecau cywecmsyem o0uK u3 08yX NOBMOPHHX

UHIME2Pas0s
0

afdv {rear [ar ‘Tf(x, »dy, ©)

[

mo Opyeoli maxsice cywecmsyem, u umeem mecmo pasercmeo (5).
Honyctum, 4rto cymecrsyer BTOpo# u3 muurerpazos (6). I[lo
NpeNBAYILEMY CASACTBHIO, A1s M000ro KoHewHoro C>¢ OyheM HMeTh
C 0 o [o
de Sfdx_—_—deSfdy. 0
a a c

[

HopuurerpansHas GyHKIHS .
Sf dy
[4

UHTErpafa crnpaBa, Kak ¢yHkums oT x m C, HenpepusHa 0o X
[reopema 2 n° 296] u—c Boapacranuem C [0 GECKOHEUHOCTH —
BOBpacTas, CTPEMHTCA K (YHKHHU

Eof dy,

MO NPennoJ0kKEHUIO HEeNpepHBHOH M HHTErPHPyEeMOd NO X OT a Ao oo,
TNpumenns k unTerpany B npaso#t vacru (7) caexcrsue n° 296, moxem
B 3TOM HHTErpajie mepe#itn kx npefeny npu C-— 0O NOJ 3HAKOM HHTe-
rpaza. B TakoM Ciyyae He TOJBKO CYWIECTBYET M INpPEAeA HHTErpana
B Jaepo#t vactu (7), 7. € mnepsui#t u3 muterpanos (6), Ho u o6a moBTOP-
HHX MHTErpaja OKasHBAIOTCS PaBHHIMH.

306. MuddepennupoBaHHe MHHTerpana mo mnapamerpy. OrtHocs-
HIYIOCsi CIOAa TEOpEeMy MH BHBEAEM H3 TeopeMbl 4 NpedBAyUIEro Ho-
Mepa, HaniogoGue Toro, kak B n° 270 Mu JNOKasai: Teopemy 5, onu-
pasc, ua teopemy 4 n° 269.

Teopema 6. ITycms Gyuxyus f(x ), onpedeseHras u Henpe-
pueras no x 048 x==a u y 8 [c, d], umeem i1 yxasawnmx 3Ha-
YeHull U Henpepuenyl0 No 00eUM NePeMERHbM Npou3sodnyw fy(x, y).
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Ilpednonoaicun, daree, 4mo unmezpanr (1) cxodumcesa 04 scex y
8 [c, d], a unmeepan

{705, ) ax ®)

He MOABKO CYUeCBYEN, HO CXOOUMC PQ 8 KO M E P H O OMHOCUMENLHO Y
8 mox oace npomegcymre. To20a npu awGoxu y u3 [c, d] useem mecno

dopauyra
I'(y)= Sfy (x, y)dx.

Tpumenns x ¢Qyuxumn fy(x, y) Teopemy 4, aummp 3amenu d Ha
moboe y (c<<y<Cd), OylaeM MMETH

y
fo
:

ER Y]

Iy (x, )dx————§o S‘ Iy (6 ) dy=

8

= {706 yyde— Sf(x, 0 dx.

)

Tak 'kak mnopmuTerpajbHas (YHKUUS MHTErpaja cJAeBa, T, €. HHTerpan

S?f& x, y)dx,

a

€CTb HerpepsiBHas ¢GyHKUHMs OoT y [mo Teopeme 2 n°804], To mmTerpan
cresa OyneT UMEHHO ee MMeTh CBOeH nponssoaHofi mo y [n° 183, 12°).
CremoBarenbHO, Ty e TpousBoAHyio OymeT umeTh W uHTerpaa (1)
B TOCHEAHE! YacTW PaBEHCTBA, DAasHAWMHCA OT MHTErpaja CJeBa JuuIb
na nocrosuuyto. Teopema noxasana.

307. 3ameuanne 06 HHTErpaJax ¢ KOHEUHBIMH npenenamud. Mu
HOAPOGHO PAaccMOTPENM BONPOC O CBOHCTBAX WHTErpana

10)={ 7y, 1)

IS KOTOPOFO eQUHCTBEHHBIM O C 00 B M 3HaueHueM X Owina ©o. IlomoG-
Has Xe Teopus MOxkeT OblTb pasBuTa M JJs1 Clyyaes, Korma ocoloe
sHaueHue x OyIeT KOHEUHBIM, HalipuMep, COBNAaZeT C BEPXHMM Hpene-
JOM b uurterpasaa

b
l(y)=Sf(x, y)dx.
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Bo Bcex NOKa3aHHMIX YTBEDXASHHAX MOXHO POJb OO OTBECTH UYHCAY b,
3aMEHMB IOBCIOLY DaBHOMEPHYI0O CXOZMMOCTh [PH X==00 DaBHOMEp-
HOH ke cxoaumocTeio npu x==~» [n°303]. Bor, Hanpumep, Kak mepe-
(ppasupyercs teopema 1:

Teopema 1% [lycms Gynrgus f(x,y), onpedesennas 04s
a<<x<b u daz y us Y. 1) nempepusna no x u 2) npu y—y,
cmpexmumcs K npedeasnoll Pynxyuu ¢ (X)—pas8HOMEPHO OMHO-
cumeasno X 8 Kaxcloum npomeycymre [a,b—v]. Ecau, csepx mozo,
3) unmeapan (9) cxodumcs pa6HOMEPHO OMHOCUMENLHO J 8 00-
aacmu Y, mo

b b
lim fuwﬁm:SQQMn
Y=oy S

Koneuso, MOXeT CIyuuTbCd, YTO HAJINNO fABa O COOBLX 3HAaueHHsd X,
CKaXeM, X==a M xXx=00 B TOM xe unTerpaite (1). MoxHo nepenecru
BCE YTBEpKIEGHHA W HA STOT CJyuaHf; uyacTo, OOHAKO, NpPENCTaBAAETCA
yAOOHBIM MONpPOCTY NPEACTaBuTh MHTerpa’x (1) B BHIE CyMMB ABYX

°§°=§b+°§° (@< b <o)

¥ NPUMEHHTh H3JOKEHHYI0 TEODHI0O K KaXAOMY M3 CIAraeMblX B OTHEMb-
HOCTH,

308. BeiuncieHne HeKOTOPHIX HeCOGCTBEHHBIX MHTErpayos. Teopms
HHTErpaJioB, 3aBUCAIUX OT napaMmerpa, ¢ 10J1b30H4 NpuaaraeTCa K Bhi-
YUCJIECHUI0 MHOTHX KJaCCHYECKHX HECOOCTBEHHBIX WHTErpanos.

1°. Tlocrasum ceGe sanayeit BounCIeHue uuTerpana (diuep)

IMpexne Bcero, ycTaHOBMM, OAs1 KAKUX 3HAYEHMH MapameTpa a@ STOT
unTerpaa BooOwe uMeeT cMBCA OcoGH e SHaueHus: x =00, Xx==0
(mpu a==1 nocreanss T0uKa ne Oymer ocoG6oi). PasoGbeM uuTerpan
Ha JBa:

E=&+&=S+§;

nepsoifi cyulecTsyer npm a >0, u6o Torma— ecan @< 1— nomuHTe-
rpambHas ¢yHKuus npu x->0 Oyner OeckoHeyHo OGoabIuoH, nopsmka

1
1—a<{1, no cpasxenuio ¢ [n°290], a Bropoit —npu @< 1: Torma
noguurterpaapias GyHKUMS npu X —> 00 OyAer OeCKOHEUHO Maao#
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nopsska 2-—a > 1, N0 cpaBHeHHUIo ¢ -i—; [n® 285]. WUrak, paccmarpupaeMbfl

nurerpan cxomurcsd, ecmm 0<a<l; B 3TOM NPEANONOKEHHH H 3ali-
MEMCSl €ro BHMHCIEHHEM.
Ins 0<x<{1 mMeeM pasnoxenme B PAg

o]
a~1
= e
=0

KOTOPHH CXONMTCH paBHOMEpHO, Jimb ecm 0<e<x<<1—e&' <1,
Ho yactuynas cymma umeer uurerpupyemyio B [0, 1] maxopanty

n—1
a—i —
o< 20(—1)"‘.’:““"‘1: A e,
p.=

CRENOBATENLHO, HHTErPad OT Hee CXOAUTCA PABHOMEPHO Kak npu x==0
Tak B npn. x==1, Murerpupys mnounesHo no (MoaudHUHPOBaHHOH
Teopeme 1, noayqum:

o 1 oo
Elzz § (—1)Px®0 g o -———(a——;): .

p=0 p=0

1
Wurerpan E; noacraHosxoi X == OPUBOAUM K BHAY

1
x e x-ar-1
EQ=OS TFx dx-.——ds‘——l—_rx—dx.

TIpumenss yxe MoayueHHOe BHLIE PasioxeHHe, Hahmaem:

&ﬁsz

p=1
Taxum o06pasom,

et 5 o (b ate)

Mu yxe BCTpeyan: <pa3JOXeHWE Ha NpPOCTHe MAPoOH> QyHKUUH
—-———si; 7 [B n° 293, 3% cm. mmxe n° 406, 3), sameuanne]:

D e ———
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Tlonaras sgech f==7a, NPAXOAHM K OKOHUAaTE/NLHOMY pE3y/bTary:
x -1
X& T
0

2°, [lns BWYUCACHHS HHTErpana
o]

sin x
§ — dx

[cp. u® 293, 3°] sBemeM B paccmoTpenue Gosee ofwu# mHTErpan,
coepxamuit napamerp:

[(@)=— S e WL gy (a0,
0

u3 KOTOPOro NPEAJIOKEHHLIN uHTerpas moayuyaercs npu a==0. Mu ywe
3HAaEM, UTO MHTErpax [(@) CXOANTCA PAaBHOMEPHO OTHOCHTENLHO a,
s az=0 [n° 302, 3)], n, caemoBatessuo-—rmno Teopeme 2 n° 304 —
NPEJCTABAAET HEMPEPHIBHYIO (PYHKUMIO OT mapamMeTpa @ IAs YKa3aHHEIX
ero sHauennli. B wacruocry,

10)=lim I(). (10)

Hattnem teneps mpoussomuyio I'(e) mpu a>0. Hudbdepenuupys
TOA SHAKOM HHTErpajia, HOJy4uM
[oe] 1
4 ~aX o3 ——
I (a)._——*———OSe sinx dx == — T

[° 283, 5)]. Ilocaensu#t muTErpa’n CXONATCA DPABHOMEPHO MK
az=a, (rne a,— moboe ¢ukcupoBanHoe uMCIO, Goablwee Hyas),
o]

H60 MaNKOPHPYETCH CXOASMMMCA HHTErDATOM Se"“oxdx [n° 302, 1°);
]
nosTOMYy, N0 KpallHeR Mepe AJS YNOMSHYTHY SHaueHH#t a, NpHMeHeHue
Teopemst 6 n° 306 onpasmano. Ho Kakoe 6ut Hu B3sTe a >0, BCeraa
MOXHO BHOPaTh @y >0 TaK, uToGH OWA0 @ >a, 3HAaYMT, NOAYYEHHHH
pesyabTat BepeH Aas aAwboro ¢ >0. B Takom cayuae, aan a >0,
nMEEM
I(@)=C—arciga.

Ilna onpenenennss nocrosHHoft C  ycTpeMuM a4 K OO} TaK Kak

@< § e dr=,
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T
to mpu stom J(a)— 0, u C oxasbiBaeTcs paBHOH 5 OxonyateabHo,
Beuny (10),

oo

’(°)=s six;x dg =T

7.
0

3° Uro6n HAHOBO BHUMC/IUTH HHTErpas

o

=2
K-—§e dx

[cp. n°298, 2°], monowmum B mHeMm x==uf, rae i — mo6oe MOJOKH~
TEJAbHOE YUCAO; MBI HOHY‘H’IM .
o

K=u S e~ gt

0
VMHOXHM Teneph o6e YacTh 5TOr0 paseHcTBa Ha e du n TIpONHTe-
rpupyem mo u or 0 go oo:
> < %
K- § e du=K= S e udu 5 e g,
b b
Herpyano BnIeTh, 4YTO MNEPECTAHOBKA WHTErpaJoB BENET 3HECh

pecbMa OBICTPO K pe3yabrary. B caMom mesle, mocae NEPECTAHOBKH MO-

AY4UM
<0 oo

@
. —(+2n2 1 a_ =
K——SdtSe udzt.__2§—————-l+t2__4,
b0
oTKyZa (TaK Kak, ouesuuno, K >0)

V= |
2

o«
K=Se""2dx=
§

Jlas onpasmaHus NPOMSBENEHHOH MEPECTaHOBKU WHTErPAJOB NOMPO-

6yem npubersytb K Teopeme 5 n° 305. Ho B TO Bpemd xak uurerpan
o0

S‘ (I

1 1

ndn=- s

ecThb HempepuiBHasg Qynxuus oT £ aad Bcex t==0, unrerpaa
o0

§e—u+ts)u2 ndt=—e " .K
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— s i u >0, a npu u=0 obpamaerca B 0, Tepna B 2To#f TOUKe
paspuB. [lostomy npumenuts TeopeMy 5 HenoCpEICTBEHHO K INpPAMO-
yroabuuky [0, oo; 0, oo} meanss! Mm ee npumeHuM K NPAMOYTOJb-
Huky [u,, oo; 0, col, rae u, >0, noapsysco Tem, yro mHTErpan

o]

—(14£2) a2 1 1 ~(1+1%) 1,
Se udu= T TrE e o
Uy
ABASETCA HENpepHBHOK ¢QyHKuued or ¢ aaa Beex £==0. dtum omnpasas-

BAaE€TCs PABEHCTBO

(o] [ee] [ee] [ee]
S du S e ) ygp — S dt S e WD gy
uy 0 0 L)

Ocraercs JAullb, YMEHbIIas W, NEpEHTA 3I1ech K npeaeay npm u,— 0,
yTO B NPaBOH YaCTH MOXHO BHITIOJHHTL MOJ 3HAKOM HHTErpata—
Ha ocHoBaHun ciexactsus n° 304.

4°, Hakonen, oOpaTumMcsi K Tak Ha3mBaeMbHIM HHTerpanam Jlaniaca #):

(o] o«
cos ax d x sin ax
y=\Ered v =) dx
0 0

TIpexne Bcero OTMETIM pPaBHOMEPHYIO CXOAUMOCTH OTHOCH-
TeNbHO NapaMerpa @, CAENOBATENbHO (IO TeopeMe 2), M Hempepws-
HOCTb MO @ MEePBOrO W3 5TMX MHTErpagoB, ¥, U NPHTOM HAS BCEX
sHauenut =0 (cm. n° 802, 1)]. Orpanuumasch sHauewnsMu a >0,
¢ nomompio AuddepeHInpoBaHus MO @ M0J S3HAKOM wuHTerpasa (teo-
pema 6) yCTaHOBUM, UTO

L ez 1)
SHECh MBl OMUPAEMCS Ha PABHOMEPHYIO CXOAMMOCTh BTO POT O M3 HH-
TErpasios, 2, L% BCeX az==aq, rae q,—moboe QPuUKCHUpPOBaHHOE
NOJOXUTEAbHOE Yucao [cM. n° 302, 2)).

Haabuetiniee andQepeHuupoBaHne 1Mo @ NPOM3BOXUTH MOX SHAKOM
HHTErpa/a HEBOSMOKHO, MO0 B pe3yJbraTe TaKoro AugpdepeHunpoBaHus
noJayyunacs Obl yKe pacXOHSmMuMHCS uHTerpal,

Onuako, €c/M K HaNUCAHHOMY pABEHCTBY TOWIEHHO npHOABNTH pas
BeHCTBO {cM. Bhime 2°)

sin ax )
S e,

E
I
oty 8

#) [Ibep Cumon JI an n a ¢ (1749~—1827) — suinaonuuiics ppaniysckuit acrpo-
HOM, MaTeMaruk U (QH3NK.

*¥) Bnpouem, Iaa fajbHeHIIero HaM BOBCE HE HYXHO 3HaYeHHE STOr0 UHTE-
rpana; ROCTaTOYHO JNMIUbL 3HATh, YTO MpH Bcex a >0 OH COXpaHsieT NOCTOAHHOE
3HayeHue, a B 9TOM JIETKO yGeAuTbCA NPOCTOH MOJCTAHOBKOH ¢ = ax,
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TO MOJYYHM:
o0
dy | m__ g sin ax
Dok (Sx__—_—(k,_l_a,) dx.

3necy nuddepeHnMpoBaTs NOJ B8HAKOM HHTErpaja CHOBZ MOXKHO, H
TaKuM NyTEM Mbl HaljaeM

o«

[ T oS ax

da® T o kE 4 X3 a
0

T3K YTO

d!
=k
Jlast aTOr0 npocroro JuHeHHoro M depeHuUaNbHOro ypan-
HEHMA BTOPOFO NOPAAKA C MOCTOSHHBLIMH KOS(pHUMEHTaMH, MO KOp-
HAM & «XapaKkTepucTAYECKOrO YpPaBHEHHS», JErKQ COCTaBATh oOliee
pelueHne
y=Ce* -} Cye "2, 12)

rae C; ¥ Cy—nocroguune. Ho npu Bcex 3HaueHHAX @ BeauynHa y
OrpaHnyeHa:

o0
dx w
yl< (5'_13?:'*_,‘_2:'2—,;,

sHauutr, Heo6xoamMo C;==0 (u60 wuHave, npu a@-—0O, H BEMU-
yuna y GesrpaHuuyHo BospacTana Om). [las onpeneneHus xe NMOCTOAH-
not C, monoxuM =0, TaK KaK, BBHIY HENPEPHBHOCTH y, COOTHOIUE-
nue (12) coxpanser Culy M NpH STOM SHAYCHHH @; OYEBHIHO:

G=1;"
OKOHuaTeNbHO,
(o]
y= S i =gt (@0,
[1]

Orciona auddepenunposanneM [cm. (11)] onpenenserca u 2:

=S s’j'gfj k=" (@>0)
1]
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§ 4. SGUJEPOBBI UHTETPAJIBI

309. 3itnepor mwHTErpad nepsoro poxa. Tax naswmisaerca (mo mpex-
Joxenuo Jlexanxpa) wvuTerpan Buia

1
B (a, b)::Sx““ (1 — %) d, 0
1]

rae @, b>0. On npeacTaBiser QYHKUMIO OT JBYX NEPEMEHHHWX Iapa-
metpos @ u b ghynxyuro B («Beras).

Paccmarpusaemetit unTerpan, kak Mul snaem [n° 290, 3)], ans nono-
KHTeJBHHX 3HaueHn#A @ u b (XoTs Gl ¥ MEHbLINX €IUHHIMB) CXonurca ¥)
W, CJeN0BaTeJbHO, HEHCTBHTENBHO MOXET OHTh TOJNOXKEH B OCHOBY
onpenenenns gynxknuy B. YcraHoBHM HeEKOTOpHE ee CBOHCTBA.

1°. ITpex e Bcero, MOYTH HENMOCPEACTBEHHO (MOACTaHOBKOH x=1—f)

noayyaem: B (a, b)=B (b, a),

Tak 4To yHKuus B sBASETCH CHMMETPHYHOMR OTHOCHTENBHO @ u b.
2°. C nomolbio HHTErpupoBaHua mo 4actaM u3 gopmyan (1), npu
b™>1, Haxomum **).

1
B(a, b)=§ (=0t d 2=

1
el — Pt b—1 -
=2 ax) L+ v Sx"(l——x)“dx:
0

i 1
==L (et — a0 (et — st ax=
b )
=2=1B@bt—1n—L=1BG@0)
OTKyZza
B (@ H)= 251 ” L B(a,b—1). @)

D1y GopMyay MOKHO NpPUMEHATb C UeJbi0 yMeHbllieHus b, moka
b ocraerca Goapuie 1; Takum 06GPasOM BCErAa MOXHO JOCTHTHYTh TOFO,
yToGB BTOpO#l apryment cran<s l.

*) HaoGopor, ecan 3nauenwe XOTH OJHOIO M3 mapaMerpoB 4, b Gymer << 0,
TO MHTErpa} pPaCXONMTCH.
#*) Msl HuCHONB3yeM NpH STOM TOXIAECTBO

X8 (1 — )02 = x071 (1 — x)P-2 — x84 (] — x)b1,
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BripoueM, Toro me MOXHO NOGHTBCR ¥ B OTHOWICHHH TEPBOro apry-
MEHTa, TaK KaK-— BBHAY CHMMETPHYHOCTH B — uMeeT MeCTto u JApyras
¢opmysa npuBEACHAR:

B, b)=——F+r a+b B(a 1, b) (@>1). 2"
Ecan b paBHO HATypaAbHOMY WYHCAY #, TO, NOCJAENOBATENLHO TpH-
MeHsia popmyay (2), Halizem:

n—1 n-—2

Bla, M= a+n—1 afn—2" """ a+1 B (e, 1).

Ho
1

B(a, )= §x“”dx=%.

Hosromy nas B(a, n) u~— onsoBpemenHo — mas B(n, a) noayuaetca
OKOHYATeJbHOE BbIpaXeHHe
1-2.3....-(n—1)

Bma=Ben=tagrvaty .. ati=n: O
Ec/n m @ paBHO HaTypanbHOMY UHCHY m, TO
(n— 1) (m— 1)
Bl m="Gra =

2Ty ¢opMysNy MOXHO TNpHMEHATh U npu m==1 wim n==1, ecan nox
cumosom 0! pasymers 1.

3° Hamum nas ¢yskusm B apyroe anainTHYecKoe npexacTaBieHme,
KoTOpoe uacto Oweaer nonesHo, Wmenwo, ecanm B unrerpane (1) npo-

U3BECTH MONCTAHOBKY X = rAe y— HOBasg IlepeMeHHas, usMe-

Y
4y~
Haomascs oT 0 40 ©o, TO U MOIyYnM

B(e, &)=\ )
Es

Ilonaras saecb b==1-—a (8 npemnoaoxennu, uro 0<a < 1), naligem

B(a, 1—a)=gly‘%dy
0

UnTaTelib YSHAET yke BBIUMCACHHHBIH BHINE MWHTIErDaJ, TAKKE CBA3LIBAE-
Muil ¢ umeHem Oitsepa [n° 308, 1°]. Ilomcrasnss ero 3sHaueHue, npu-
X04uM K ¢opmyne

B (a, l—a)——m O<al) ®)
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Ecau, B yactHocTH, B3TH

a=1—a=

vof —

TO NONYYUM:
11
B(?’_T)—_“'

Mbl orpanuuuMcs STHMM HEMHOTUMH CBOHCTBamu ¢yHxnun «bBera»
TIOTOMY, UTO — Kak yBuauM Hmxke [n° 311, 4°] — ona oueHs npocTo BhHpa-
KAeTCs yepes apyryio ¢yHxuMio — «["aMma», Ha KOTOPOK MEI OCTaHO-
BUMCS NOApOOHEE.

310. ditnepos MHTErpaJ BTOPOro poma. J10 HassaHue OHJIO nNpu-
cBCEHO JlexaHApOM 3aME4yaTe/NbHOMY HHTErpany:

o«

T'(a)= § x* e ¥ dx, (6)

xotopui#t cxomurcs mpu JaoGom @ >0[n° 290, 4)] *) u onpeneaser

oyaxyuo T (<ammar). Oynkiums I, mocne snemeHTapHHX, fABAsSETCA

onHOYM m3 Bawmeluinx (GyHKUMH #JAd aHaniu3a M ero npuaoxenn#t. Hsy-

uenne csoficte Qyskumu I, UCXOAS W3 €€ MHTerpajbHOrO Onpexnee-

HuA (6), TOCAYXHUT ONHOBPEMEHHO M TPEKPaCHHIM NPUMEPOM NpUMEHE-

HUA MSJOXEHHON BEHINE TEOPHM WHIErPanoB, 3aBUCAIIUX OT MapaMmerpa.
Ecan noaoxuts B (6)

x=ln%1—,

TO Hahnem:

1
T'(a)= g

1\a~1
(m—) da.
2z
b
Kak ussectno [n° 65, 2)],
1
Int =1lim n(l—zn),
2 n—>00
1
npuueM Buipaxenue n(l-—2") npu BO3PACTAHMM 7 CTPEMUTCA K CBO-
emy npeaeay BospacTtas®¥). B Takom ciyudae Ha ocHosaHmu n° 304
(crexcteue) u 307 .
1
T'(a) =lim n*?! S (1 —zn)*dz

n—x
0

*) [Ipy a << 0 unTerpas pacxXojurCs.
*¥) B 9TOM MOXHO YGenuThcss MeTofaMu KuddepeHuHanbHoro MCYucaeHus,

PaccmartpuBas BbhlpaWeHHe

Kak QYHKUMIO OT a,
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WM, ecn npuGerHyTb K NMOACTaHOBKe 2 == y™
1
I'(a)=lim n° (S Y1 —y) "t dy.
n-+oo

Ho, coraacuo (3),
1
§y"“(1-y)“dy=3(n, @)= o P

a-(a+1)-(a+2)-...-(a+n—1) *

Takum 06pasoM, OKOHYaTeNbHO, NPHXONHM K SHaMeHUTOH ¢opmyse
Dinepa — lNaycca:

4 1.2.3.... (n—1)
Tey=lm v Gy . Gra—D

31y dopmyay Dfuep eme B 1729 r. coobmua B nucbMe k [oababaxy, Ho
ona Obina 3a6uta. [aycc BHOCIEXCTBUM HMEHHO ee IOJOXKHI B OCHOBY CaMoOro
onpenenenun @ynxuun I (a) =T (a4 1). MHoro samnmanuch ¢yHxuue#t T' Jle-
wangp # Jlob6aueBckui, npruuem Jlo6aueBcku#t ucxoaua u3 cBoeobpasHoro ompe-
nenenua Gyskuun I', Hcnonb3ylomero GecKoHeYHHE PHIbL

311. Iipocrelimue crofictea dynkuuu I. 1° Dyuryus T (a), npu
scex 3nadenunx a >0, HenpepwsHa u uMeem HenpepséHbie e npo-
u3800Kbie Bcex nNopadrxo8. JLOCTaTOYHO HOKas3aTbh JHMIIb CYILECTB O-
Bauue npounssoaHu X Judpdepennnpys unrerpan (6) mom sHakoM
MHTErpana, NoJayyuM

-]
I (a)= Sx“" JInx-e*dx. s
0

[Mpumenenne npasuna JleROHHua onpaBaaHo TeM, yTo 06a HHTErpasa

1 ]
Sx““'lnx-e’xdx 4 Sx““-lnx-e"‘dx
0

CXOJATCA PaBHOMEPHO OTHOCHATENbHO @: NEpBH#t mpu x==0 pgis
a==ay, >0 (maxopanta x%—! |In x[), a BTOpo# mpu x=o0 aif
a << A < oo (Maxopanra x4 ¥ *)),

TakuM ke IyTeM MOXHO YOGenuTbCs H B CYUIECTBOBAHUM BTOPOH
npoussoaHoH

I (@) = S x5 (In %)t e~ dx a*
0

B BCEX nanpHeHuinx,

#*) Qaa x >0, oyeBHAHO, In x << X.
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2°. Vs (6), unrerpupoBaHueM no 4acTsiM, Cpasy MOJAyYaeM:

a é xle*dx=x"¢"* ;0—{- §x" e*dx,
T. €.
T'a41)=a-T'(). 8)

Sra dopmyna, NOBTOPHO NPUMEHEHHasd, AaeT
Fae+4n=@4n—1)-(a+n—2).....(a-+1)-al'(a). (8%)

TaxuM nyTeM Buyuchenne I' 119 nNpOMSBONBLHONO 3HAayeHHs apryMeHTa a
MOXeT OuTp mnpupemeHo k Buuncaenmio I' mis 0<Ca<<1 (uwim, ecom
yromso, s 1<a<<2),

Ecau B (8%) B34Tb @a==1 u npusaTh BO BHHMaHHE, YTO

o«

I()= § eFdr=1, ©)

TO OKaXETCH, 4To
T'(n+1)=n! (10)

Oynryus I' seamemcs, Taxum o0pasoM, ecmecmsenNuM pacnpocmpa-
HEHUEeM HA 00AACmE 410 0 6 X NOAONCUMEALHUX SHALERUL ap2yMeRma —
diynxguu nl, onpedeseHnol Aums 04T HAMYPAAGHBX 3HAYEKRUD N.

3% Xox nsmenenus dynkuun I'. Teneps M MoxeM cocra-
BuTh cee oOmee npeacTasacHue o nosesenun ¢ynkumu I'(a) npa
Bo3pacranun a or 0 jpo oo.

Us (9) m (10) umeem: I'(1)==T'(2)=1, Tak uro, no Teopeme
Ponns, mexcny 1 m 2 pomxeH Jexarh KOpeHb @, npoussozHoli IV (a).
Ora NpoOusBOAHAA IOCTOAHHO BO3pacTaer, W60 BTOpas NPOUSBOAHaS
I (a), xak BumHo w3 ee Bupaxenus (7%), Bcerma nonoxurensHa, Cre-
nosareaso, npu 0<a< a, npoussoanan I'(@)<0, u ¢yuxuus I'(a)
yOmBaeT, a npn @,< a<_co Oyzer I'(2)>>0, tak uro I'(a) Bospa-
CTaeT; IpH @==ga, HaIMO MHHHEMY M. BHuUuCAeHHe, KOTODOrO MH EHe
DPHBOIHUM, J4eT:

@o==1,4616 ..., min T (a) =T (a,) = 0,8856...

HutepecHo ycranoButs eme npesen aas I'(e) npu nprbmixenun
a K 0 wm x co, Us (8) (u u3 1° scHo, yro

r@="¢tl_ 1 o

npu @ —>-0. C mpyroit cropoun, seumy (10),

I' (@) >n!, mmb T0MBKO0 @ >n-1,
1.e. I'(@)— 00 8 mpu a— -} 0.
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Ppagux ¢ynxunu I' (@) npencrasnen wa puc. 5.
4°, Cpsisp MexAyY (PpyHKuUumaMu B

Yy u I Ias toro uro6bl yCTaHOBHTH 3Ty CBAI3B,
J T MB  TOACTaHOBKO# x =1y (f >0) npeobpa-
. ] syem (6) x Buny:
[eo]
3 l T (a) . a1 oty gt 11
/ @ Sy € . ( )
¢
2
r 3amenss 81ecb @ Ha a--b M OIHOBpEMEHHO
! t Ha 1-1, monyuum:
0 1 2 3 4z T(a+0d)

[0
b-1 ,— (142
a +t)a+b7= Sya+ 1-() y dy.
Puc. 5. 0

YmHOXEAM Tenep, ofe 4YacT# 9TOr0 paBeH-
crea Ha {*! u nmpouurerpupyem mo ¢ or 0 1o oo

(@ b)S g f;;m dt= S a1 d S YOt 1) 3 gy,
0 0 0

B unrerpane cnesa Mb yauaem dynxkumo B(a, b) [cm. (4)]; cnpasa xe
nepecrasuM uHrerpansi. B pesyaprare moayuum [c yuerom (7) u (6)):

oo [o]
I'(a--0)-B(a, )= S Y1 3 gy S £l Y gt —
0 [

= Sy““b"l e‘y-————r)fg) dy=T (a) g_y"‘i eV dy=T(a)-T (b),
¢ o

OTKyHa, HaKoOHel,

T(a)-T(b
B(a, b)=——T(—(();I%))—. (12)
TlpuBeneHHbI# MSANIHBIA BHIBOA STOrO COOTHOLIEHHS Dtiiepa npunaz-
nexur [upnxne. BrnpoueM, s 060CHOBaHHS €r0 HANIEKUT erle onpas-
JaTh TIEPECTaHOBKY HHTErPasioB.
Mpi cnenaem sTo, OrpaHWuMBasCh IOHayany MNPEANONOKEHUEM, YTO
a>1, b>1. Toraa a9 ¢ysxuun

191 ya-x-b—l e-(1th)y
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OKa3bIBAIOTCS BHIMONHEHHBIMU BCe ycao0Bua Teopembl 5 n°3056: sta ¢dyHk-
udst HenpeprBHA (4 NPUTOM fosoxuTeabHa) mas y=0 n =0, a
HHTET PaJIBl

(a1

a1 a+b-1 o—(14) y — —
t §y € dy——-I‘(d—l—b) (1+t)a+b

o0
YU e S 1 ¢ dt=T(a) y*! e
0

B CBOIO Ouepefb NPEACTABJIAOT COGOI0 HENpEepHBHbE (YHKUUR:
nepBuit — ot ¢t mns £==0, sropoti— o1 y aaa y==0. Cchika Ha Teo-
peEMY OMpABIBIBAET MEpECTaHOBKY HMHTErPalos, a ¢ Helo u Gopmyay
(12) — ang cayuas @ >1, b>1.

Ecan me usBeCTHO Jauwp, uro ¢ >0 u »>>0, T0—no JokasaH-
HOMY — HMEeM

iy Nre+1
Bla1, b= TEERIOSD.

A orciona, ucnoassys qopmyan npusesenns (2), (2) mns pynkumu B
n (8) maa ¢ynxkumn I, Jerko BHOBb NOAyuuTb Gopmyay (12), yxe Ges
HEHYXHBIX OFpaHnueHufl.

5°. dopmyana nonoanenus. Ecaim B dopmyne (12) nonoxurnb
b=1—a (cunraa 0<a<{1), 1o, BBugy (5) # (9), NOJAYYUM COOTHO-
1ieHue

K1
sin an !

I'(@)T (1 —a)= (13)

KOTOpOe M HasmBaeTcs GOpPMYJIOH HOTMONHEHU 5.
Ipu a==- orcona naxogum (raxk xak I'(a) >O0)

2
r(3)=v= (14)

Buninosnus B BHTErpase

% -z
Se dz=1y'n

g

NOACTAaHOBKY 2==x% MB BHOBb MNOJAyYHM Y€ HBBECTHHH HaM uH-
Terpai

Lo
e dx= V=
=,
1]
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6° ®opmyna Jlexannpa. Eciu B unrerparne
1 1 . .
Q-
B(a, a):——-Sx“"(l—-x)““dx:—_—_S[—l—_(%_x> ] dyx =
0 0 -
1
K 1 1 2 Ja-1
a—
0
CAENaTh MOACTAHOBKY

Vi

w[ —
l
&
I
v

TO TOMAYYHM

o
B(a, ) =g zgt T (1 — )t dt = By, a).

amenum B oboux cayyanx ¢ynxumio B ee Bripawenuem (12)
yepes I':

r@I@__ 1 r(g)T@
TQa) o1 I‘(a—{——;-)

Cokpawas ua I'(a) u nogpcrasnsas Bmecro I (—;—) ero 3Hauenue ¥ ®
[em. (14)], npuzem x popmysne Jlexanapa

I‘(a)I‘(a—}——é—)-—.__—Ql{;:lI‘(Qa).

CymecTByeT eme MHOrO ApYrux ¢opMyJs, BHABAMIOWUX riaybokne
csotictea Qynkumn I, Mol He uMeeM BOSMOXHOCTH OCTaHAaBJIMBATHCS
34eCh Ha HUX, PaBHO KaK # Ha cnocoGax npubaMKEHHOrO BHIYKCJIEHHS
sHauenuit camofi ¢ynxkumn I' w ee sorapudma. OrpaHuummcs ynomuua-
HueM o ToM, uro eme Jlexanap, ucroapsys cpofictea dymnkumy I' u
annapat GeCKOHEYHMX DANOB, COCTEBWJ Tabaully AECATHYHHIX JIOrapHd-
moe I'(@) nns a or 1 no 2 uepes 0,001, cuavana ¢ 7, a satem ¢ 12 ne-
CATHYHBIMH 3HAKaMH,

Hosas, yxe He snemenrtapuad, ¢yuxums I' sBaserca B Taxo# xe
MEepe OCBOEHHO# HaMW, KaK H NPHUBLIYHBIE HaM (YHKIHH, KOTODHIE MBI
HA8Ba/JU S/EMEHTAPHHIMH,
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312, NMpumepel. [puBeaeM Tenepb HECKOMbKO IPOCTHX NPHMEPOB HCIOAL3IO-
paHua QyHkuuu I,
1) Vnrerpan

1
(S XPH (1 — xm™)et dx ® g, m>0)

HONCTAHOBKOH X™ ==y Cpasy CBOLMTCA K SHIEPOBY MHTErpa’y IEPBOro pol:

r{Lir
e =)

2) BuuncauM uuTerpan

L

)
5 sin®=% ¢ cost~t p dp (a, > 0).

Ecan nmooxuts X ==Sin ¢, TO OH NPHUBENETCA K MHTErpasy
1 b

- =1

§ X971 (1 — x%) 2 dx.

Wcnoabays nmpenugymuft mpumep, CyAeM HMETh
®
7

a

(<

1o(a B\_ 1 (2
in6~1 b-1 = e P Yl Rl A Wl

gma reotein=33 (7. 3)=3 r(

B uactHoCTH, ApH b =1, DOJYYHM OTCIOAa

oo 718

o1 o dpe= Y. B \2)

58’“" pdy="5 r(a—i«l) .
2

Jlerko nposeputs, uro sTOR oOxHOH GopMysoft oxBarmsalorca B 06e dop-
Myas (5) n° 187,

Ecan me B mcxomHoM wuHTerpane Baate g=1-f¢ b=1—¢ rae |¢|<],
TO HallaeM (IpHMeHsAsa QOPMYRy RONORHEHHSA)

z
freram s (4950592
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3) PaccmorpuM, HaKoHeN, eule MHTErpan

2 T
sin 1 x
S—x—d"’

rie p ¥ ¢ — B3aMMHO TPOCThiE He U e TH bl € HATYPaAbHBIE yHCiIa.
[lepenucas uHTErpan B BUIE

¢k sin x

S sin ¢ x.- dx,
x

0

upumMenuM K HeMmy obmyio dopmyay JloBavesckoro, ymomsuyryio ma crp. 135,
Ycnosus:

fixt+n=5f(x)ufEr—x)=7£(x)
NpH KOTOPHIX 9Ta (hopMmyna BepHa, Aaa GyHKUUH

pP—q

fxX)=sin 7 x

sunonsens, Takum o6pasom momyunm [cMm. 2)]

o) 2
¥ p_ _ T J’_.)
S X o= sin?  xdx= V=, 2 ;
* T (p =+ q)
by 0 %

M3 sTuX HEMHOTHX NpPHMEPOB YHTATENI CTAHOBHTCHA ACHBIM, HACKOJBKO —
6naronapsa BBEACHWI0O QYHKUuME I’ — pacmmpaloTCA BO3MOXHOCTH NPeNCTaBJIeHUs
MHTErPanoB B KOHEUHOM BHJE Yepes H3Be CTHb e QpyHkunn. UHoit pas, naxe
ecimu GyHkuua I' u He BXONMT B KOHEYHHH pe3yabTar, HOAyueHHe ero obmer-
yaeTcsA MUCIOJIb30BAHNEM CBOHCTB 3TOH (YHKUHH.

313. Hcropuueckue 3ameuaHHsi O NepecTaHOBKe ABYX NpeleNbHbIX
onepauui. llesbio 3TOrO 3aKAOYHTENLHOrO HOMEPA SABAACTCA CONOCTABICHHE —
B HCTOPHYECKOM OCBELIEHHH — BCEI0 CKA3aHHOTO B DasHbLIX MECTax Kypca no
NOBORY NepecmanosKu 08yx npedersivix onepayui. Ilojx «mpefensHoll onepa-
uHeld> Mbl Pa3yMeeM 31eChb He TONBKO HeNoCpeCTBEHHO IpenedbHb i nNep e-
X0 1Mo KaKoMy-nu6o M3 apryMeHTOB paccMaTpuBaeMoil QYHKLUW, HO M IpYrue
Ofnepanud, B KOHEUHOM CYETEe NPUBOLALIMECA K TAaKOMY NpPefelbHOMY Nepexopy,
KaK-TO: CyMMUpoBanue 6ECKOHEYHOrOo pajia iudpepeHuupo-
BaHWe QYHKUMH Y, HAKOHCH, NHTETrPUPOBAHUE QYHKUUYN MEXK Y
NOCTOAHHHMU IpENenaMH (B COOCTBEHHOM Wil HeCOGCTBEHHOM CMbICHE).

B n® 131 Gnhia peub 0 paBeHCTBE IBYX MOBTOPHHIX NMpENENOB

lim lim f(x,y) :xlirr; ylimb (x5 9). (15)

y—=bx—a

Mpi BUZEAH, YTO NMOZOGHOE DABEHCTBO HMeeT MeCTO He BCeria, M YCTAaHOBUIH
HEKOTOpble yCnoBusd, 06eCneunBalomiue ero CnpaBeAIuBoCTb, AHAIOTHYHLIM GbiN0
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noaoxenue Bemed u B n° 147 MO OTHOWIEHMIO K PABEHCTBY NBYX CMEIIAHHLIX
NIPOU3BONHBIX

Dy Dx f(x 9 =D, D_y f(xr y) (16)

Tnasa XVI («®yHKIHOHAAbHbIE TTOCAEOBATEALHOCTH ¥ PAAbI») TMABHLIM 06pa-
30M GblIa NOCBAIIEHA HMEHHO BOMPOCAM PacCMaTPUBAEMOro THHA: TaM M3YYAIHCh
YyCNOBH#A, NMPH KOTOPHIX OKassiBajach J03BONHMTEAbHON INepecTaHoBKa OTM ep a-
HHN CYMMHPOBAHHA OECKOHEUYHOIro pAfa—C OGWYHEIM W pe-
pleIbHBHM nDepexonom [n° 266, 268, nudppepenunpoBaHueM
[n° 270] u wunrerpupoBanmem [n° 269). Hakomen, To xe MOXHO cxasaTh W 00
OCHOBHOM COJEDPXAHUM HACTOANLEH [NaBH; TONBKO Ha STOT pa3 ONHOH u3 mepe-
CTaBAsIEMbIX ONEpauuii HeM3MeHHO fABAANACh ONEepanysa MHTErpHPOBa-
HH 4, KOTOPYIO Mbl — IpH COGMIONEHHH M3BECTHHIX YCAOBMH — TaK e HOCAEN0-
BaTeJAbHO INEPECTABAANM C APYTHMM NpeJedbHbIMH onepaudamu [n° 296—298,
304—307

Eme samonro go Toro, Kak Te omepauyy, o KOTOPHX 34eCh MAeT peyb, Ouan
0CO3HaHb KK <HpefelbHsle» (2 9TOT MPOIlecC 3aBEpLIHNCH, KaK M3BECTHO, JKUIb
¥ navaay XIX Beka), nepecranoBka ABYX TaKHX Olepauuil IPOYHO BOILTA B MaTe-
MaTHyecKylo npaktky. Ona (aKTHYecKH OCYU[eCTBASETCH Jax¥e OCHOBOIOIONK-~
HHKAMH aHalu3a: BCIIOMHHM MOYleHHoe Aud@epesuupoBaHne ¥ MHIEIPHDOBaHHe
panos y Heiotona, Jlefi6Bnna n ux COBpeMEHHRUKOB, a TaKxke <NpaBuiao JlehGHunar
Ias auddepeHnypoBaHus uHTerpasa no mapamerpy. C Takoll NepecTaHOBKOH Mbl
HenpepHIBHO BCTpeuaemcs ¥ Ha BceM mnporaxenmn XVIII Bexa, uwame — Ge3
060CHOBaHHsA, a MHOH pa3 W C J0KAa3areabCTBAMY, Pas3yMeercd, HA ypoBHE CTpO-
TOCTM TOTO BpeMEHNW; Jis NpUMepa YIOMaHeM paccyxmenus J#aepa u Krepo,
oBocHOBbIBAIOIME NepecTaHoBKY a8yx Aubdepenumporanunit (1739 r.). Moxkuo
CKa3aTh, YTO B HCTODHM MAaTeMaTHYeCKOro aHAAM3a NepecTaHoBKa JABYX npejenb-
HBIX ONepauui BCEria CIYXHIa MOTYINECTBEHHHIM CPeNCTBOM JJaA MONYYeHHs
MHOFHMX OGIMMX YyTBEPXIEHNH 1 OTAeTbHEIX MaTeMaTHYecKux akros. Ho — Henpa-
BUMbHO NpPUMEHEHHAs, OHAa e fBAANACh MCTOUHMKOM OLIHGOK M NapajoKCcoB.
Camas MBICIb O TOM, YTO TNlepecTaHoOBKa JBYX MpelelbHHX ONepanuii He Bceria
J03BOANTENbHA, CO3PEBala MeLIEBHO — HMEHHO Ha OCHOBE aHanuM3a OMmHOOK, H
crenanach obmum gocrosHueM oxogo cepeaunn XIX Beka. Crporoe xe o6ocHo-
BaHMe TIPUBLIUHBIX B aHaluH3e CIy4yaes TaxKoH nepecTaHOBKH Gbii0 3aBepUICHO
NpUMEpHO /Miib K KOHILY BEKa.

[lo OTHOMIEHHIO K NPOCTEHIIeMY BONPOCY O NEPECTaHOBKE HBYX n}genenbﬂm
NepexoioB ACHOCTL GhIa NOCTULHYTa, €CTeCTBEHHO, paHpmie Bcero. Ha pyGewe
XVII n X1X BeKoB Ha NMPOCTHIX NPHMepax yme GblIO0 OTMEYEHO, YTO PAaBEHCTBO
(15) MoxeT He HMMEeTh MeCTO, T. €. YTO MNOBTODHHEM INpejed HHOM pas OKashl-
BaeTCA 3aBUCAILMM OT TOI0 MOPANKA, B KOTOPOM IPOHM3BONATCA NpeielbHbie
nepexonp. B ogpot samerxe Komm or 1815 r. &nyénnkonanﬂoﬁ B 1827 r.) mMu
HaxXOJliM I0C/He0BaTeAbHOE ¥ MPaBUIbHOE H3JIOMEHHE ITOTO BOMpoca.

Touno rak we xak Kommu, Tax m I'ayccy 6bi10 M3BECTHO, YTO TOPANOK HHTE~
TPUpOBaEMii B MOBTOPHOM HHTEerpane, €ci¥ NOJAMHTErpadbHas (YHKIMA TepHuT
pas3puiB (Hanpumep, obpamiaeTca B GECKOHEUHOCTb), HE MOWeT ObTh 6e30roso-
POYHO M3MEHEH. Ho OTCIOXa 6n1710 €eHle AajeKo JO0 siCHOCTH B OTHOIUEHHH Iepe-
CTAaHOBKH JBYX NIpejeibHbiX onepaunuit Boobiie.

Ham ywxe npuxomuaocs ynomunats [n° 281] neynaunpie nonsitky Komm naxe
H0KAa3aTh YTBEPXNEHHS O HENPEPHIBHOCTH CYMMBl PAJA HENPEPHIBHLIX (yHK-
Ui M O DOYAEHHOM MHTErpHPOBAHUM TAKOrO PANA, U3 KOTOPBHIX NEpBOe Cpasy xe
6bi10  onposepruyTo AGenem, a BTOpO€ BIOCHEACTBHH BhI3BANO BO3pAMEHUA
Ye6pména. K ckasannoMmy Mol 3gech go6asuM eme, yto B 1823 r. Komm nan
CTOXb K€ HEBEPHOE JOKa3aTenbCTBO GE30rOBOPOUHON NPHMEHHMOCTH <IPaBHIa
Jlei6Huna», oTHocsulerocs K AudepeHNHPOBAHUI0 HHTErpajza o nNapaMerpy,
H 9TO — HECMOTDS Ha TO, YTO TOrfa yXe OblI¥ H3BECTHbl NPUMEPH HENPHIONKH-
MocTu ynomanyToro npasmaal OTmetuM, yto B 1828 r. Ocrporpanckmii yxe AcHO
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TNOHHMaJ, YTO — B Clydae OGpaileHHs NOJMHTErpanbHOR ¢GyHKUHH B Geckoney-
HOCTb — Ak pepeHupoBaAHNE NOJ 3HAKOM HMHTErpala MOXeT OKa3aThCs Hexo-
nyctaMbiM. [loake Ha 9T0 06CTOATEABCTBO YKaswBadM M APYFHE aBTOPHL

B yueGHBIX PYKOBOICTBAX NO aHAAH3Y GeCKOHEYHO MAaJBIX eumie BIUIOTL HO
COPOKOBHIX TONOB HEPENKO NONajafuch HeBepHHeE YTBEPMACHHA, OTHOCAU{HECH
K paccMaTpUBaeMuM 3fech BompocaM. Hapany ¢ sTuM yMHOXAAHCb M NpUMephi,
NojYepKHBaBHIHe HEOOGXOAMMOCTh OCTOPOXHOCTH B 3THX BOmMpocax. Mui npuse-
IeM H3 HHX AMWb OAMH HanGosee paHHuft, ykasaHBu# ewe Pypoe:

(s} . ¢

sin a
{2
0

[n°® 293, sameuanuel. OueBuaHO, YTO
0

(v}
fim (;s'_s‘_“t_“idms fim i‘;ﬂ’.a:=o,
(1]

a0 a-+x0

¢ npyro#f we cropoHs, Au(depennvposanne STOFO HHTErpaza no m[apaMmerpy q,
BLINQJHEHHOE NOJ 3HAKOM HMHTErpalnd, NPUBOAHMT K PE3yAbTary

2
3 cos at dt,
0

JUOIEHHOMY CMHICIA NMPH BCex 3Havenuax a! [n° 283, 6)]

Crana OTYETAHBO OMIYHIaThCA HEOGXONHMOCTb YTOYHEHHS YCAOBHH, IPH KOTO-
PHX nepecTaHOBKA NPENEAbHLIX ONepauufi — TOro HWIH APYroro Tuna — OKashbl
BaeTcsi XONYCTHMON., DTOMY YTOUHEHHIO CIOCOGCTBOBANO BBEJEHHE B KOHIE
COPOKOBHX FONOB NMOHATHA DPaBHOMEpHOH cxoxuMocTH psana [n° 281] m poncreen-
HOTO MY TOHATHA PAaBHOMEpPHOH CXONMMOCTH MHTerpana [n° 301). Onnako camulit
fponece BHECEHHA Hajnexamei CTPOroCTH B M3XOXEHHE TOro KPyra BONPOCOB,
KOTOPHIMH Mbl 3JieChb 3aHMMaeMcs, NOTPeGOBal enle HECKONLKAX NeCATHIETHH.
Tak, nanpumep, nepsoe crporoe obocHoBanme dopMyan (16) Mm Haxomum y
Hisapna aumb 8 1873 r. Eme B 1892 r. Beabruitckan axajemus npucyamna
ne na Banae ITycceny *) npemuio 3a COUHHEHHe, TIe AaHH YCIOBMA Ru(pdepen-
UHPOBAHMA W HHTErpDHPOBaHHA NOX 3HAKOM MHTErpala, pPacHpPOCTPAHEHHOTO Ha
6eCcKOHeyHblt NPOMEKYTOK, H T. 1.

*) Mapap Xan e 1a Baaae Nyccen (pox B 1866 r.)-— coBpemeHHn#
Geabraiicknil MaTeMaTHK.



TJTIABA JEBATHAILIATASA

HESIBHBIE ®YHKIHWH.
OYHKIHOHAJILHBIE ONPEIEJUTENN *)

§ 1. HESIBHBIE ®YHKIIUH

314, Nonnrue HesBHON PyHKUMHU OT oxHoli mepemenHoit. ITpeano-
JIOWHM, YTO 3HAUEHHd JABYX TMEDEMEHHHX X M y CBA3aHH Mexay coGo#t
ypaBHeHHEM, KOTOpOe (eC/AH BCE YJEHH €ro MepPeHecTH Hajleso) B 00-

HIEM C/Iy4ae WUMECT BHA
F(x, y)==0. %))

3necs F(x,y) ecTs QyHKUMA [ABYX NEPEMEHHHX, BajaHHad B KakoH-
anGo obnactd. Ecam Afg KaKAOro SHAYEHHA X — B HEKOTOPOM IpOMe-
KYTKE — CyIECTBYeT ONHO MM HECKOJhKO 3HaueHH# y, KOTOpHE COB-
MECTHO C X YIOBJAETBOPAOT ypaBHenuio (1), To STHUM ompeneasercs,
OJHO3HAYHAs® MAM MHOTOSHauHas, @yHkuus y=f(x), A% KOTOpOH

PaBEHCTBO
F (% f (x))=0 &)

HMEET MECTO YK€ TOXAECTBEHHO OTHOCHTENbHO X.
BosbMeM, HanpuMmep, ypaBHeHHe

x! yl .
FtE =1 (13
OHO, OUYEBHIHO, ONpedeNseT y KaK ABYSHA4YHYIO OyHKIMIO OT X
B npomexytke [—a, a], uMenHo
[ —
y= o - Va’ — X%,

W ecnw BMmecTo y mnoacrasut, B ypasHenne (la) o1y dyHKuHO, TO
NOJNYYUTC® TOXKAECTRBO.

3nech yAanoCh Ha#T An9 y OueHb MPOCTOE aHAAUTHYECKOE BHIPa-
WeHHe 4Yepes x, Jaxe B SJEMEHTapHHX (YHKUMAX, HO Tak obcromT
Ien0 HANEeKO He BCeria.

*) Mponomxenne raas VII u IX nepsoro roma
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Oyuxuus y=—/(x) Ha3bIBACTCI HesBHOH, €CAA OHAa 3adaHa NpH
necpencTse HepPa3pPEMWEHHOr o (OTHOCHTENbHO y¥) ypaBHenus (1)
OHa CTaHOBUTCH M8HOW, €CIH pacCMaTpHUBaeTCi HENMOCPEeACTBeH-
Hasd 3aBUCUMOLTE Y OT X, Yuratemo ACHO, 4TO 3TU TEPMHUHBI Xapak-
TEpU3YIOT JMIIb CH0CO0 3afanusi QyHKuMH y=—=F(X) U He HMEOT
oTHOLIEHHsT K ee npupose. Crporo roeops, NPOTHBONOCTAaBJEHHE H e-
SBHOTO M fABHOTO 38afaHug (YHKIMH C NOJHOH YETKOCTBbIO BO3-
MOXKHO JIMIb, €CJIH MOH ABHBIM 3aaHUEM DasyMeTh SIBHOE aHaJHT M-
YyecKoe 3alaHue; eCa¥ Ke, B Ka4yecTBe SBHOro, HOMYyCKaTh 3aiaHue
¢ momoupio Mio60ro npasmaa [n°17|, To 3amanne QyHKuMH y OT X
¢ momoulbio ypasHeHus (1) HHYEM He Xyie BCAKOrO ApPYroro.

B npocrefimem ciyuae, xoraa ypasHenue (1) — anreGpaunyeckoe, T. €,
korga ¢yskuus F(Xx, y) €CTb neasif OTHOCHTEJBHO X H Y MHOTOWJCH,
onpegenseMas WM HesBHaa ¢(yHkuud y or x (BooOmle MHOrosSHauHasm)
HagbipaeTcd aJdreOpaumueckoB. Ecam crenenp ypasHenus (OTHOCH-
TEJbHO y) HE BBHIIE 4YETHIPEX, TO aareOpauyeckas (QYHKUMA NOMyCKaeT
IBHOE BHIDAOXEHUE B pANMKA/Jax, NPU CTENEHM BHIIIE YETHIPEX TaKoe
BHPOXEHAE BO3MOMXHO TOJBKO B BHUAE HCKJIOYEHHS,

Ceiinac nac 6ydem unmepecosams auus 80NPoc 0 ¢ YU eL m8osa-
Huu u OOHO3KQULHOCMU <HeABHOU> PyHKyuu (pasHo Kax u o
Opyaux ee cgoficmsax), He3aBUCUMO O B03MONCHOCIY NPedcmasums ee
8 «A8HOM> 8ulde anasumuieckoll ¢popiyroii. Bupouem, B 3TOH mocra-
HOBKE BOMPOC A/ HaC HE HOB; C YaCTHBIM CJIYYaeM €ro MHl UMEIH Ieo,
KOrja peub LiJa O CYWECTBOBAaHWW ¥ O CBOHCTBax O0OpaTHOH dyHKuKMu

i ypaBHeHueM y—f(x)=0

NepeMeHHas X ONpPeiensanach Kak <HeaBHas» (QYHKHUS OT .

IMoyuyutenpHa reoMeTpUYECKas TPAKTOBKa YKa3aHHOrO  BONpoOca.
Ypasuenne (1), npn M3BECTHHX YCJOBHSIX, BBHIPAXAeT KPUBYIO Ha MLIO-

P ckoctu [Hanpumep, ypasHerue (la), kak
M3BECTHO, BHIpaxaer asmmnc (puc. 6)); B
3TOM CAyyae OHO Ha3HIBAETCS HESBHbLM
ypasrerues Kpusolh, Bompoc saxmouaercs
B TOM, MOXeT Ju Kkpusad (1) (uim ee yacTb)
OBIFb BHpAXEHA OOBIYHBIM yDaBHEHHEM BUAA
y=f(x), ¢ onHO3HAYHOH yHKILKEH
ClpaBa;, reoMeTPUYEeCKH 3TO O3HAyaer, 4ro

Puc. 6, KpuBasa (WJd €€ 4acTb) Mapaselblo OCH Y
nepecekaeTcs Julib B OLHOH TOuKe,

Ecau MBI KeJaeM UMEThb OJZHOSHAUHYI0 (YHKIUMIO, TO, KaK BHIHO Ha
npEMepe TOr0 e SJMINCa, HYKHO OrFpPaHHYUThL HE TOJbKO 00.JacThb
USMEHEHNs X, HO W O6JaCTb H3MEHEHHs .

Mu Oyxem roBoputh, A KPaTKOCTH, YTO 8 HPAMOY20AbHUKE
(a, b; ¢, d) ypasuenne (1) onpedessnem y KaK OOHO3HALHYI
pyuryguio om x, y=7r(x), ecan npu xaxcdosm 3Hauenun x & npc-

N
]
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seacymre (@, b) ypasnenue (1) umeem oduw, U MOALKO OOUH, KOpeHs
y=r(x) 8 npomescymue (c, d).
OueHp BaXXHO TBEPAO YCBOHTb, UTO INpHM YKA3aHHHX YCJIOBUAX o0a

YpasHeHus
F( 3)=0 u y=f(x)

8 npamoyaoavnuxe (a, b; ¢, d) cosepwenno pasrnocuss-
Hol, T. € YIOBJETBODSIOTCA OJNHUMH U TEMH K€ TOUKAMH STOFO IPSMO-
YrOJbHUKA.

OGbiuno Hac Gyser MHTEpecOBaTh ompeneneHHas Touka M, (Xg Yok
VIOBJIETBOPAIOIAA ypaBHeHuo (1) (nexamas Ha KprBo#), U B  poiH
YNOMSHYTOTO MNPAMOYrOJbHMKA OyAeT ¢urypupoBaTh OKPECTHOCTb 3TOH
Touku. Tak, nanpumep, B cayuae zmnca (uepr. 6), OueBHAHO, MOXHO
yTBEPXKNaTh, YTO ypasHenue (la) ompenenser OPAMHATY ¥ KaK OXHO-
3HauUHYI0 (YHKUHMIO OT abCHUCCHl X B JOCTATOYHO MaliOH OKPECTHOCTH
mo6oit TOUKM 3Junca, Kpome BepuwuH ero A, A’ Ha GoJablo# ocwu.

315. CymecTsoBanne U cBoficTBa HesABHON ynxuuu. Tenmepp MH
YKaXeM IPOCTHE U JIErKO NPOBEPSEMBIE VCJIOBHS, OTHOCSIIHECT K M 3-
BECTHOH HaM ¢yHkuua F (¥, ¥), KOTOprEe OGECMEUMBAIOT HE TOJABKO
CyHIECTBOBAHAE ONHO3HAaYHOH HeABHOM (yHkuun y=—Ff(x), HO u Ha-
JMYHE Yy INOCJEAHER CBOMCTB HENPEPHIBHOCTH M XHPGHEPEHIHPYEMOCTH.

Teopema 1. Ilpednoroscunr, wmo: 1) gynryun F(x, y) onpedesena
U HENpepeLBHO, BMecme €O CBOUMI HACMHbLMI NPou3BoonsiMu Fy u Fy,
8 Hexomopol oxpecmuocmit moduku My (X, Vo)

2) F(x, y) 6 omoii mouxe obpawaemcs 8 Hyss: F(x, y,)=0,
Hanpomus,

3) npoussodnasn Fy(x, y) 6 Heii omaunna om wyas: Fy(x, y,) # 0.

Toz0a:

a) 8 Hexomopol oxpecmuocmu

Dy=(x,—3, %+ yo—7¥, y,-+¥)

mouxu My (X, Yo) ypasrenue (1) onpedessiem y Kark O00HOZHAHHYIO
dyrxyuw om x: y=7r(x);
6) npu x==x, sma Qysxyus npunumaem 3naderue ¥y f(xq)==y,;
B) 8 npomescymre (xq— 3, Xo—8) @yuxyun f(x) Henpepwsna n
T) OHa uMeem 8 IMOM NPOMENHCYMKE HENPEPBLEHYI0 NPOUIBOOHYIO.
HoxasaTeascrso: a) Ilycts, ckaxeM, Fy(x, y,)>0. B cuny
npeanoJoxeHHodl B 1) HENpepHBHOCTH MPOM3BOJHOH Fy, 3Ta NPOUSBOA-
Has Gyner NOJIOXKHUTEbHa
Fy(x, ) >0

n B AOCTaTOYHO MaJOH OKPECTHOCTH TOYKH (X, *).  BosbMeM
0 )

*) Hanpumep, B Tako#, rie BHIIOJIHACTCS HEPABEHCTBO
lF"v(x, y)_F:u(xo: o)l <F:y(xm Yo}
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BAMKHYTHH npaMOYroJbHUK
Y =[xy—¥, %0+ ¥; y,—¥, 35+ ¥,

HeMUKOM JIeXKalud B 95TOR OKpPeCTHOCTH, TaK UTO HaNUCaHHOE Hepaped-
CTBO MMEET MECTO BO BCEX €r0 TOYKaX.

Orciona cpasy BHITEKAeT, yTo — npd JoGOM NOCTOAHHOM X M8 MApo-
MexyTKa [Xy—¥, X9+ ] — F(x, y) kak ¢ysxums or y OyAET MOHO-
TOHHO BOosSpacTaome# [n° 111).

PR N j} /E%B»///’ 5
il

CraneM mnepenBuratbcs BAOJAb BE€DTHKaJH, NPOXOMsuEeH vyepes
T0uky My(xe yo) (Puc. 7), T. €. GUKCHPYEM X==Xx, TOraa pac-
cMarpuBaeMas Qynkuua F (x, y) ceenerca k dynxuun F (x,, y) OoT OHOH
nepemenHo#t y. B cuny 2), ona npu y==y, obpamaerca 8 0. B 10 xe
BpeMs, KaK MH ceftuac ycraHoBuaM, ¢yHKknus F(x, y) Bos3pacraer
BMECTE C ¥, TaKk 410 ;i y< Y, €e BHAyeHHs MeHblle HyJAd, a Aas
¥ > yo— Goabmie Hyas. B uacTHOCTH, CleAOBaTeabHO, OHa OyJET HMMeETh
BHayeHHs pasHHX SHAKOB B Toukax Ay (xg, Yo— 1) u By (¥ y,+¥),
HMEHHO

F(A)="F (%0 Yo—¥)<0, F(B)=F (xy yo+3)>0.

Ilepetinem Temeppr X FOPDHBOHTAaABHBM NPAMHM, NPOXOAAUIEM
uyepes 5TH TOYKH Ay U By, T. €. QUKCHpYeM Ha 3TOT pas y==y,— &
pau y ==y ¥. Iloayyarcs ne ¢QyHKUME OT OZAHOHN mMEpPeMEHHOH x:
F(x, yo—¥) B F(x, y+7?), xoTopse npu X ==X, UMCIOT: nNepsas—
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OTPHLIATE/IBHOE 3HAYCHHE, 3 BTOpas — noaoxuteasuoe. Ho mo ycnosmio 1)
STH (PYHKIMH HEmpepHBHH ¥), a noTOMy HalaeTca HEKOTOpas OKpecr-
HOCTD (X — 8, Xo-+3) Touku x,(0<C3<<¥), B xoTopo#h oGe yHk-
HMH COXPaHAIOT CBOH 8HaK **), Tak uro npu xp— 8 < x<xp8

F(x, 90— ¥)<0, F(s, yo4-)>0.

UHbiMu  CIOBAaMH, Ha HAXHEM U BepXHeM ocHoBanusx A;4, u BB,
HCXOAHOrO NPAMOYTOJbHUKA BIOJL OTPE3KOB MAMHH 28 ¢ LEHTpaMH B
Toykax Ay ¥ B, 3amanHas Qysxkuws F(x, y) HMMeeT OTpuUHATE/]bHHE
SHAYeHHUs] HA TIEPBOM U TIOJNOXHTEAbLHBIE — Hd BTOPOM.

duxcapyem B npomexyrke (xo—3, x,-}+38) aw6oe sHaueHue
X==X H PacCMOTPUM BEpTUKAAbHHH OTPESOK, COEHMHFOUIMH TOUKA

A(x, yo—?¥) u B(x, Yo+ ¥). Booas Hero Hama ¢yHKuMA CHOBa cBe-
nercst K gyHxumn F(x, y) or onHo# nepemenHo#t y. Tak Kak oHa He-
npepHBHa ¥) ©, KaK CKa3aHO, HAa KOHLAX npomexyrka [y, —¥, yp+¥]
HMEeT 3HAYECHU# Pa3HLIX 3SHAKOB:

F(A)=F(x, 32— <0, FB=F(x, y+¥)>0,
10, o Teopeme DBoapuano — Komwn [n°68], npu HexoTOpOM 3HaueHHH

y=y, comepKamenmcs Mexay yo—?& B y,--¥, a1a ynkmmun F(x, y)
o0paiaeTcs B HyJb:

F(x, y)=0.

V 3hech M3 MOHOTOHHOCTH QyHKuuu F (X, y) Credyert, uTo npu y==y
OyneM WMETb, COOTBETCTBEHHO, F(x, y)=0, Tak uro y ecTb enxmH-
CTBEHHOE 3HaueHue y B npoMexytke (y,—79, yy—3), xoropoe
COBMECTHO € X==X YynoBieTBopser ypasuenuwo (1). Ha Kaxcdom sep-
muKansbHOM ompeske AB naiidemcss moasko odna mouxa /T/I(}, ),

o6pamaan AEYH 4acms YPABHEHUS 8 HYAb.
Takum o6pasoM, B OKPECTHOCTH

Gy=(x—13, %8 yo—7¥, y?¥)

Touxku My(xg ¥) ypaBHenne (1), neficTBHTEABHO, ONpene-
AdeT y KaK OXHO3HAUHYI (YyHKnuio or x: y=7r(x)

6) B To e BpeMa NpembIAYNIEE pacCyxAeHue, BBHAY 2), MOKa3ul-
BaeT TaKkxe, 4T0 f(Xg)=y, VHmenHo u3 Ttoro, uro F (X, ¥9)==0,
yCMaTPUBAEM, YTO Yy U €CTh TO €NMHCTBEHHOE BSHAayeHue y B Mpo-
mexxytke (y—79, y,-+7¥), KoTOpoe COBMECTHO C X ==X, YLOBJETBO-
pser ypasHenumio (1).

¥) Mul DPeNNOAOKHUAN HeNpepHBHOCTb QyHKUHH F (X, ) 10 COBOKYNHOCTH
nepeMeHHBIX X, ¥, HO B TaKOM cAyyae OHa OyNeT HenpepuiBHA B N0 KaxKO#
fepeMenHol B OTAEIbHOCTH.
#¥) 1o caepyer u3 n° 37, 2). Cp. cxocky na crp. 181,
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B) Ilepexona Kk NOKas3aTeAbCTBY yTBEPxkAeHU# B) W r), Oyaem moxa y
pasymMerb HUMEHHO Ty HeaBHyw oyHkuuio y==j(x), KoTOpas onpe-
nensercsi ypasHennem (1) u ToxiaecrBenHo emy yaosJaersopser. Ilpupa-
IuM x npupamedde Ax, HapauleHHOMy sHauyenuio Xx - Ax Oyzer coor-
BETCTBOBATh 3Hayenne y— Ay=—f(x -} Ax), BMecTe C HUM YAOBJIETBO-
psiomee ypasuenno (1): F(x—-Ax,y -+ Ay)=0. OueBugHo, u npu-

pauenue
AF (x,y)=F (x - A%,y +- Ay) — F (x,y) =0.

ITpeo6Gpasyem Tenepn 3TO PABEHCTBO, HCHOMbL3YA (OPMYJIY KOHEYHBIX
npupamennit [n° 102]:

0=F(x+Ax,y4Ay)—F(x,y)=
=[F (x-+Ax,y+Ay)— F (x,y 4 Ay)] +
+[F(xy+Ay)—F(xy)]=
= Fy (x -} 0Ax, y + Ay) - Ax - F) (%, y 4 6,4) - Ay

(0 <8: 01< 1):
OTKyZa
Ay Fe(x+0Ax,y 4 Ay) @
AT T T F Gy ey )

IMpexne Bcero ycranosmM, uro npd Ax — 0 Gyzer u Ay—0, T. e.
yto (yHxuus y==f(x) nHenpepuisua, Vimeem

| Fext80xny oy

Ay
T Fyny 64y

Ax

Ho senpepuiBsas B & ¢Qynxuns |Fy| orpaHuueHa CBepPXy KOHEUHbIM
uucaom M[n® 137]
|Fel< M,

M B TO e BpeMs MOJOXKUTENbHAsA HenpepeBHas (yuxuus Fy, nMe-
womas B & Hanmenpliee 3Hauerue m[n° 137), Takke NOJMOXUTENBHOE,
OrpaHHyeHa UM CHU3Y:

Fy=m>0.
Tenepp JMerko HOMYYHTb OLEHKY
| <
Ax m
Hian
M
|Ay|< 2| Ax),

OTKYZJa U cJelyeT TpebyeMoe YTBEPMKACHHE,
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r) Bosspamasce kK paBeHCTBY (3), mpednonoxuM Teneps, uro Ax —O0.
Tak kak MB yxe sHaem, uTo Ipu 3ToM u Ay -0, TO, 1O Henpepsis-
Hoctu ¢ynxualt F', u F'y u ¢ yuetom toro, uto F', 5~ 0, cnpasa B npe-
JeJie ToJyyuuM

Fly(x, y)

TP, ()
Taxkos xe Cyaer m npemen JeBodf uacTu paBeHcTBa (3), T2k uTO CyLle-
CTBYET NPOM3BOJHAA y MO X:
_Fex ) 4
OA F'_y ()C, y) ! ( )

IMoncrasass ciona f(x) BMecTo y, moayuum

7oy e Ex (% F(X))
I O==Fc7e’

NOCKONBKY B UWCJAWTEJle U 3HAMEHAaTe/e WMEEM HenpepHBHbE (YHKLUUH
OT HeNpepHIBHHIX ke (YHKIMH U 3HaMeHaTeJp He oOpamiaeTcs B HYJIb,
OTCIONa ACHO, 4TO f'(x) — TaKke HenpepuiBHas ¢yHKmust, Teopema Jo-
Ka3aHa MOJHOCTRIO,

Taxum o6pasom, no csoficTBaM ¢yHkwun f (X, y), KOTOpas HaM JaHa
HEMOCPEACTBEHHO, MBI MOXeM CyIuTh O CBOHCTBax QyHxkumum y=f(x),
A KOTOPOH HEeNOCPEJCTBEHHOTO 3afaHns Mbl He nMeeMm!

Mu yxe ynommuain B n° 314 0 reoMeTpuuecKOH TDPAKTOBKE WU3YUeH-
Horo sjaech Bonmpoca. Ecam kpuBas 3anaHa «HesBHbIM» ypaBreHueM (1)
n B Kakoi-m6o ee Touke F'y % 0, TO B OKDECTHOCTH 5TO# TOUKM KpH-
Bas MOMeT ObTb BhIpakKeHa «fBHbIM» ypaBHeHnmeM Buga: y=jf(x). Pa-
3yMeeTcd, X W Y MOXKHO OOGMEHSTb pOJSMH: €CIH B HEKOTOpOH TOuke
F,#0, TO B €e OKPECTHOCTH KDPHMBYIO MOIKHO BHIPA3HTh <«ABHBIM® Ke
ypaBHEHNeM Apyroro Buna: x=—g(y). Jlnub B «ocobo#t> Touke [n° 210],
rae onHospeMmenHo u F',=0 n F',==0, Hama TeopeMa He HaXOJWT
NPUJIOKEHHUS.

316. Hesienas ¢QyHKUUSA OT HECKOJLKHMX HepeMeHHbIX. AHANOTHYHO
ypapuenuio (1), MOXHO pacCMaTpUBaTh ¥ YpaBHeHHe € OOJBLIAM UYHCJIOM
nepemenHnX. IlycTh, HanpuMep, umeeM ypaBHEHUE C TpDEMs [EpPEMEH-
HBIMH:

Fx)=y,= Jim 2

F(x, y, 2)=0. )
ITpn u3BECTHBHIX YCJAOBHAX STUM YDaBHEHUEM 2 ONPEHESETcs KaK <«He-
siBHast» QYHKLUS OT HBYX MEDEMEHHHX X H

z=h(x, y)

Kotopas, Boobule rosops, Oyiaer MHorosHauso#. Ec/im mnoacraBurh ee
BMECTO 2, TO OyNeM HMETb

F(x, y, h(x, ¥))=0 6
yXe TOKAECTBEHHO OTHOCHTEABHO X, Y.
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Mmu Gynem rosopuTh, YTO 8 napassesenunede
(@ b ¢, d; e, /)

ypasrenne (5) onpedeasiem 2z Kax OOHOSHAuHYIO (BYHKUUID Om X W Y.
z="h(x, ¥), ecau 048 awboii mouru (x, y), codepycauweiics 8 NpMo-
yeonsHUKE

(a, b; ¢, d),

ypasnenue (5) umeem odun, u moasxko o0ud, Kopens z=h(x, y)
8 npomesxcymre (e, f).
Ecau 5TO MMeeT MeCTO, TO Ypa8HeHus

F(x,y,2)=0 u z=h(x, )

8 napassesenunede (a, b; ¢, d; e, f) ovazsaomes cosepuerio
PABHOCUABHE MU,

B poanm Takoro mnapamnenenunexa oOwuHO OyZer (QUIypHPOBaTh
OKPECTHOCTSH HHTEpecylomlel Hac Touku Py (Xy, Vo 20)-

Cdopmyanpyem Tenepb OTHOCSILYIOCS K ypaBHeHuo (5) Teopemy.

Teopema 2. [Ipednorosxcunr, 4mo:

1) ¢byuxyusa F(x, y, 2) onpedesena u HenpepsisHa, Bmecme €O €80~
UM HACMHBLMU NPOU3BOOHHLMU, B8 HEKOMOPOL OKPECMHOCIU MOYKU
Py (X0, Yo 2o):

2) gynryus F 8 mouxe Py(xy, Yo, 2p) OOpawaemcs 8 Hyas; U,
HaKoHel,

3) npoussodnas F, 8 amoili mouke He pasHa HYAw.

To20a:

a) 8 Hexomopoii oxpecmruocmu mouxu Py(xe, Yo 2o)

Fp==(xg— A, Xo-+4; y9— &, yy4 4 2,—A", 2y 4")

ypasuenne (5) onpedensiem 2z Kak OOHOIHAUKYI0 BYHKYUIO om X U Y.
z=h(x, y);

6) npu x==2x, Y=y, 3Mma GYHKQUA NPUHUMAEN 3HAYENUE Z,:
h (%o, ¥0) = 20

B) Pyrryus h(x,y) Henpepeisna Nno COBOKYNHOCIMU CBOUX ap2y-
MEHMOB U

) OHa uMeem HenpepuigHsle dHce wacmmuvie npouldsodusie hs, k.

Ha mokasatennCTBE MBl OCTAaHABAMBATBLCA He OydeM, TaK Kak OHO
COBEpHIEHHO AaHaJOrMYyHO AO0Ka3aTENbCTBY TEOPEMBI 1.

Ha sror pas reomerpuueckuM oO6pasom ypasHenus (B) sBaseTcs
nosepxuocts, Ilpn ycaosun F, 70 B OKPECTHOCTH COOTBET-
cTByomeffi TOYKY MNOBEPXHOCTb BHIPANAETCHA ¥ SBHHIM yDaBHEHHEM
puga z==h(x,y). Eciu B Kakoh-1u60 TOUKE ONHOBPEMEHHO Fy=—= F;,=—
==F,==0, T0 TeopeMa HenpuJ0XnUMa — TOYKa «ocobas» [n° 213].
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317. Onpenenenune HeaBHbIX QYHKUHN H3 CHCTeMBl YpaBHeHHi.
Hakonen, B camom ofuwem cayyae MOxer OHTb /JaHa CUCTEMa W3 m
ypaBHeHHH# € n -} m TEpEeMEHHBIMH,

Fi(%1 ooos X3 Y1 +v0r Ym)=0,
Fg(x‘, evey Xps Yo eoey ym)=0,

e e e e e e 0]
Fon(X1, civs Xp3 Y1 ooes Y)=0.

3mech peub MAET 06 ONpENesieHHH STOH CHCTEMOR m TNEpPEMEHHHX
Yireees Ym KK <HEABHBIX> (QYHKUHMH OT 72 NEPEMEHHHX Xy, .v.y X,

.YX=f1(xh---» Xndooes .Vm=fm(xlr"" Xa)s

TAaK YTO TNpU TNOACTaHOBKe uX B (D) MmOAyyalTCH TOXAECTBA OTHOCH-
TENBHO Xpy.vey Xpe

Ioapo6uo Mw paccmoTpum  mpocrefimmft  cayvaft — cucreMy s
ABY X YPaBHEHHH C TpeMd NepeMEHHHIMH:

F(x,y,2)=0, G(x,y, 2)=0. 8

Togopsim, wmo 6 napasnesenunede
@ b ¢, d; e, /)

sma clicmema onpedessiermr y U 2z Kak OONO3Ha4Hue GyHKUUU om X
y=F(x), 2=g(X), ecau 041 KaH0020 3HAUEHUR X 8 NPOMEARCYMKE
(a, b) cucmenma ypasnenuii (8) umeem 00HY, U MOASKO OORY, cucmemy
pewenuti (y==f(x), z=="h(x)) uz npamoyzorsrura (c, d; e, f).

IIpu sTHX yCAOBHAX #CHO, 4TO CHOBa cucmena (8) 8 npederax
napaasesenuneda paGHOCULERA CUCHEME

y=f(%), z=g(x).

Mu Buze/u, YTO B BONPOCE O CYLIECTBOBAHHH OJHO3HAYHOH HEsABHOH
QyHxuuy, onpeneaseMoft o AHuM ypaphenuem (1) [uam (5)], pematouyro
poab urpano TpeGoBanue, uToGH B pPAaccMaTpUBaeMOR TOYKe, YHNOBJE-

TBOpAIOLLE! ypaBHeHMI0, He o0pamanace B HyJb IMPOM3BOAHAS FJ', [coot-

BETCTBEHHO, F’,] AMEHHO 1O TOol nepemMeHHOH, XO0TOpas nou-
JeXHT ONpeAeNeHHI0O Kak HesBHaa ¢yskuui. B sonmpoce xe o
CyWIECTBOBAHMH OAHO3HAYHHIX HEABHHX (QyHKUME y, 2, onpeacaseMblx
cuctemofi ypasnenn#t (8), K KOTOpOMYy MH Ceiyac nepexoA@M, aHajlo-
rHysy0 posp OyZer urpaTb ONpPEAEAKTEaAb, COCTABNCHHHH M3 YeTH-
peX YacTHHX MPOU3BOAHHIX OT (PyHKHMH, CTOAWMX B JEBHX YacTSX 110
NOAMAEKAUL UM ONPENECNECHUIO NEPEMEHHNM ¥ 1 2

Fy F, . ©

J=Jx,y, 2)= G,'v G,
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Teopema 3. [Ipednososcun, 4mo:

1) oynryuun F(x,y, 2) u QG(x,y,2) onpedesens. u Henpepui8HoL,
8itecme o 8ceMU CBOUMU YACHIHBLMU NPOU3BOOHBLMU, 8 HEKOMOpOL
oxpecmuocmu mouxu Py (xy, Vo 2,);

2) mouka P, yoogremsopsem cucmenme (8):

F (xl)’yo’ zo)z 0, G(xo’ Yo 20) =0;

3) onpedearumens J(x,y,2,) 6 5moii mouxe OmNLEH OM HYAS
J (X Vo 29) 7 0.

Tozda:

a) 8 Hexomopoll oxpecmrocmu

eﬂ:(xo———ﬁ, xo_{_s; yo___ar, y0+8'; 20—8", 2'0—*—6")

mouxu Py cucmema ypasHnenuii (8) onpedeasem y u 2 Kak o0HO3Hay-
noe gyuxyuu om x: y=4Ff(z), z=g(x);

0) npu X =x, smu EYHKGUN NPUHUMAION, COONIBEMCMBERHO, 3HA-
wenus yy u 2o f(X0) =Y & (X)) =24

B) 6 npomexcymre (x,—38, xo—+-3) dynxyun f(x) u g(x) nenpe-
PpbleHbL, U

I) umeiom wnenpepei8rsie gke npoussoduse f(x), g’ (x).

HokxasaTeabvctBo. Ilockoabky onpememuteas J B Touke
Py (%9, ¥9y 2,) OTAMYEH OT HyJd, BO BTOPOM €ro CTOJGUE XOTh OAUH
BJIEMEHT TAKXKE HE PaBEH HY/MIO B 3TOH TOUKE; NMyCTb, HANpPUMED,

F:Z (xo: Yo 20) # 0-
B Takom cayuae, mo Teopeme 2, B HEKOTODOH OKPECTHOCTH
Co=(%o— A, X0+ 8; yo— A&, 344 2,— A", 2,--4")

ToukM P, nepBoOe u3 ypaBHeHu#i (8) ompeneiser z KaK ONHOBHAYHYIO
GyHKIMID OT X # y: 2=h(x, y), CO CBOHCTBAMH, NEPEUHCICHHBIMU B
sai/oyennax 0), B) u r) sToll Teopempl. 3amenss B chcreMme (8) mep-
BOE ypaBHEHWE DaBHOCUJIbHHM eMy (8 npedesax &,!) ypasHenuem
z==h(x, y), NOAYYHM PaBHOCHJIbHYIO CHCTEMY

Gx, y, 2)=0, 2=h{(x, y).
R
Haxonen, ecau B G nogcraBute h(x, y) Ha MeCTO 2, TO IpUAEM K

GoJiee HPOCTOH, HO BCE €llle PaBHOCHJABLHOH CHUCTEME
®(x, y)=0, z="h(x, ), (10)
W——/
rjie s KPaTKOCTH MEl TIOJIOMHM

D (x, »)=G(x, ¥, h(x, y). (11)

Takum oGpasom, MBH CBeqm 8agady K JOKasaTeAbCTBY TOrO, UTO B
HEKOTOPO# (cozepxauielics B &) OKPECTHOCTH offy Touku P, cucTema
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ypasHenuit (10) onpenenser y m 2z Kak oONHO3HayHbE GYHKUHA OT X,
obGnanaomne Bcemu TpebyeMbIMH CBoHcrBamu, BoCnosp3yeMcss e TeM
yHEOOHEIM 11 Hac oOCTOSTe/NbCTBOM, uTO mnepsoe u3 ypasHennt (10)
COIEPHHUT TOMADbKO MEPEMEHHEIE X, ¥, U NDUMEHMM K HEMy yXe HO-
Ka3aHHylo TeopeMy 1: ecad HaM YAACTCHd YCTaHOBUTh, UTO STHM YpPaB-
HEHHEM y ONpelenseTcs KaK ONHO3HauHas (YHKUMSA oT x: y=f(X), TO
u 2 yxe Ges Tpyla ONpeneauTcs KaK OAHO3HAYHAA QYHKUUS OT X MO
BTOpOMY u3 ypasHeHutl (10):

z=h(x, f(x))=g(x). (12)

IMpuctynas x npoBepKe BHIMOJHEHHs YCJAOBMR Teopemst 1 masa yHk-
nan §, OTMETUM, NpEXIE BCETO, YTO

h(xyp y)=2, (13)

[6) Teopemn 2], u B cuay HenpepsiBHOCTH ¢ynkuun h(x, y) B Touke
My (xy, ¥,) 3Hauenue 3To#t dynkuuu BOIU3M M, pasHATCA OT Zy CKOJb
yrogHo majo. Toraa B HOCTaTOUHO MaJAOH OKPECTHOCTH TOukA M, QyHk-
uus @ (x, y) Oymer HenpepsiBHA, BMeCTe CO CBOMMH YaCTHHIMH MpO-
V3BOAHBIMK, NMOTOMY u4TO TakoBn ¢ynkmunm G(x, y, 2) (86ausn Py) u
h(x, y) (8B6ausu M,), n3 KOTOpHIX OHa cocTaBieHa [cm. (11)].

Touno Tak k€ BHNOMHAETCS YCAOBME 2) TeopeMmm 1

D (x ) =G (xp Yo B (%0, ¥0))=GC(xy Yo 20)=0,

B cuny (11), (13) u npeanosoxeHus 2) HacTOsIER TeOpPEMBI
Ocraercd NpoBepUTh BHIMOJHEHHE YycaoBus 3) Teopemul 1. udde-
penuupys (11) mo y, natizem

O, (%, y)=G, - G, -k, )
Ho k), moxer Guth noayyeno muddepesuuposarneM no y roxzecrsa (6):
: : F,
Fy-+F-h\y==0, otkyna h =_F;",

2

TMoacrapass 310 Beipaxenue B (14), nmpuaeM K pesyJabraTy
' J
O Bt Ry L R—
Fz F,
NpUYEM CNIPaBa BMECTO dapryMeHTa 2 BEe3f€ HOMKHO OBTb MOACTABJIEHO
h(x, y). Touke M,y(xy, yy) caeBa oTBevaer, BBuay (13), Touxa
Py(xX9, Voo 20) cnpaBa. Tak kax, no ycaosuio 3), onpeageautreas J B
TOUKE P, OT/IMYEH OT HyJs, TO 5TO CNPaBEMJINBO M OTHOCHTEJNLHO IIPO-
nssonHol @), B Touke M.
Tenepp MBI yxe BHpaBe NPHUMEHHTb K YypaBHeHnio & (x, y)=0
TeopeMy 1 W yTBepxkAaTb, YTO B HEKOTOPOH OKpPECTHOCTH TOukH My

0 —3 X+ Yo—¥, yo4-¥)



190 TJ1. X1X. HEABHBIE ®YHKUMH, $YHKUHOHAJIbHBIE OTIPRARJIUTE/IU [317

(rre 0<8<CA, 0¥ <A) 310 ypaBueHue, AeHCTBHTENLHO, OTNpele-
MET y Kak ONHOSHAyHylo ¢yHkmuio or x: y=f(x), a Torma (xak
yxe oTmeyanocs) dopmyaa (12) onpemeiuT M 2 KaK OZHOSHAUHYI0
dyHkuuio o1 X.

3a OKPECTHOCTb of), O KOTOPOR WAET peub B 4), MOXHO B3ATH
napannenenunen

(0—3, X018 yo—¥, yo-}-¥; 20—¥", 2,4V,
nonaras 8"==A". 3axmouenus 6), B) W I) TEOPEMH ONPABILBAIOTCA
ceoficteamu  dynkuu#t f(x) m k(x, y), KoTopme cOpPMyIMpOBaHH B
Teopemax 1 u 2,

M snecp Teopeme MOMET OITb AaHO T'EOMETPHYECKOE HCTONKOBAHUE,
Cucrema (8), BoOGile TrOBOPA, BHPAXKAET KPHBYIO B NPOCTPAHCTBE —
nepeceyeHue JBYX NOBEPXHOCTEH, NMPENCTABASEMHX KAKAHM H3 ypaBHe-
Hult noposub, Ecm B HEKOTOPOH TOYKE OT/AHYEH OT HyJs Kako#-iu6o
U3 onpejeJquTeNed BTOPOrO MOPSAKA MATPUUB YaCTHHIX MPOHU3BOLHHIX:

(F,;, Fy, F;)

G.’x! G_ys G'z !
ckaxeM, onpesenutrens (9), To B OKPECTHOCTH PacCMATPHBAEMOH TOUKH
lse W3 KOOPIAWHAT (B MAHHOM CcJayyae: y M 2) MOryr GHTb paccMmarpu-
BaeMH KaK (DYHKUMM TpeTbeH (X), T. €. KpuBag MOXET OHTb BHpPaXeHa
<ABHBIMM> YDaBHeHusMH y=f(x), 2==g(x). Mo He MOxeM npume-
HUTb TEOPEMY Julllb B «oco0of» TOuKe, rA€ BCE TPH ONpEAETUTENs
MaTpHLH OXHOBPEMEHHO OOpAIAIOTCs B HY/lb.

Ananoruynas TeopeMa MOXKeT GbiTh QOKasaHa ¥ [IJ9 CHUCTEMH YpaB-
Hennit (7) oOwiero BHAA MO METONYy MaTeMaTHUecKoH uuykuuu., [lpu
9TOM HHAYKHUS NPOBOAMTCH OTHOCHTENBHO YHC/A2 YPaBHEHUH, Hamoxo-
Gue TOro, KaK Mbl TOJBKO YTO CBEAM CJyuaHt ABYX ypasHeHult K CAy4ao
onHoro ypasuenus, He ocTanasiusasch Ha ¢OpMy/ MPOBKE ¥ JOKasa-
TeALCTBE OOuleH TEeOpPEMB, MBI NOMYEPKHEM JHlb, YTO B BONPOCE O
CyWECTBOBaHHN CHCTEMH HEABHHX QYHKUMA 3y,..., V5, ONPEAE/ISEMBIX
cucremolt (7), pelaonyio po/db urpaeT ONPEAENHTE/]b
0y 0y " Oyn
Oy, dys " 0ym
9_1:‘1, OF Qf‘l,
o Oy T Oym
— OH NOMKeH OWTh OT/AWYEH OT HyJd B TOH TOuke, 06 OKPECTHOCTH
KOTODOH HIeT peuys.

3aMEuAHUE. Mu ofpamaeM BHUMaHHE 4uTaTENs HA JOKAALHHH
XapaKTep BCEX TEOPEM CyUleCTBOBAHHS HEABHHIX QYHKUHM: peub uier
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BCE BpeMs JHUb O HEKOTOPOH OKPECTHOCTH paccm:npnsaemon TOYKH,
Ho u B TakoM Buze 3Th TEOpEMB TIQJIE3HH; Hanpumep, HAAd H3YYCHHA
CBOHCTB TEOMETPDHUYECKOTroO 06p838 B JaHHOH ero TOYKE CoBep-
IIEHHO JOCTATOYHO OrpaHuYMTbLCH HENOCPEACTBEHHOH €€ OKPECTHOCThHIO.

318. BoiuncieHHe NPOHSBOARHLIX HeABHBIX (YHKUMA, XOR paccyxneHnf,
C TMOMOUIbI0 KOTOPHX YCTAaHABAHBAMHCh TEOPEMbI CYHECTBOBAHMSA HEABHHX (YHK-
Lu#, He Bcerga HaBad MNpeACTaBIeHHEe O CaMOM CNOCO6e BHUYMCAEHHA
NPOH3BOAHHX (IEPBOrO HOPAAKA) OT HEABHHX QyHKuui. O NPOUIBOAHLIX BHCLIETO
nopAnKa ¥ BoBce He 6uao peud. Temeph Ha STHX BaXHHX BONPOCAX M OCTaHO-
BHMC#A CIIELUaIbHO.

Haunem ¢ npocrefimero ciyuas, xoraa naso ypassenue (1). Bynem cunrars
BHIOAHEHHHIMA, B OKDECTHOCTH pAacCMaTpuBaeMoH ToukH, ycaosus reopeMu I
CYLIeCTBEHHYIO poab B RaibHefimem Oyner wurpatre TpefoBanne Fy=£0.

Tax K@K cymecTBOBaHHuE caMoRl HEABHOR (QYHKUMR ¥ OT X H €€ Npo-
H3BOJHOM yx YXEe Hanepen W3BECTHO, TO NMPOLECC BHYHCIEHHA STOH NPOM3BOL~
HOM MOXHO OCYWIeCTBHThL NyTeM auddepeHnupoBaHus 0o X paseHcrsa (1)

F(x,9)=0,

KOTOpOe NpeBpamiaeTcs B TOX K€ CTB O, €CIH HOJ y pasyMeTh KaK pa3 onpene-
A9€MYI0 OTCIO%a HeaBHYIO (ysxnmio. Mu moayumm {kak yme umenn B n° 141,4)]

Fx(x,9)+ Fy(x,9) - y3=0, (15)
OTKYyJla BO3BpaiiaeMcd K Yixe u3sectHoHl dopmyne (4)

. Felny),
P =" Fny)

Tenepb Mu MoxeM nofitn maspwe. Ecan d¢yskuma F(x,y) umeer Henpe-
PHBHbIE NPOUSBOJHLIE BT OP OT O MOPANKA, TO BHpaweHue, crosuiee B (popmy-
ne (4) cmpasa; MoxeT OnTh NPOAN(EPEHUNPOBAHO MO X, CACUOBATENbHO, CY-

U1eCTBYET M NPOM3BOIHAA OT Yx, T.€. BTOPAA NPOHIBOAHAA Yxs OT HEABHOMN
dyukuuu y. Bunomisas nuddepeHuuposanue n NOACTABAAA BCAKHA Pa3 BMeCTO

’

Yx ee Bupaxenve (4), naitnem:
(Fpy+ Fip ¥ Fy— (Fia + Fiy -3 - F,
F2 =
[ ’ ” 7 y” 2 rr
2Fx+Fy. Fyy— Fyg- Fixe2 —F.z?' Fys ,
Fy

OTCIOJA %€ BMAMM, YTO BTOpas NPOH3BOJHaR GOyleT HenpepuBHO# YHK-
uue#t or x.

Ecnu pyuxuus F(x, y) uMeeT HENpepHBHHE NPOH3BOAHHE TpEeTbero
NOpAAKa, TO, OYEBHIHO, CYHIECTBYeT ¥ TPeTbsA NPOUIBOKHAS OT HeABHOM
GYHKUMH ¥y €€ BHpaxeHHe CHOBA MOXET OHTb NOAYYEHO HEMOCPENCTBEHHHIM

IuddepeHLAPOBAHNEM BLIPAXeHHA KA Yy H T. L C nmoMomibio MaTeMaTHyeckoft

HHIYKIHH JerKOo JOKasarTh, 4YTO Cyuiecmeo6arue Henpepuenbx npousaoduux
dynryuu F(x, y) 0o k-2o nopanxa (k>1) sxaoqumesbro obecnequsaem u
cyugecmsosanue (Renpepulsnoit) npousso0Hol k-20 nopsadxa om Ressrol dyriyuu.

IMocae TOro xaK, TakuM o6pasoM, caMuii ¢GakT CyulecTsoBaHMA IOCHENOBaA-
TeNAbHLIX NPOH3BOIHLIX OT HEABHOH (QYHKUHMH YCTAHOBIACH, BHYMCIEHHE MX mponie
NpoK3BOAHTIL MyTEM NOBTOPHOTO Au(pdepeHnnpoBanna Toxaccrsa (15), ¢ yyerom

7

X%
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T0ro, yto y ecrb Gysxuna or x. Hampumep, nepsoe me nubdepenuuposanue
STOr0 TOXAECTBA JACT HaM

f‘xz + ny Yy + (ny + Fy2 yx) Vi + F_y V2= 0;
oTkyza (senn F;, #=0)

" Frot2F, 3o+ Foy Vi
yx2=— F/ = y
3y

NOJCTABHB BMECTO Y, €ro Bupaxenue (4), BepHEMCA K yixe HalfIeHHOMY BbIpa
"
WEHUIO JIA Yoo U T. I
[Tpumer. 1) IIycTh y CBA3AHO € X ypaBHEHHEM
TS y
In Va¥ 4y = arctg -

JuddepeHuupys mocrefoBaTeabHo 0 X (MpuyYeM y cuumTaeM OQyHKUHeH or x),
HOAYYUM ’

Xty =y

Ay Y

Ly gy =y e

Vi3 nepBoro ypaBHeHUA HaXOAUM

i x -+ 3y’ = xy’ —y;

3ateM

O
y = x—y

u3 Broporo (ecam MOACTABUTb HalAEHHOE 3HayeHue y')
14y% o X4y

b

VT TSy (FF—y)
T I
Ananornyno oO6CTOMT Jeno M B cIyyae ypasHenusa (5)
F(x, y, 2)=0.

31ech npeNonaraeM BHIIOJHEHHHIMH ycaosus TeopeMs 2. Ecau mox z pasymers
HesBHYI0O (IYHKIMIO, ONpeleasieMyl0 STUM YDaBHEHHEM, TO OHO IIpeBPaTUTCA B
TOXIECTBO, KOTOPOE MOXHO Au(depeHIHPOBATh KAK N0 X, TaK U mo y. B pe-
3yabTaTe NOAYYUM

o Fe L __F
x — =S .
F,r °y F,

(Bropoe paBeHCTBO MBI, COGCTBEHHO, YXe TNOIYYMIM ITHM Xe TPHEMOM B Ipo-
Hecce J0Ka3aTeabCTBa TeopeMsl 3.)

Ecau ¢ysknus F mmeer HenmpepriBHbie IPOU3BOJHbLIE BTOPOrO, TPETLETO, . . .
NMOpAJKa, TO TaKHe Xe NPOU3BOJHbIE HMEET H QYHKUMA 20 BCE 3TO CXOJHO CO CKa-
3aHHBIM BblIle OTHOCHTeNbHO ypasHeHus (1).

Ecau HyxHB B ¢ e npousBomubie MEPBOro, BTOPOro, . . . MOPAAKE, TO Hpomie
cpasy BBIUMCINTb dz, d®z,. .. Ilponnddepesnnpyem xe Haule TOXAECTBO IO JI-
HeIM 06pa3oM, T. e NPUPABHsAEM HYIIO MOJHLIN NUdDepeHnHan oT ero JeBok
YacTh (MCMNOAbL3yA NPU 3TOM MHBAPUAHTHOCTH G OPMBbL NEPBOro
augpdepennnana, n° 143):

oF oF . OF
0xdx+ ay dy - o7 dz =0,
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TaK Y410
oF oF
__0x oy
dz—'—gfdx_dde
0z 0z

B 10 e Bpems
0z 0z
dz = a—x dx -l" (—)} dy.

Beuny mpomssonbnocT® dX ¥ dy OTCIAa AcHO ¥), yro

oF oF
0z___0x 0z_ _dy
ox - 0F' dy  oF

0z oz

KaK Mbl ¥ NOAYYHNH BhINIE.
Junddepennupysn eme paa HONYYHM

PF .
[0x2 dx +0x0y +axazdz]dx+ ’*‘“‘d 2=0
¥ onpefennM dfz, YTO NpHBENET HAC K BHPAXEHAAM LA

o o

0xt' o0xay' oy’

U T. & Mol BUAHM, YTO BO BCEX STUX BHKIAZKAX OCHOBHYIO POAB WTpaeT yCiuo-
BHe, YTO

+ __OF
F,= o #0.
Mepumer. 2) [ycrs HesBHaA (pym(umx Z OT X,y onpejelNseTcs ypaBHEHHEM
P + B + e —1

Vimeem mocrnenoBarenbHo

xdx d z2dz iy
5 -]-3’ D 22 =0, dz_——d,\—-szdy
TaK 4TO
o:__ex o__ey
ox _ _a%z' oy bz
3ateM
dz? zdz
+ s+ —

OTKyJa (eCAM BOCHONb3OBATHCA W3BECTHHIM YiKe BHpakeHueM aasa dz)
A/ x2 dx® | 2x 2 dy’
dzz—_——;[(‘—ﬁ—{— 9) v +a2;dxdy+(yb—; }bg]

*) PapeHcTBO0 Adx + Bdy—=A"dx -+ B dy npu TPOH3BOJbHLIX 3HAYEHUAX
dx u dy MOXeT MMeThb MeCTO aviib TOrAa, Koria A=A uw B=A.
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YTO RACT HaM

0’z et [ x? 22 oz clxy
ox® | qiz® (7 _(_\2“); axay =TT a8
aﬂz cl yE z!!
=i 3w+ )

nTL
[lepefinemM Tenmepb K pacCMOTPeHHIO CHCTeMb YpaBHenudl (8)

F(xryt z) =0, G(x;y) 2) =0
(A ——

bDymem npeanosarath, 4TO B OKPECTHOCTH B3ATOH TOYKW BHLIIOMHAIOTCA YCAOBHA
Teopembl 3. CHoBa ofpauaeM BHUMaHHe Ha pOAb, KOTOPYI GyaeT HrpaTbh Tpe-
6osanue J £ 0.

Mu 3naeM, yTo HesABHbIE (PYBKLHH ¥ B 2 OT X MMEIOT NPOH3BOIHHE M0 X.
Camoe BB YHCI €HH e HX MPOU3BOAUTCA AU(depennnpoBaHHEM TOXLECTB, KO-
TOphe fnonyyarca U3 (8), ecnd 0OA Y M 2 Pa3yMeTb HMEHHO YIOMAHYThe HEABHHIE
$YHKIHH. ﬁmptpepeﬂuuposaﬂue 10 x, Hanpumep, naer

OF L OF dy | OF d: _,
ox dy dx oz dx
9 , 00 4y | 0G ds _
ox dy dx 0z dx =
gy

d10— cHcTeMa JNHHENHB X ypaBHeHHH OTHOCHTEALHO HEH3BECTHHIX rra

] % COTAHYHHM OT HYyaa onpereaureaem J. Orciona o6e npousBoiHbie
0 X NErKOo ONPENensioTCA; TO Ke MOMHO BHIIONHHTD M JAf APOU3BOIHLIX IO Y.
Mu He cTaHeM NMOBTODATH 3[€Ch 3aMeYaHUH OTHOCHTENbHO HCIONbL3OBAHHUs
b @epeHuHpoOBaAHHA MO NHH M 06 P 23 O M, CYIECTBOBAHUA ¥ BHYMCIEHAA TIPO-
H3BOJHbIX BHICIIMX TIOPAIKOB.
Hakonen, Bce ckasanHoe pacnpocTpassiercs M Ha ofwuit caywai.
[TpumePr. 3) Mycrh mana cucrema

X+yteztu=0 4y +24ut=0, x*+y'+224ui=0,
ofpenensiomas y, 2, 4 Kak QyHkuun ot x. Umeem
I+y+24u=0, x+yy+z22+un'=0,
X2+ y%y 222 - utu' =0
Tpeanonaras onpenenutens

111

Yy z ul=(z—y)(@—y)@-—2)
yi zs uﬁ

HEpaBHHM HYII0, UMEeM OTCIoNa

_fz—=x)(a—x)
@—y)@—y)

r

y = H T. I
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§ 2. HEKOTOPBIE NPHJIOXEHHS TEOPHH HESIBHBIX ®YHKLIMA

319. OTHoCHTENbHbIE SKCTPeMyMbl. PaccmoTpuM BONPOC 06 9KCTpe-
myme GyHkuan f(Xy, ..., X,,m) OT n-}-m mnepeMeHHHX B Npeano-
JIOWEHUH, YTO 5TH TEPEMEHHBIE TNONYHHEHBl eme m «ypPaBHEHHAM
CBA3H»

Dy (X1 vov s Xy Xpsty eov s Xpym)=0
=12, ..., m.

Myl yTOUHMM MOHATHE O TAKOM OTHOCHTEJNBHOM BKCTpPEMyME
U yKaXeM NpHeMbl [J9 €ro pashiCKaHHs.

F'oBopsiT, uT0 8 mMmouxe P.,(x?, cees x?,.,_,,,), yoogremeops -
weh ypasHeHUA M C8 31U, Pyuryus (X, ..., X, ) Wreem om-
Hocumeansno i Mawcumym (MUHUMYM), €CAU HEPaBEHCME0

0 0
f(xl, cae y xn+m)<f(xl) “ee )xn+m)

=)
BbINOARAEMCA 8 HeKomopoii okpecmuocmu mouxu M, 0as 8cex
motex (X1, .ow » Xpym) Y00BAEMEOPANUUX YPABHEHUAM

csAa3u.
Ecan, nanpumep, peub umer o ¢ynkuan u=j (x, y, 2) Tpex nepe-
MEHHBIX X, J), 2, MOJUYAHEHHHBIX €Ule YPAaBHEHHIO CBABH

F(x, y, 2)=0,

TO PpAa3bICKaHHE OTHOCHTEABHOrO0 3KCTpeMyMa (bYHKIlﬂPl u
03HAYaeT TreOMETPHYECKH, YTO SKCTDEMYM HUIETCA Ha NOBEPXHOCTH,
BBHIPDAXEHHOH HaMMUCaAHHBIM YpaBHEHHEM: U CaMa B3SKCTPCMaJibHAg TOYKa
A TOYKH, KOTOPHIE C HEI CONOCTaBJAAIOTCH, AOJDKHBI JIEXATb Ha 3TOH
TNOBEPXHOCTH. Ecan Haauuo JiBa YPaBHEHHA CBA3H

F(x,y, 2)=0, QG(x, y, 2)=0,

TO, OUEBHIHO, MEJIO CBOAUTCA K PACCMOTPEHMIO JHMILIL TOYEK HAa K H-
BO#, KOTOpaA 3aHaeTCs STUMH YDPaBHEHHSMH.

[Tepexons K [eTaJbHOMY HBJIOXKEHUIO BONMPOC3, MB AJS YIPOULEHHS
MACbMa OTPaHMYMMCH (QYHKuUMEH

u=f(x y 20

OT YE€TH PEX MNECPEMEHHBIX, CUNTasd KX MNOAYUHCHHHIMA A BYM YypaBHe-
HUAM CBS3W:
F(x, 3, 2, )=0, G(x, y, 2, t)=0. H

IMycts  ¢ynkums f UMEeT OTHOCHTENBHBIH DKCTPEMYM B TOUKe
Py(x9, Yoo 29 tp)- Mm Gyzem mpeamosaraTh, YTO Kak (yHkuus f, Tak
n ¢yakuu F w G umeloTr B OKPECTHOCTH DaccCMaTpuBaeMOHR TOUYKH
HEMpEepHIBHBIE YacTHHE MNPOM3BOAHBIE NO BCeM aprymenrtam. [lycts,
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panee, B TOUKe P, OTAMYEH OT HyJA XOThb OMMH U3 Onpereaurencit
BTODOrO MOpsSAKA MarPHilbl, COCTaBJEHHOH M3 YaCTHHIX NpPOU3BOJHEIX)

Fe Fy F, F
6 o o a)
HanpuMep, ONpeaeanTeNb
F; Fi
G. G
Torga, ecnm OrpaHMYnTLCA HalJeXKamed OKPECTHOCTBIO TOUKH Py

(mo Teopeme, aHajoruuHo#l teopeme 3 n° 317), cuctema (1) paBHO-
CHJAbHA CHCTEME BUJA

z=p(x,3), t=9%(x ) ®

rie ¢, ¢ CyTo HeaBHHE ¢yHKuMu, onpeaensempie cucremofi (1). MHmMu
crosamy, Tpefopanue, yTOCH BHAueHHs INEPEMEHHHX X, ¥, 2, ¢ YHO-
BIETBOPAIM YpaBHeHussM CBA3d (1), MOXKHO B3aMEHUTh MPEANOJNO-
KEHHUEM, YTO NepeMeHHHe 2 ¥ ¢ mpenctaBasioT cobo#i ¢dyHkumu (3) ot
x u y. Takum o6pasom, Bompoc 06 OTHOCHTEJABHOM BKCTpPEMyME
ans  oyskumu f(x, ¥, 2, £) OT ueTHIpEX TNEPEMEHHHX B  TOYKE
Py (x4 ¥y 20, L) cBOAMTCE K BOMpoCy 06 06biKHOBEHHOM (a6 C o0 a10 T
HOM) 5KCTpEMyME [ CHOXKHON (PYHKUMM OT ABYX NMEPEMEHHHIX

ey o(x ), $(x ) C))

J= . 2

B TOuKe My (X, Vo)

3ru coobpaxeHusi YKashBAOT ¥ Ha pEANbHBIH NyTh LA HaXox/e-

HUSL TOUKHM, [JOCTaBJSIOILMA  OTHOCHTEJBHBIH  BKCTPEMYM  QYHKUHU
f(x, y, 2z t): ecim M ymeeM (DaKTMYECKA PaspEWIATh ypaBHEHHS
CBf3W, HANPHUMEP, OTHOCUTENBHO TEPEMEHHHX 2 W f, 1 HaliTi sBHHeE
BHpaxeuus aad ¢yHkuuft (3), To Aeno CBOAATCS K HaXoxnaeHumio a6co-
JIOTHOTO 3KCTpeMyMa And caoxHo# ¢yskumn (4). CoGcTBEHHO roBops,
Mbl TaK HMEHHO W TOCTYNanu B psAe paHee pEmeHHHX 3amay [n° 163,
154}, Hanpumep, Korza Mbl HCKaJiu HauGoJbIUEE BHAayeHwe /s MPOU3-
BECHHs XYzt NP YCAOBAM Xy - 2-t==4c, u T. IL.
- VkaxeM Tenepb APYro# MyTh /s HAXOKAEHHS TOUKA Py (X, Yo, 24, L),
HE Npennonaras, YTO Mbl WMMEEM SBHBIE BHIDAXEHUS MJs (HESBHBIX)
¢yHkumit (3), XOT cywiecTBOBaHMEM STHX (YHKUMH MH OyzeM noJb-
30BATBCA U S[IECH.

Hrak, nycts B Touke P, dyHkuus f(x, y, 2, {) ¥MeeT OTHOCu-
TEJAbHB H BSKCTPEMYM HIM—YTO TO K€ — CAOXHag ¢yukuusa (4)
B TOuKe M, uMeeT SKCTpeMyM a6 CoOJMI0 THH H.

Torma B stoft Touke oOpamawnrcs B 0 o6e NPOM3BOAMHE, MO X H
no y, Qgyskumu (4), a cienosarensHo, u ee aunddepenunan Ilo

*) B aTOM cxyuae rosopar, YTO Marpuua HMeer (B Touke P)) paHr 2.
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unBapuanTHoctT# Qopmel (nepsoro) muddepennuana [n° 143} sro ycao-
BHE MOXHO 3amucaTh Tak:

%dx+‘3 dy+Laz - L g, ®)

rae nox dz u df pasymeiorca Auddepenumanst pyukuui (3) B Touke My,
B TO BpEMSd KaK UYdCTHHIC MNPOU3BOJAHLIC BBIUHCJEHH B TOYKE po, 6o

¢ (X0, Yo) =20 $ (X0 Yo) =to (6)

H3 (B) Heas3s, KOHEUHO, 3aKANOHUME O paseHcmBe HYA0 Kosghghu-
yuenmos npu Ouggepenyuarax, max Kax He éce smu ougpepenyuansl
npou3eoasrsl. Jlas TOoro 4toGbl CBeCTH HeN0 K MPOH3BOJABHO BHOMpae-
MeM auddepenunanam, T. € K auddepenunansam dx u dy He3aBuC U-
Mbl X TNEPEMEHHHX, MH TIOCTapaeMCid UCK/IIOUATH OTClofa Andgepen-
umansl dz uw df TIEpPEMEHHBIX 3aBHCHMBIX. JTO JIETKO CHENaTh, €CJH
npoanddepenuposaTs MNOJMHHM o006pa3oM ypaBheHus csasu (1),
pasymea nox 2 u t ¢yHkuun (3) *):

oF oF oF oF .
——-—dx—{—-(Fd —]—Wdz—{——ét—dt_o,
99 e 23 % 2 dy--2% dz + 39 4t —o.

3nech, Kak W Bhuie, BBHAy (6), uacTHble NPOUBBOLHHIE BHUUC/IEHH
B Touke P, Tak Kak, no mpexanosoXeHnio, onpefeintens (2) B 3TOH
TOUYKE — HE Hyab, TO d2 u df MOTyT OHTb OTCIONA JMHEHHO BBHIPAXEHBI
uepes dx u dy. Ecim st Boipamenus noxcrasuts B (5), TO moJy-
YMTCA PaBEHCTBO BHIA

(M

rie A u B 03HAaYaOT BHIPAXKEHUs, PAHOHAILHEE OTHOCHTENbHO YACTHHX
npousBoiHuIX ¢yHkmu#t F, G, u 3gech B3ATHIX B Toyke P, Tak Kak
B 3TOM DaBeHCTBE (QUIyPHDYIOT TONBKO Audepenuuann dx, dy Hesa-
BUCHUMB X NEPEMEHHHX, T. € COBEPILIEHHO NPOMU3BOJbLHEIE 4YHCJIA, TO
B TOouke M, nmeem

A=0, B=0.

Bumecte ¢ ypaBHeHusIMH CBA3M 9TO [A€T YeTHIPe YDaBHEHus M ONpe-
JeJIeHHs. HEWSBECTHHX X, ¥, 2 H f.

KOHEYHO, MBl YCTAaHOBUJIM JHIIb HEOOXOAUMbIE YC/IOBUSt AJA 3KCTpPe-
MaJbHOH TOUKM P (Xg, ¥y 2¢ o). HO M B TakoMm BuAe yCAOBHSI MOTYT
OBITh TNOMESHH Jawe [Js passlCKaHus HauOOJbUIEro (MM HauMeHb-
utero) 3HaveHus ¢yukuun f npu ycaoemax (1), ecam mno Xapakrepy

#) Tounee roBops, Mb JuddepeHUUpYEM Te TOXIECTBA, KOTOphIE MOdY-
yalTCA M3 ypasHeHu#t (1), ecam BMeCcTO z M ¢ B HMX NOACTaBUTh HeABHbIE
Gyuxnun (3). [Togo6Hmit cnoco6 peun Mbt 6yAeM NPHMEHATb U BHpEdb.



198 TJI. XIX. HESIBHHE ®YHKUWH, $VHKUMOHANBHHE ONPEAEAMTENM  [320

BOTIpOCA Hanepex SiCHO, YTO BHYTPH paccMaTpuBaeMoM o6xactu JOJKHA
CYylIeCTBOBATb TOUKA, IAe 3T0 HanGoJpiiee (HauMeHblUee) 3HayeHHe
JOCTHUraercs, Wil €CAu TaKkoe [ONyLIeHHe CHEJaHO B TOpsuKe Haseae-
HAs, ¢ TeM, 4TOOW HaliieHHyl0 TOuKy anpoGupoBaTh JApYyrumMu cooOpa-
HEHUAMU.

ITpumeps npuBefeHn Hmxe, B n° 321,

320. Merton HeonpexeleHHHIX MHOwHTedell Jlarpamwa. B wusno-
XEHHOM Bhillle Cnoco6e HapyllaeTcs CHMMETDHS B OTHOIUEHHWH mepe-
MEHHHIX: YacTh M3 HMX TPaKTyeTCsi KaK HE3aBHUCUMBIE, YacTh— KaK
BaBUCUMHE, OIHM AuddepeHmualsl UCKIOYATCH, APYrHe COXPAHAOTCH,
Hhorna sto BieyeT 3a coOOff ycaOmHEHME BHKAZAOK. JlarpaHx mnpemio-
MU METOJ, NPH KOTOPOM BCE NEPEMEHHHE COXPAHAOT OAMHAKOBYIO DOJb.

YMuoxum paseHctBa (7), COOTBETCTBEHHO, HAa HPOH3BCJBHLIE IIOKA
(«HeonpeneNeHHBIE») MHOXHTENM A, g M PE3YJbTarsl MOWIEHHO CJO-
#um ¢ (5). Mm no.nyun PaBeHCTBO

(ZAr e p 39 a4 (L4 90 gy
+(%+)‘_0?+9_52_> H‘(‘a‘z“%f—ﬂ‘%—?)‘”:o’ ®

rie no-npexHeMy dz u dt o3HauaT AuddepeHiuaIs HEABHHX (yHK-
i (3) (B pacCy X XEHUHM Mb NOKa COXPAHSiEM HEPaBHONpaBHE NEpe-
MEHHHIX); HNPOWSBOJHHIC BHUKC/IEHH B TOUKe Py.

Bribepem Tenepbp SHaueHus MHOxHTEedeH AN u p Tak, yroOm oOpa-
MaMiCh B HyJAb HMMEHHO KOS((UIMEHTH NPH 3aBUCUMBX Juddepes-
nuanax dz u dt:

li} oF 7} oF

Lt gt =0 Ll f—0.  ©
ST0 ClenaTbh MOXKHO, MOCKOJbKY onpeneanteab (2) CHCTEMB JHHEHHBIX
ypaBHeHnH, nosyvaiomeHcs AJs ONpeleieHMs A M P, OTJIHYEH OT HyJsk
Tlpy BLIOpaHHHX BHaYeHHAX MHOXHUTeneH paBeHCTBO (8) npumer BUA

of 4 OF | G o | OF |, G\,
(7;;+)~7;; P—a;)dx-f-(a—y + A= o -H"W\}dy—o- (10)

3nech MBI CHOBZ HMEEM MO JHWb C JAAQdEPEHIHAIaMU HES aBH CH-
M B X TNEPEMEHHHX, NO3TOMY KO3(QUUUEHTH NPA HUX JOMKHH OhTh
HyJsiMH, T. €. Hapsny ¢ (9) umeem H

g dF oG
Tt g e gy =0 & 41 + =0

Hrak, ana onpepeaenus qerupex HEUSBECTHHX X, ¥, 2, t, Za
eme ABYX MHOXHATeNeR A W |, UMEEM CTOJIBKO € YypaBHEHuH, HUMEHHO
JBa ypaBHEHHA CBf3H ¥ YeTH pe ypasHeHus (9*) u (9).

Iag toro yro6H 06JeryuTh BHIIMCHIBAHME STUX ypasHeHHH, OOGBIKHO-
BEHHO BBOJAT BCIOMOTaTeJdbHY0 (yHKHUO

Q=f+ A +pG;
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TOrAa ynoOMsHYTHIE YPaBHEHHUS MOryr GLITh SamuCaHBl B BUiE

W _ o 0 9 9D
-d—x—__.O, —a;———-o, E‘*O, —E-t-—————o. (11)

OHn BHFAAAST TAaK XK€, KaK U YCJAOBUA OGBIKHOBEHHOTO SKCTPEMyMA
nas Qynkunu F. Omo caedyem paccuampusams auws wox yxasanue,
obne2uaiouee 3anoMuUnanue,

W metop Jlarpaska npuBOAMT K HEOOGXOMMMBM  YCIOBHAM.
B ocraspHOM 3jech MOxeT OHTb TOBTODEHO TO, YTO OHJO CKAa3aHO
B KOHlle MpEeRpIAyILEro HOMepa,

3AMEYAHUE. B wuanoxenHo#l Teopum CyiECTBEHHYI0 pOJbL HrPalIo
NPEANONOKEHHUE O DAHre MAaTPHOH M3 YACTHHX NPOUSI-
BOAHH X, KOTOPHM MH BOCIOJb30BaJNCh TpUkaH, Ilpu pemenun sagay
OJHAM ©3 YKAa3aHHHEX MeTOJOB — JJI1 YBEPEHHOCTH B TOM, YTO HeE
Nponynlena HE OAHAa TOYKA, JOCTaB/IAOMAs (YHKUHH OTHOCHTENb-
HHH  9KCTpEeMyM, — c/ieloBalo Ob npeaBapHTENbHO YCTAaHOBHTb, 4TO
YNOMSHYTOE MpEANOJOXKEHHE BHINONHAETCS Ha Jene BO BCeX TOUKax
paccmarpuBaeMoli 00/1acTH, YAOBJIETBOPSIOUMX YDaBHEHUsM CBA3u. B npo-
CTHIX CAy4YasX Mbl OyZeM NpEIOCTaBASTh STO YHTATelIo.

IMepefinem x npumepam M sajadam.

321. Mpumepst n 3apaun. 1) [ycTb TpeGyerca HaliTH SKCTPeMyM (YyHKIHA
1 =xyz¢t NPH YCAOBMH X -4y -2z £ =4c¢; 0613CTb H3MEHEHHH NEPEMEHHBIX
onpenenserca HepaBeHcTBaMH x =0, y=0, 2=0, £==0. Mo yxe pemuin
a1y 3ajauy B n° 153,2), dakruueckn BHpaxkan { u3 NOCIENHEr0 YCIOBHA.
[pumensan k To#t xe 3agaue Merony Jlarpawxa, BBefeM BCIIOMOraTenbHYIo
PYHKUHIO
P = xyzt+ A (x+y-+2z+1)%

U COCTABMM YCIOBHS:

Bp=yet+ =0, ..., d;=xyz+1=0,
OTKYAa
yzt = x2t = xyf = Xy2z, T2k Y10 X =y =2z==l==C.

2) BepHeMmcs x 3afaue O HaMBHITOAHEHIUHX CEUYCHHAX IIPOBOIOB B SIHEKTPH-~
ueckol ceTH ¢ RapamrenbHuM BrmiouenneM [n° 154, 3)]. Coxpanss NpHHATHE TaM
o6o3nayenus, 6yNeM MCKATL SKCTPEMYM QYHKIUH

Qv 9o oo v ) =01+ g+ oo +1ndn
npH YCAOBHH, YTO
F(q, lI=,~--an)=p—[l£+g-%+ ---+M=B;
A qs qn
NpY STOM MBI He CTaHEM jaxe BBOLHTb, B3AMEH @y, g .. 4 Gny HAPYTHE mepe-

MEHHbl€, KaK CaeAaid 370 BHIIIE, 160 HamKHMM HOBHIMM METORaMH 3ajaya M TaK
pemaerca npocro.

*) Ecad BCTIOMHHTL POAb 9TOH (YHKUHH, TO CTAHET ACHO, YTO NOCTOAHHOE
caaraemoe B cocrase P 3nech Moxer GubiTh OmymieHo Ge3 Bpena.
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Wrak, aupdepesunpys nogHHM 06pasom ypasHeHue F =0, nonyyum
3areM caenylomee Bhipaxenue pia mupdepennuansa dgn,:

2

q l.]‘ Iy f_1

- {‘—sdq, +..-+—”—;—”—dqn-1}-
Uh 9n—1

Moxncraaas ero 8 paseuctso df =1, dq, -+l dgy+ ...+ 1y dqyy + 1, dg, =0,
APHAEM K Pe3yabTary:

2 2
q, 1J In_yJn
(11—1° 1 l)dq1+ e "I"(ln-l_%’}'%)dqﬂ—i:()'

Jn qi n 9n—1
Taxk xak dgy, ..., dg,_, yXe TDPOH3BOIbHH, TO KO3DQUUHEHTN INPH HHX NO-
PO3Hb — HyaH, OTKyna
2
g8 i G
Jy Js Jna Jn
u
G=AVI, @=AVTy ..., ¢a=\Vin (12
MHoxuTeab NPONOPUHOHANLHOCTH X NECKO ONpefeddTh M3 YPaBHEHHA CBA3H:

n
=L zz,. V7.
i=1

Ecan npumenuts Meton Jlarpanma, TO HYWHO NOCTPOMTH BCHOMOTAaTENBHYIO
GyRKIuIo *)

1,J 1,J
PG Gy o s ) =Lt o+ gt 2 (B2 )

¥ TIDHPABHATb HYJIO €€ NPOHSBOMAHBIE:

o A% P A%,
e g = e nn — X
g, =T g =0 g, T T gy 0

OTKyjna cHoBa moayyaem (12), u T. 1.

3) B xavecre 620J1ee CHIOXHOIO MpUMepa PacCMOTPHM TaKym 3ajayy: Tpex-

2 2

OCHHIH 9NIHICOUT %—}-J—’; —}—%—:1 {(a>b>c) nepeceyeH INOCKOCTbIO X -
-+ my + nz =0, npoxoxsamel yepes ero ueHTp; TpeGyercs ONpeNEAUTH NOMYOCH
NOAYYAaIErocs B CeYeHHH Sarunca. VIHLMHM ciroBaMu, HYXHO HaATH sKcTpe-
MaibHble 3HaueHHst (QyHKUMH r® = x? |- y% 4 2% ecam mepeMeHHbIC NOXYHHEHbI
YKa32HHBIM BblIle IBYM YPaBHEHUAM CBA3H.

Meton uckmoueHns 3apucuMbix Addepenumaros n® 319 smecs npueOIMT
K CIOXHBIM BBIKJAaZKaM; NOITOMY Mbl cpasy npubersem X MeToxy Jlarpamixa.

Hus T0ro YToGh Y6ENWTLCH, YTO DPAHT MaTPUIL

X vy z
a® b c®
I m n

#) <«Heonpenesennsit MHOXHTEAb» MBI Jaa yHoGcTBa Gepem B Qopme A® m
BKJIOYaEeM B HEIO NOCTOSHHYIO p.
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paBeH 2 BO BCeX TOUKAX MEPEeCeueHHs SIMUICOMAA C IOCKOCTBIO ¥), TOMyCTHM
nporusHoe. Y3 obpamenua B 0 Bcex onpemenuteneft BTOPOro NMOPAIKA CHeRyeT
NIPONIOPUHOHANBLHOCTD SMEMEHTOR BEPXHEH M HUMKHeH CTPOK, HO TOTIa PABEHCTBO
x|y 22
Lx 4 my +- nz==0 Breyer 3a cobolf - + -b-§-+ —& =0, UTO HEBO3MOXHO.
CoCTaBHB BCHOMOraTelbRY0 (BYHKUBIO

x? 2 2
(5,3 ) =245 42 1 (St T+ 5) 2 o my +n2)
npupasngeM HYII0O €€ NMPON3BOIHbIE:
X
XEM T Hu=0, y+ T tum=0, z4h. S =0, (13

YMHOMAsA 9TH ypaBHeHHs, COOTBETCTBEHHO, HAa X, ¥, 2 M CKAajbiBad, IOXYYHM
(C yyYeToM ypaBHEHHH CBA3H), YTO A==—r2

Ecan npennonoxuts, AAs OnpeleleHHOCTH, YTO HH OJHO M3 yucexr [, m, n
He paBHO HY IO, TO U3 (13& MOXHO YCMOTpeTb, UTO r He paBHO HH @, HH b,
By ¢. Torna ypasnenus (13) mepenmnmyTca B BHIE:

la? mb? ne?

rERETE IS P R T

Orciona nerko Ha#iTé g, a C HAM U X, ¥, 2} HC, MHHYA 9TO, MOXHO, CIOXHB
9TH PABEHCTBA, NPEABAPHTENBHO YMHOXEHHLIE HA [, m, 7, NONYYUTb YPaBHEHHE
lﬂaﬁ mEbi ngcs

a®—r? b —r? ¢ —r

=0

OTKY/ia HENMOCPEJCTBEHHO M ONpeNeNAl0TCs HHTepecylomue Hac JBa SKCTPEMalhe
HbIX 3HayeHHs ri

Tak K4k CyL(eCTBOBaHHE STHX IKCTPEMalNbHBIX 3HAYEHHH Hamepex H3BECTHO,
TO 37eCh, TaKUM 06pasoM, NOXyyaercs NOJHOE PelIeHue BOMpoca.

322, IlonsaTue HesaBucumocTH (ynkmuit. Paccmorpum cuctemy
GyHKURR
y1=f1 (xb Koy o o o xn))
y‘l=f‘l(xl? x?) e v ey xn):

e e e e (14)
ym=fm(x1’x2’- .« oy Xp)
ONpENENEHHHX W HEMPEPHIBHHIX, BMECTE CO CBOWMHM YaCTHEIMH IIpPOM3-
BOJHbBIMH, B HEKOTODOH n-MepHOH OTKpHTOH o6xactn Z.

MoseT CcayuuThCs, YTO OJHA U3 HHX, HalpUMEp V;, ABJNACTCA (PYHK-
unell OT OCTaJIBHBIX:

yj=¢)(.vl? ) yj_j_’ yj.).l’ .« s ’ym)**)’ (15)

#) CM. 3ameyanue B n° 320.
#¥) CymecrBeHHo, yT0 ¢ydkuus ¢ B yACIE CBOMX HENOCPEACTBEH-
Hbl X apryMeHTOB He CONEPKHT X-0B.
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rae ® Taxkxe mpeanoaraercs HenpepusHOH (yHKuHEH OT BCEX apry-
MEHTOB C HENpepHIBHHIMM K€ YaCTHHIMH TNPOU3BOOHEIMY, B (m— 1)-
mepHOH oOmactu &, cozepkamell BCEBOSMOXHBE CHCTEMB SHayeHHH
Yoo o« Vjots Vjstse « o5 Yms KOTODHE NPUAAMAIOT 5TH (QYHKUMH, KOTAA
n-vepHas ToukKa (Xy, Xg. . ., X,) npoGeraer cbaacts Z. Ilpn stoM
Mbl TIOAPA3YMEBAEM, YTO PaBEHCTBO (15) BHIMOJHAETCA TOXKAECTBEHHO
OTHOCUTENBHO Xy, Xo,. . ., X, B o6Gmactu . Torma roBopsar, uTO
B 3TOH o6aacTH GyHKHHS y; 3aBUCHT OT OCTAAbHHX.
B uactuocta, Tak Oyner, ecau y; CBOAMTCS K NOCTOSHHOH: B 5TOM CJAy-
Yyae MOXHO NoJoxuTh B @ == const.

OyHKUME Y1, Vg,. - ., Y, HA3HBAIOT BOOOME 3aBHCHMBIMH
B oGnactu &, ecid onua u3 HEX (BCE paBHO KaKas) B8aBUCHT OT
OCTaNbHbBIX.

Ecma uu B o6nactn &, un B KakoH-auGo yacTuuHOl, B HeHl comep-
wamelcs, 064aCcTH He uMeeT MecTo ToXAecTBo Buaa (15), To ¢yHxuud
Yu Yar+ - +» Ym Ha3HBAOT HE3ABHCUMH MU B obnactu &,

OtBer Ha BOMPOC O HE3AaBHCHMOCTH (YHKUHMiEE HaeT pacCMOTPEHHE
TAK Ha3bBaeMOH GYHKNHOHAJABbHOH MaTpHLH, COCTABICHHOMN
U3 YaCTHHIX MPOU3BOMHEIX STHX (PYHKUMA MO BCEM HE3aBUCUMBIM Mepe-

MCHHBIM: QJQ_ ay, ay,
0x; 0xy " "o0xp,
dys 0y, 9y,
0xy 0%y " " T 0xp | (16)

N

R

Dm Bm  Wm
ox; Qxg ~ " " 0xp,
Tpeanonaras n=m, npexae BCErO HMEEM TAKYyI0 TEOPEMY:
Teopema 1. Ecau xoms odun onpedesumeas m-20 nopsadxa, co-
cmasaenHbll u3 ssemenmos mampuys (16), omanuen om Hyan 8 o6ia-
cmu D, mo 8 smoi obaacmu GYNKHUL V1, Vg, ..., Y, HE3QBUCUMEL.
HoxkasaTeascrbo. [ycr

KT TR T
0x; 0x, " " 0xp
9y: 0¥ L
BRI ) (7)
Ym Wm  Bm
Ox; Ox, """ Oxp

Ecnu 6w He paBHBIM Hy/mio OB HE 3TOT, a KakoW-HuGyas IApyroH
OTPENe/INTeNb, TO, HUSMEHWB HYMEpalui0 HEPEMEHHHX, MOXHO OBlIO Obi
cBecTH BONpoC K cayuaio (17).
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JlokasareancTBo TeopeMnl Oymem Bectd or mnporhsHoro. Ilpenmo-
JIOXHM, YTO OfHA M3 QYHKLMY, Hanpumep y,, BHPaKACTCA YEPE3 OCTaNb-

HHE, TaK 4TO =PV Vo «ves Ymt)r (18)

xota OH B HekoTopo# uacty Z, obaactu Z,
MMpozuddepeHMpoBas STO TOXAECTBO 0[O KaXAOM M3 NEPEMEHHHX
x; (=1, 2, ..., m), MH noAyunM psn ToxmAecTB (B &) Buia

oYm 0\’"1 Oyl aym aym_l .
ox; oxi+ 6x,+ +0J’m T Tox; (=12 ..., m

Mu BUAMM, YTO BSJEMEHTH mocaexnefl crpoku onpememurens (17)
MOJYYaloTCS INYTEM CJAOXKEHHS COOTBETCTBEHHBIX SJIEMEHTOB MNEPBHIX

g
m—1 CTPOK, YMHOXEHHHX NPEABaPUTE]bHO HA MHOXHTEIH —3;—”‘,
1
Win T
s aKo# onpenenuTeNb, KaK M3BECTHO, paBeH Hymo. 310 Hpo-
m-1

TUBODEUYUT YycJaoBuio Teopemsl. - [loiyyeHHOe RNpoTMBOpPEuHEe JAOKA3HBAET
HEBO3MOXHOCTh paBeHcrBa (18).

323. Panr ¢ynkuuonaasnoit marpmuml. Ilepexons k obwmemy cay-
¥alo, BBEIEM cJexyiomee onpeneseHde. Hasosem paHrom dynxuuo-
naapHOH Marpuus (16) (8 o6aacTu &) HausbCIAH W3 NOPSIKOB
onpegeauresel, 00Pa3OBaHHHIX M8 CTPOK M CTOAGHOB 3TOH MaTpuilb
¥ He O6pAAIOMAXCE B HYAb TOXKIECTBEHHO B &. MoXeT, KOHEuHo,
CAYUHTBCA, YTO BCe€ 5JaeMeHTH MaTpuns (16) TommecrBenno oGpa-
HIAI0TCA B HYJb (TOMAA roBOPSAT, 4T0 P aHT Marpuusl 0), HO 3TOT cayuaft
HE NpeACTaB/JAeT MHTepeca, n6o 34ech MONPOCTYy BCE (YHKUMH

Y Vo eees I

cBogarcs K moctosHdeiM. Ecaum paur Mmarpuust (16) ecth p=1, 710
CymIeCTBYeT X0Ts OBl OIMH ONpemeJauTe b (-TO TNOPANKA, COCTaBAEHHBIH
U3 SJEMEHTOB MAaTPHIH (9TO, KOHEYHO, NPEANOJaracT m==p U n==p)
n He paBHH# B & TOMIECTBEHHO HYJIO, B TO BpeMs Kak BCe ompene-
JUTENH MOpSAKa BHIUE P (€CAH TAKOBHE RMEIOTCH) TOXIAECCTBEHHO DaBHI
Hyawo. I'oBopaTr, YTo paHr { Marpuusl AOCTHTaercs B Touke P,
€C/ad  yNOMSHYTHH ONpeNeauTeNh p-ro TOPAAKa OTAUYEH OT HyJs B
3TOH TOUKE.

Teopema 2. Ilycms pane gynxguonassuoli mampuys (16) 8 o0-
sacmy T ecms p==1, u docmuzaemcs on 6 mouxe M, Toz20a 8
Hexomopoi oxpecmuocmu %y smoi mouku . dynKyul, u3 wuciq
Howux m, Gy0ym He3aBUCUMBMU, G OCHMQAbHbE m-—p OM HUX 3a-
sucsm. [TIpy 9TOM HesaBMCHMBIMH OyIyT MMEHHO T€ (YHKLHH, DpoUs-
BOJHHE KOTOPHX BXOAAT B ONpENENNTe/]b, OTAHYHNH OT HyJas B Touke M,.]

JLOKABATEABCTBO, JNd YNPOUICHAS MUCbMA3, Mbl NPOBEAEM M
yacTHoro. cayyad, Ilpeanosoxum, yro fAaHH TpPpHU (yHKHMM OT TpeX
NepeMEeHHH X!

Vi==f1 (%1, Xg, X3), Ya=Ja (X1, X, X3), Ya=T5 (X1, X9, %3), (19)
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npuYeM paHT (YHKUHOHAJIbHOM MaTpHubl

o Oy Oy
0xy 0xy Ox,
s 0f 0fy
0xy 0Xy; Ox,
9h 0 O

0x; 0xy 0x,

(16%)

paseH ABYM u pocraraercs B Touke Mo(x], x3, x%). Ilycts B aroft
TOUKE OTJIMYEH OT HYyJs, CKAXEM, ONPeaeIuTeNs

% Of
0x, 0x,

ofe ofs |

0x, 0x,

(20)

Beusty nenpeprIBHOCTH YaCTHBIX NMPOM3BOIHBIX, TO e OyHET U B HEKOTO-
POit OKPECTHOCTH TOYKH M, Tak uto, N0 TeopeMe 1, QyHKUUE J; U Yy
B 3TOH OKPECTHOCTH HE3aBHCHMBL.

TTonoxum

fl (xgy x;r xg) =y2v f‘l (xg, xg) xg) =yg

1 NPUMEHHM K CHUCTEME ypaBHeHaﬁ

Fi(xy Xo, X3) — 31==0, fo(xy, Xg X3) —y,=0 @1

C MATHIO NEPEMEHHBIMH Xj, X3, X3, Vi, Vg, B OKPECTHOCTH TOUKH
Py (%}, x5 X3 V5, V3), KOTOpas 3TOH CHCTeMe YIOBJETBOPSET, TEOPEMY,
ananoruunyio Teopeme 3 n° 317. VmenHo, moassysich TeM, uro omnpe-
JIENUTENb, COCTAaB/IEHHB M3 UYaCTHBIX NPOMBBOAHBIX OT JIEBHIX yacTed
ypassenu#t (21) mo Xx; M X, B TOUKe P, OTJHYEH OT HyJs, Mbl MOXEM
YTBEPKAATH, UTO B HEKOTOPOH OKPECTHOCTH

oMy=(x] — 8y, X}y x)— 8 X3} 85 x5 — 8, x2+ 3y
V=B, yiHA; yo— Ay y34-4)
sTolf ToukHM cucreMa (21) onpenenser HMEHHO X; M X, KaK OZHO3Hay-
Hple QYHKUUE OT X3, ¥y H yg
X1=¢; (X3 Y1, Vo) Xa==¢2 (X3 ¥ Vo) (22)

HanomuuM, 4Yro-—ec/du OrpaHuyurTbca obGaacrteio offy—
cucteMe (21) n (22) coBepUHIeHHO DPaBHOCHJbHBK: TOUKH
ynomsaHyTol 004acTH, YAOBJETBOPSAIOIINE OXHOH M3 STUX CHCTEM, YIOBJE-
TBOPAOT ¥ Apyro#t, VI3 camoli Teopembl, Ha KOTODYIO MBI ONUDPAJHCE,
' CHAERYET, YTO, €CAdW BMECTO Xy H Xy NOACTaBuTh B (21) dpynxuuu (22),
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TO MNOJAyYaTcsi TOXIAECTBA OTHOCHTEJNBPHO IIEPEMEHHBX X3 Vi, Va
B napaJjanenenunene

(5 — 3, x5+ 35 1 — Ay yi-FAp ¥ — Ay yi D).

Ho nns Hac cefluac BamHO W JAPYTOE: ecAu BMecmo Y, u y; nodcmasums
8 (22) dynxuuu fy u fo, mo nosyiamcs mo s de c m 8 a OMHOCUMEALHO
NePeMERHbLX X1, X9, X3— MO KPaHHEH Mepe B HEKOTOPOH OKPECTHOCTH
Touku M, (x5, X3, x3). Vimenno, mocrarouHo BHOpaTb 3Ty OKPECTHOCTH

Dy=(x—3y, 20+ By x%— By, 2005 %% — 8, x2-1-3)
TaK, uTOOH OBIJIO:
0<B<<dy, 0<CBH<ly 0<H<yy

¥, KpOME TOro, uro0H I/ €€ TOYEK SHAYEHHs ¥y U Yy, ONpPEHeNseMbe
us (21), T. e. sHauenus OyHkumd f; m f, ommyammce or Y u yl,
COOTBETCTBEHHO, MeHblle, yeM Ha A; m A, *), JlefictBureasHo, Toraa
TOUKA (Xy, Xg X3 V1, Vo) NONMageT B offy U ONHOBPEMEHHO C pPaBEH-
crBamu (21) HO/MKHH BHIOQJHSATBCA M paBeHcTsa (22).

O6parumca Tenepp K TpeThelt QyHKUUH

Ya==J3 (%1, Xq, Xg);
NOJNCTaBHB BMECTO Xy M X, Cioga ¢yHkuum (22), noayyum
Ys=V3 (01 (X3 Yo Y2) 92 (X5 V1o V3 X) =D (X Y1, Jo)  (23)

Ha ocHOBaHMM CHeJIaHHOrO BHIIIE 3aMEYaHHUS, €CIW B 3TO PABEHCTBO
BMECTO ¥, YV U Y3 NOACTABUTh, COOTBEICTBEHHO, QyRKuMH fi, f3 u f3 1O
OHO YIOBJETBOPUTCA TOMXXECTBEHHO OTHOCHTENBHO X-0B B 00~
aacrn &,

IOas Toro uyro6n yGeauTsCssi B 8aBACHMOCTH (QYHKIUH Y3 OT
GyHKIUi y; Uy, OCTAaeTCH JMLIL AOKa3aTb, 4TO QyHKU KA D B (23)
Ha Hene apryMeHTa X3 He CONEPXHUT, TaK uro (23) MOKHO
HanucaTh Tak:

Ys=P(y1, ¥
C sTOf 11€/b10, OYEBUAHO, AOCTATOYHO ycTaHOBHTb, 4T0
9 _ (24)

0x,4

TOXAECTBEHHO OTHOCHTENBHO X3, ¥y, Ve IlO camoMy ompenene-
nuo @:

00 _0fy O | O 0wy O @5)

0x, 0x, O0xs | 0xy 0x; | 0x;°

*) D10 MOXHO OCYLIECTBHTb BBHIY HENpPEPHIBHOCTH QYHKUMHA f; u f,, npu-
HUMAIOWKUX B Touke M, 3HaueHus yi u yd.
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C ppyro#t cropoun, ecan npoauddepenunposath Mo X3 ypasHeHus (21),
CYMTad X; B Xy QYHKUUAMU OT X3, Yy, Yy, TO NOJAYYAM DABEHCTBA

Y Oo 4 O On O _g

O0xy Oxg ' Ox, 0x, | 0x, (26)
‘?f_s . Opy + ofy 0‘?2 4+ ofs =0,
Oxy  0xy U Oxg  0xy | dxy

0
JAUHEHHB € OTHOCHTENLHO BEJIHYHH a?‘ u g-% U3 suHe#iHKX paBEeHCTB
X3 8

(26), kak caenCTBUeE, BHTEKAET TPEThE JHMHEHHOE PABEHCTBO:
ofy 0O ofs — ES
ox, 6x3+0x9 0x,+dx,, (26%)
NOTOMY 4TO ONPENENUTENb TPETHEro MOPSAKA, COCTAaBACHHEIM M3 KO3(-
(UIUEHTOB NP YIIOMAHYTHIX BEJAMYAHAaX ¥ U3 CBOOOJHHIX YJCHOB
o 0f Ofi
0x; 0xy 0x,
ofy ofy Ofy
0x, 0xy 0X,
afa afs afa

0x, 0xg 0,

TOXIECTBEHHO paBeH Hymo (Beap paHr wmarpuust (16) ects asal).
Conocrasnenne pasencrsa (26%) ¢ (25) m npusomur x TpeGyemMoMy
TOWAECTBY (24).

[TpumEer. Paccmorpum cucreMy (yHruumi

=X+ X X5 Yo=x]4 xi+ x5
V3= X1 Xg | XoX5 + XXz

Jlerxo mposeputs, YTO (GPYHKUMOHANbHAA MaTpHUNA

1 1 1
( 2x4 2x, 2x, )
Xyt Xy Xg4x, X+ X
6yner MMeTb paHT 2 BO BCeM NpPOCTPAaHCTBE. B COOTBETCTBMHM ¢ STHM, OIHA

u3 Qynxuni 6yner 3aBuceTb OT ABYX APYIMX, HalpuMep,
Ye=yi— 2,

§ 3. ®YHKUHMOHAJIbHBIE ONPEJEIUTEIHN
H UX ®OPMAJIbHBIE CBOHCTBA

324. dynkuuonanbHble onpefenuTead. B npensaymux naparpadax
BaXHBIM ODYAHEM WCCIEJOBAHUA CJAYXUIH 0co60ro poia onpenesuTeNny,
COCTaBJIeHHBe U3 YaCTHBIX NPOM3BOJHBIX; OHM IO OTHOILEHHMIO K CHCTEMaM
GYHKUEH WrpajM Takyl Ke DOJb, KaKylo HrpaeT OOBIKHOBEHHass MpPOU3-
BOAHas Ans oAHo#t ¢yHKuuu [cp., HampuMmep, TeKCTH TeopeM 1 u 3,
n° 816, 317]. Mum wuayunm sgecp Hekoropeie (OpMaibHBE HMX CBOHCTBa
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(TaKXe HaNOMMUHAIOIUEe COOTBETCTBYWOMUE CBOHCTBA OOKIKHOBEHHHX RNpO-

W3BOJHBIX), YTO OOJErYuT HCNOJB30BaHHE YNOMSHYTHIX oOnpeleauTenest
B JdajbHeiuiem,

[lycts Aaubi 72 QyHKUMH OT 7 NepeMeHHmx
J’1=ft (xlr xﬂ: see xn),
y2=f2(x1’ X eves xn)’
ynzfn(xb X ovey Xp)

KOTOpHE ONpPEeAeJCeHH B HEKOTOPO# n-mMepHO# 06nacTd & u uMelOT B Helt
HENPEPHIBHHIE UYACTHHIE NPOM3BOAHBIE N0 BCeM nepemenHnM. CocTanum
U3 STHX NpPOUSBOJHBIX ONPEREIUTE/ND

(8))

Wy 0y Oy Wy Wy On
0xy 0xy *°° Oxp, 0x; 0x; " 0x,
o0x, 0x, "' O0x, dx, Ox, "' Ox,

0y Ovn 054n Oy, 9y, O
0x, 0xg " odx, 0x, 0x, """ Ox,

BTOT ompelenuTenr HaspBaeTcd GYHKLHMOHAJBHHM ONpele-
aurteneM cucteMn ¢ynxknu#t (1) no NEpEMEHHHM X;, Xg ..., Xp
1 0003HaYaeTcs, AN KPaTKOCTH, CHMBOJOM

Dy 3o --s ¥n)
D(xyy Xy oovy Xp)°

CXOOHHM ¢ 0003HaueHNeM OGHLIKHOBEHHOH MPOHU3BOAHOM,

DyHKIMOHaALHKE onpefenuTeny OLIIM BBENEHH B HayKy IPUMEPHO OLHOBpE-
MeHHO (B Konne 1833 w B navyaxe 1834 r.) flko6m m OcTporpajgckum, B CBA3H
C OXHMM M TeM K€ BONPOCOM-— O 3aMEHe NepeMeHHBLX B KPaTHHIX HHTerpainax
[em. Buxe n° 355, 859 u 384]. Heckonpko mosxe (B 1841 r.) flko6u onmy6aukosan
pa6oty, rie GbiiM M3YyueHH CBOHCTBA 3THMX ONpejiesuTencit ¥ JaHb B Pa3BEPHYTOM
BHJle UX NPWIOXKEHNA KAK K YIOMAHYTOMY BONPOCY, TaK M K TEOPHH HEABHMX
Gyuxnult. B cBasm ¢ 9THM  (YHKUMOHAJbHBIE ONpeleNuTeNd M CTamd O6GHYHO
BasLBaTh onpedesumensnu Sxobu unu sxobuanamu. Oboznauenne GyHKIMOHAAb-
HBIX onpeneautenedl, yYKa3aHHoe Boillie, NPEANOKHUA BIOCICKCTBUH aHrAMHCKUHA
MateMatik [ OHKHH.

325. YmuoxeHHe QYHKIMOHANbLHBIX onpepenutetef. Ilas ynpoue-
HAS 3aMACH OFPAHMYMMCA, HalpuUMep, ONpele]uTeNsMd TPEThEro Mopsaxa:
NOJIyYeHHBE pe3yJbTaTH OyAyT HMeTh coBeplleHHo oOmu#i xapakrep.
Hrak, ucxoamm u3 cucremnl Qynxuuit

yi=/1(%y, Xy X),
Ya=/3(¥1, X9 Xs3), 1%
Js =f3 (xb X, xa),
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KOTOpHE onpefleiedsl B (TpexmepHo#t) obaacta & u umeioT B Heit
HEMpepHBHElE UYACTHHIE NPOW3BOJAHHIE IO BCEM TNepeMeHHnM, Kpome
cuctemsl ¢yskuni (1%), BospMeM cucreMy ¢yHxUuf

x1==¢; (ty, ty t3),
Xg== P2 (tlr t!: t3)» (2)
X3== @3 (tl) ti’ t.‘l)’

OfpeleNeHH X W UMEIOIKX HeNpPepPHIBHBIE IPOU3BOXHLIE B (TpEXMepHOH
we) obmactu &. Ilycts npu uameHennu TOUKH (fy, fy, f3) B COOTBET-
CTByIOIAs TOUKA (X;, Xg, X3) HE BHXOAUT U3 00JACTH .@, TaK uTo
Y1 Yo Y3 MOXHO pacCMarpuBaTth Kak CJAOXHHE QYHKIMH OT Iy, fy f3
yepes TMOCPENCTBO Xy, Xg X3 YMHOXUM Tenepb (YHKUHOHAJbHBIN
Onpefie/InTeNb CHCTEMB (1%)

Wy 9y Oy
0xy 0xy 0Xg
s Oy 0ys
0x, 0xy 0X,
s 0¥s 095

0x; 0Xy 0.X,

Ha (yHKIUOHANBHBH ONpelenuTenp cucTeMsl (2)

0xy 0x; 0x,
0t, 0ty Oty
Oxg 0Xxy 0X5
0f, 0f; Of,
0x5 0xy 0xy

0f, Ofy 01,

Ilpn 5TOM MB BOCHOJb3YEMCA HBBECTHOH TEOpEMOH YMHOXEHMS OMpe-
AennTened, KOTOpas Bupaxkaercs Qopmyok

Qyy Qg Qg3 by byg by Ciy Cyo C13
Qg1 Gy Aoy + | by bog by |==| Cqy Cag Co3|>
Q31 Q3 Qg by bgo b €31 C3a C33

rae
€5 = by, + Qiaby, + aisby, (G k=1, 2, 3)
(ymHOXaeTCs «CTpoKa Ha croibens). B Hamem cayuae

Oyi  0x, | Ovi 0%y | Oy;  O0xy
= 0%, at,,+ax2 "0t U ox, 0y’

T. €. —— N0 (opMyJe i NPONSBOAHOR CHOXKHOH (yHKIMK —

Cin =g%i G k=1, 2, 3).
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OKOHYaTe/bHO B pesyqbTaTe nOJyyaercs onpeac/anTel]b

Wy Oy Oy
0f, i, Of,
95 Oys Oys
Of, 0ty 0ty |»
s 0ys Oys
ot, Ot, Of,

a 3T0 eCTb (YHKHHOHAMBbHHE oONpedenuTeNs CHCTEMB (QYHKIEHE vy,
Yo Y3 HO NepemeHHmM fy, t,, f; Mrak, B kpatkux 0603HaueHHIX:

D (¥1 Yo ¥s) — D (91, Yo ¥s) . D (x4, %y, X) (3)
Dty t, ta) D (xn X3y xa) Dty to ty) :

Ecnu Gpl uMead O XHY (YHKUMIO ¥ OT X, e X €CTh B CBOW Ouepelb
QyHKuns OT OALHOY nepemeHHOH f, TO noayuunu On OOHuHyI (op-
MyJly IS TIPOUSBOAHOM CIOMHOH (yHKHUM: b _dy, dx,

“dt T dx " dt’?
Hamu (opmyaa (3) sBaserca ee oGoGuieHueM.

Ormernm ocoGo cuayuail, xorga nepemesssie fy, fy, f3 TOXIECTBEHHHI
C Y1 Yo Y3 Tak uTO cucreMa ¢yHKuuti (2) ecTb MPOCTO Pe3yAbTatT
«o6pamenns» cucreMn (1) (camyo BO3MOMXHOCTh TaKOro oOpamieHus
Mbl 3lech jonyckaem). Torma HafimeHHOe Bhllleé COOTHOWIEHHE CBEAETCS
K caenymouemy:

noJay4enHan

D (31 5, ¥3) | D (xy X9 X5) =1 4
D(xp Xay xs) D (ylr Y .Vs)
nm
D(y;, Y5 ¥s) _— 1 ®)
D(xlv Xgy xB) D(Xl, Xy xs)'
D (yii Ya J’a)

B sTomM Buge oHO HanmomuHaer (OpMyJy s TPOMSBOAHOH OOparHOH
PyHKIUM,

326. YMHOXeHUE HEKBAXPATHH X (PYHKIMOHANBHBIX MaTpulL. M 3xecs
MBI BHISICHUM OOl pesysnbTal Ha NIPUMEDE YMHOXEHHS HPIAMOYTOJbHEIX
Marpull 4acTHOro BHAa. PacCMOTpHM CHayana 4uCJOBBIE MaTpUILBI

byy by
a31 Qg Q43 bor b
gy Qg Qs a 21 Og9 |«
21 Qg

b3y by

Kak u3BecTHO, WX NpOW3BeNeHUEM HA3KIBAETCS KBaJApaTHasg Marpuua
(011 Cm>,
Co1 Con

€ip == Qpb1p — Aiabap 1 Qisbas @G k=1, 2).

rae
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Onpezenurens BTOPOro NOPAKE, COOTBETCTBYIOWIMH 3TOH MaTphile:

ayybyy -t @rebas - @isby  Gyybyg | asebey - agsbys
1013~ Agabgy - agebsy Qg3013 ~+ Qa9lgs - 93039

paBeH CyMMe MpOM3BEAEHMH NOMAPHO B3ATHX Onpeneaurencd BTOPOrO
HOPSIAKE, COOTBETCIBYIOUIMX NEPEMHOMKAEMBIM MaTpULLaM:

bubs . lbglbn
b%lbm b31b32

b.’plbﬂ?
bllbli

211249 Q193 Qy3Qy4

919 Q99093 Q93044
PaCKpHBaﬂ ONpEeaCAUTE/NN, JETKO NPOBEPUTL 3TO TOXKAECTBO Hemocpen-
CTBEHHO (B Bhicuiell anreGpe yCTaHaBauBaeTcA M oOuias TEOPEMa, OTHO<
CAAACA K YMHOKEHHUIO NpPSMOYFOABHEIX MATpHIL).

[IpumMenum Temepb STOT pESYALTAT K (YHKUKOHAIbHEIM MATPHIAM.

Iycro uMeeM ABe OYHKIUA ¥y, ¥g OT TPEX NEPEMEHHHX Xy, Xg X3!
n=rf1(x, Xy x3) ya==So (X1 X3 X3},

npuyeM, B CBOIO OYEpeldb, NEPEMEHHBIE Xy, Xy, X3 ABAFOTCA (YHKUUAMA
OT IHBYX MNEPEMEHHHX Iy, Iy

xy= 1 (ty, o), Xg==¢3 (1, t), Xs==1p3(t;, ).

IMpepmonaras aaa Bcex QyyHKUMH CYLWECTBOBaHHE HENPEPHIBHHX YacT-
HHX TNpPOMSBOAHHX, IOCTapaeMcs HaliTH BHpaXKeHHe MR (QYHKUHOHAIb~
HOrO onpejenurTeas OT CHCTEMH QYHKUuM y; 4 y, MO TNEPEMEHHHM Iy
u f3. C sToit measlo nepeMHOXHM JBe (PYHKIUOHAIbHBIE MATPHIBL

o0x; 0,
995 9y Oyy ot 0ty
0x, 0xg 0x, a 0xy 0xy
0ys Oys Oys 0t, 0ty | °
0x; 0x, 0x, 0x, Ox,
0t, 0ty
B panHoM cayyae
dy; . ,
U:._—a—yxij (i=12 j=1213)
ox .
bik:ﬁi (=123 k=1, 2)
M, HaKOHel,
_ay, Ox, 0x,y oy;  Ox, v
Cin = dtk+0x, _5?;+6x8 Ot 0t
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anMeHﬂﬂ 3HECh YKa3aHHBIH BhHIlLE pesyabrar, noJyuynM TOXKAECTBO

0ty Oty | __|0x; Oxp | |0t ot + 0x, 0x, ot, 0Ot, +
ov: 61’2 - 01'2 0)’2 dxs axs _?,_V_g _?Xa ) Qﬁs' _0_/"7_:3
0t, Oty 0x; 0xg 0f, oty 0xy 0x 0t, oty

Oy, 9y, 0x, 0x,

4 lom om0 o

993 Ops| | 0%, 0xy)°
O0x; 0x, ot, oty

KOTOpO€ B KDATKHX 0603HaueHnax nepenyuuercs Tak:

Dy, ¥s) __ Dy, Ys) . D(xy, x5) -+ D(ynys) | D(xy %5) +
Dty ts)  D(Xu %s) Dty fs) | D(Xe%y) D(ty £5)

+ D(yy ¥5)  D(xy %) )
Dxy %) D (ty t5)°

Ecnu On peub maa 06 oAHO R QyHKIMM y, KOTOpas 3aBUCHT OT O AHO f
NepeMEHHO ¢ uyepes INOCPEACTBO TpPeX MNePeMeHHHX Xy, X3 Xs TO

nosyynaacr Owi oObuHas Qopmyna mna AuddepeHnupoBaHns CAOXKHOH
GyHHIAn:

dy Oy an1
“ox,
¢dopmyna (6) ecTb ee aHajor.

B namvueitiieM Mb eme ray0xe H3yYMM aHAJIOTHIO MEXIy MPOH3-
BOAHBIMM K (YHKIHOHaABHHMH onpeienurensmu [n° 354, 2% n° 383].

d.r,, Oy  dx,,
ax, it Tax; Ox, di?



TJIABA [IBAJILIATAS
KPUBOJIMHEHHBIE UHTETPAJIBI

§ 1. KPUBOJIMHENHBIE MHTErPAJIbI MEPBOTO THMA

327. Onpepenenne KPHBOJMHEHHOrO HHTerpajna mepBoro THUMA.
Has Toro 4roOH €CTECTBEHHHM NyTeM NPUHATH K 3TOMY HOBOMY MOHsA-
THIO, DAaCCMOTPHM OAHY MeXaHWuYeCKylo B3afady, KOTOpas K HeMy MpH-
BOJIHUT.

Ilycrb  nmama noockas  mpocras *)  cnpsmasemas  kpuas  (K)
(puc. 8), BIOML KOTOPOH pACNOJNOXEHH MacChl, IMpHYEM M3BECTHA
7 uX JuHeRHas naorHocTh p (M) BO
Bcex Toukax M kpusoii. Tpebyerca
onpeieNuTh Maccy m Beef Kpu-
po#t (K).

C sToft Henblo MewIy KOHLaMH
A u B KpusoH BCTaBUM NpOu3-
BOJMBHO DA TOYeK Ay Ay ...
vy Apg (Ap v A, D9 CEUMMETpUH
0603HaYeHnH  OTONIECTBISIOTC C
A n B). Mm cuwraem naa onpe-

Puc. 8. HeJEHHOCTH, YTO TOYKH BSTH Nepe-

HYMEpOBaHEH B HampaBjeHun oT A

K B, X0T1 HAYTO He Memwano O HaM HyMepoBaTb HX H B 0GpaTHOM
HanpaBJIeHHH,

Basp Kakyio-uuGysp Touky M; Ha nyre A;A;, KpHBOH, BEIYHCIMM
naoTHOCTE p(M;) B aToft Touke. IIpuOJAMKEHHO CuUHMTad, 4YTO
TAaKOBa Xe MIOTHOCTb BO BCEX TOYKaX 5TOrLO y4acTKa,
u obosHauas mauHy Hyru A;A;.q uepes o; AJAA MacCH m; 5TOH Ayr,

*) HenpepriBHas kpuBas Ha3bIBAETCA MP O CTO Y, €CIM OHA 3afaHa MapaMer-
PHYECKH M Kaylasd ee TOYKA MOJyyaeTcss JHINb NPH ONHOM 3HAYEHWH NMapaMerpa;
B Cayyae 3aMKHY TOH NIPOCTOH KPHBOH HCKIAIOYEHHe NPeACTaBAAeT eIHHCTBEeH-
Haa TOYKA, B KOTOPOH «KpHBadA 3AMBIKAETCA» M KOTOPAaA OTBEYaeT KB Yy M Kpait-
HUM 3HAUYEHHAM NapaMmerpa.
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GyHEM WMeTh NpHO.IMKEHHOE BHDAXEHHE
my==p(M,) s,

a 19 BCEH HCKOMOH MacChl — BHPameHHE
n-—1
m==3 p(Mjo;
i=0

ITorpemiHOCTh 3TOrO MNOCJAEHHEro, CBA3aHHAsw CO CHCAAHHBIM BHILIE
NpuOMMKEHHBIM JONyLIEHNeM, OyIeT CTPEMHTbCH K HYJIO, €CAM IJAHBL O;
BCEX yl[acn(oa CTPEMATCA K Hy 10,

Taxum o6pa3om, o6o3Hayas uyepe3 A HauGOJbIUYIO U3 LIUH 0; JJS
NoJyyeHds: TOUHOH (OpMyJbl OCTaeTCd JHlLib NEPEHTH K npeneny:

n-—1

m == lim Z p (M;) o5

A0

Cranem ke wu3yuaTh BoOOGIle NpeNeNs 5TOr0 pPOJA M, OTBJEKasACh
OT PacCMOTPEHHOH 3aJauy, BOSLMEM NPOHM3BOJBHYIO <«(YHKUHIO TOUKH»>
f(M)=f(x, y), 3alaHHy0 BAOJb HENPEPHIBHOH IVIOCKOH CIPAMAAEMON
xpuso#t (K)*), m moBTOpUM yKasaHHH# Inpouecc: pasbus Kpusyw (K)
Ha sneMeHTapHele ayru A;A; u BHOpaB Ha HUX TMPOMSBOJBHO MO TOUKE
M; (&, m:), Buiuncaum sHauenus f(M;)=f (E,-, ;) B HAX U COCTaBUM CyMMy

Z JFM)o = 2 f(Ei; i) 643

iz:0 i=0

OHd TNPEACTaBIsET COOOM Takke CBOETO poja HMHTETrPaldBHYIO
cCymMmy.

KoHeunsili npedea smoil cymms. Npu cmpesaexun A=—maxo; ¥
HYAI0 HA3b6QEMCST KPUBOAUKEGHbLM URME2PAAOM (HepBO20
muna**)) om gynkyuun f(M)=f(x, y), 83ameis no Kpusoi uiy no
nymu (K), 1 0603HayaeTCa CUMBOJIOM

Sf(M)ds = Sf(x, ¥)ds M)
k) (©

(rae s ectb mauHa Ayru KpuBoH W dS HaNOMMHAET OO SJEMEHTapHHIX [JH-
Hax o;).

TO‘[Hy}O xapamepncmxy npeaeapbHOro npounecca MOXKHO NPEeAOCTaBUTh
YUTATEJIO,

¥) [lpy 9ToM npexmonaraetcs, YTO B OCHOBY IIOJOXEHAa HEKOTOpas NpAMO-
yroapHas CHCTEMa KOODIHMHAT.

*¥) B oTaMyde OT KPMBOAMHEHHLX WHTErPanoB BTOPOro THIA, paccMaTpuBae-
Mpix Huxe [n° 330].
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Taxum o6pasom, MOJYYEHHOE BHINE BbIPaXeHHe A MAacCH MaTepHailb-
HOH KpuBOH MOxET OBITb IIEPENHCaHO Tax:

m=\ o as @
(K)

Ommemurm ocobo, wmo 8 npusedeHHoM onpedescHull He uzpaem
HUKAKOG poAall Hanpasaerue, KOmopoe mMoxcem Obms npudaHo
nymu (K). Ecau, sanpumep, 3Ta KpuBas He 3aMkHyTa u nof (AB) u (BA)
pasyMeTh DasHO HanpaBJeHHEIE KPHBHE, TO

| Fanas= | ramas
{

(B4)

AHanOrMyHO PacCMOTPEHHOMY, MH MOIMM Obl BBECTH TNOHATHE WHTe-
Fpana, pacnpOCTPaHEHHOrO Ha NPOCTpPaHCTBEHHYI0 Kpusywo (K)

Sf(M) ds= Sf(x’ y, 2)ds®).
) )

(X

Beuy OTCyTCTBUS HOBHIX NPUHUMGMAABHEX MOMEHTOB HET HaAOGHOCTH
BJ1aBaThCA 34€Ch B NOAPOOHOCTH.

328. Cmeménue K OOGLIKHOBEHHOMY ONpeNECICHHOMY HHTErpasy.
IMpenmonoxum, yto Ha Kpuso#l (K) NpOM3BOMBHO YCTaHOBJEHO Hamnpa-
Baenne (OZHO M3 JABYX BOSMOXHHX), TaK 4TO NOJOXEHME TOYKM M Ha

S
KpHBOH MOXeT OWTL onpelereHo AMMHON Ayrm s== AM, oTcuutnBaemoH
or HayaibHOH Touxm A. Torza xpmsas (K) mapaMeTpHYeCKH BHIPA3WTCA
yDPaBHEHUsMH BHAA:

x=x(s) y=y@E) (0<s<3)

a ¢yskuua f(x, y), 3agaHHas B TOYKaxX KpUBOH, CBEJETCH K CJIOKHOR
¢ynxuan f(x(s), y(s)) or mepemenHo# s,

Ecam uepes s;(i=0, 1, ..., n) o603HauuTL 3HaueHus AyTH, OTBeE-
yaomue BHOPaHHEIM Ha Ayre AB Toukam JAeneHus A; TO, OYEBHAHO,
0;=S8;4.1— S;==As;. O6o3Hauup uepes §; sHaueHus s, ONpeseaAOmue
Toukn M; (IpudeM, OYEBHAHO, S; << 5;<< $;.41), BAAUM, YTO HMHTErpajibHas
CyMMa JI91 KDHBOJMHEHHOro MHTErpaja

n—1

n—1
2 My o= 2 f(xE)y G As,

*) B oCHOBY Kuazercsa HEKOTOpas MPAMOYTOXbHAA CHCTEMa KOOpAHHAT, PyHK-
Hua f onpejeneHa Iuuib B TOYKax Kpusoft (K).
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SBASETCA B TO. e BPEMA MHTErpasbHOH Ccymmo#h A7 OOHKHOBEHHOTO
ONpPECIEHHOTO MHTErpaia, TaK YTO CPasy WMEEM:

S
{ramas=@® (o yonas, ®
0

(K)

TPHYEM CYIIECTBOBAHUE OJHOTO M3 HWHTETPaiOB BJeYeT 3a coboft cymie-
CTBOBaHUE APYTOTO.

WnTerpan, o4eBHAHO, CYIIECTBYET, HAaNpUMep, B CAyuae HenpepHBHOCTH
¢ynkuun f (M) *¥), uto Mnl OyAeM BIpeAs NPEANOJAraTh,

INycte Tenepp kpusas (K) sajmana NMPoOMSBOJNBHEIMA MapameTPUYeCKUMH
YPaBHEHUAMH

x=0@), y=9@t) ¢E=<t<T)

raie ¢yHKMAm @ ¥ ¢ HENPEPHBHH CO CBOMMM HpPOM3BOAHBIME ¢ n ¢
NPEMONONUM, CBEDX TOIO, UTO KPaTHHX TOYEK Ha Kpuso# Her. Torxa
KpUBas 3aBEJOMO CIpAMJSeMa, X €CJU BO3pacCTaHue AYru §=

—
=AM=s() orBevyaeTr BO3pacCTaHHIO nmapamerpat, To

SO=V1eOP +OF

[n° 201, 202]. 3amenss nepeMeHHylo B uHTerpane (3) cmpama, cpasy
N0y 4UM:

T
;f(M)dS=(R) (760 ¢ VFOFFV@OFe @)
(

2

o

Takum 006pa3oM, 045 8b4UCAEHUS KPUBOAUHERHO20 UHMezpaia nep-
8020 muna HadAexcum 3ameHums 8 nodurme2passroll gyHryun nepe-
MeHHBE X U Y BHPANCCHUAMU KOOPOUHAM Hepe3 napamemp, a MHo-
gicumens ds — dugbgpepenyuaron Oyau xak GYHxuuL napamempa.

Ecan Obl npu Bo3pacTanuu napamerpa t ayra AM yOwBaaa, To
cromno Obnl /mumb nepeditu K ayre BM, utoOn cHosa mpufith K dop-
nyae (4). Takum o6pa3om, B 3TOR dopMyre HUMKHUM npelAen wH-
TerpaJja cnpaBa JAOJXeH GHThL MEHbIIE BEPXHET O, KAIKOBO
6b HE OBLIO NMApaMeTPHYECKOE 3afaHie KPUBOH.

B cayuae KpHUBOH, 3afaHHOH SIBHHIM YPaBHEHHEM:

y=y(x) (ea<x<b),

*) 3uayok (R) ykasbiBaeT, YTO MHTErpain MOHMMAETCH 3/IECH B COrNACHH C
OGBLIKHOBEHHBIM, DU MAaHOB bl M, ONpENCNCHHEM.

#%) Mbl uMeeM B BHIY HeNpepHIBHOCTb B TOYKAaX KpUBOH (K) u BROAB
nee. Ha ssbike «e-¥» 9TO o3Hayaer, yro mo & >0 Hafizerca takoe 3 >0, yro
[fF(M)—f(M)|<e mpu MM <3 (M u M —rouku kpusoit). Ilpu stom
IpeNnoNOKeHHH M ciowHas QyHkuna f(x (s), y (s)), mockoabky X (s) u y(s)
HENpepHIBHb, €CTh TaKXe HenpepbiBHAA QYHKUUA OT 8.
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dopmyna (4) npuHuMaeT Bum:

b
[ ramas=m [ 706 vy vIFF@Fde.  ©)
(&) a

3TOMY COOTHOMICHHI0 MOXHO NMPHEATL W APYryio qopMy. B mpelmomoxeHHH
HenpepuIBHOCTH (QYHKUMHM y (X) BMecTe ¢ ee npoussopsoit y' (x) xpuBas (K)
B Kau/J0i TOuYKe OYHeT HMeThb ONpENENEeHHYIO KacaTeNbHYI0, He NapaisieibHyio
ocu y. OG03HayuB yepes a Yrod KacaTembHOH ¢ OCbI0 X, MOXYUAM:

1
tga=y"(x) feos o |= o,
1 7 2
Mostony b VI+y (%]
J‘ (M) ds=fﬂ-{%lde. (6
(K) a

B YACTHOCTH, TaK KaK, OYEBHIHO,

J- ds=3_,
(K)
rie vepes S o6o3payeHa AuMHA Beedf kpusolt (K), TO

b
S=j1 dx @

|cosal®

BaMeyanugR PopMysa (7) moayyena Hamm B pesyabrate (GopMaibHBIX
npeoGpasosanuil. Ecaim 6m Mb onpemeinan IamHy AyrM KpuBOH Kak Npejex
nepruMeTpa ONMMCAaHHOMN (a He BIUHCAHHON) JNOMaHOH, TO 3TO ompeneneHde —
B ciyyae ABHOTI O 3aflal¥a KDPHBOH — HeNOCpeJACTBEHHO NpHBeso Gu X ¢op-
myae (7). Tlpennaraem upraTemo caMoMy y6enHIbCca B 9TOM.

329, NMpumeper. 1) Buynucanm uuterpan I=J xy ds, ecin (K) ectb vyer-
(K)
x2 o y?
BepThb 9JUIHIICA —F-{—F: 1, mexauras B mepBOM XBaLpaHTe.

Wcxois ©3 NapaMeTpHYecKOro NPEeNCTaBICHHA SJMIHICA: X ==acosf, ¥ ==
= bsin £, 6yneM umers:

x{=-—asint, y;=bcost, VxPlyl =7V a*sin’t-| b cos’?,
Broiukcnenne moxHno mpomasectd nmo Qopmyse (4):

F}
1=‘5‘acost-bsint-Va”singt—}—bﬂcosﬂtdtz
0
ki1
zz7 /1 2 1T 4 cos 2
o : g, 1—cos 2t 2, cos 2¢ .,
= jsttl/ a ) 48 5 .
0
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[TonoxuM 3necb <Cos2f==2, Torma sin 2fd¢ =——l— dz u

2
1
_aija2+b5 b —at _
I=g )V —=—t—g &=

3
ab 2 2[az+b“+b2—-aﬁz‘J§\1 _ab a®fab4 b
2 -1 3

4 P43 2 atb
3aMeEuAHHUE Jlna GONLIOMHCTBA NOCTOAHHO BCTPEYAIOHIMXCH KPHBBHIX

(sanunc, ranep6ona, CHHYCOMAA ¥ NIP.) NIMHA AYTH He MOXeET GBITh BhIPaWeHa

B 3J€MEHTapDHBIX (QYHKUHAX, TAK KaK dS HE HHTErpupyercs B KOHEYHOM BHIe.

Tem He MeHee, WHTerpan Sf(x, ¥)ds v Ang TaKMX KPUBHX WHOH pa3 MOXeT

(K)
OEITb BRIYHCIEH B 37€MEHTapHbHIX (YHKUHAX (KaK B NpeIBAyHIeM NpUMepe), Tak
KaK NPHCOENUHEHHEe MHOXHTEAR f (X, y) MeHAeT BCIO CTPYKTYPY NOAMHTErpaib-
Horo puddepenunana.

Bonpoce, CBA33HHBIE C Maccamd, HENMpPEePbLIBHO PACNpENEeNeHHBIME BIOMb
MaTepuanbHOi KPUBOH, €CTCCTBEHHHIM 06pPasoM UPUBONAT K KPUBOIHMHEHHHIM
YHTEerpanaM PacCMOTPEHHOro THMa.

2) Mu yxe umenn neno s raaee XII [n° 206] ¢ BRUHCIEHHEM CTaTHYECKHX
MOMEHTOB IUIOCKOH KPHBOH OTHOCHTENbHO OCefi KOOpAWHAT, a TaKke KOOpAMHAT
€e HEeHTPa TAXECTH, B NpPeNoNoXeHUH, YTO «IHHefHas IMIOTHOCTB» p—=1. Yu-
TaTesb JErKO PACHPOCTPAHMT MOAYYeHHEIe TaM (GOpMYnbl Ha OCmWH cayyait He-
NpepuBHOTO pacnpenenenus Macc. Ecam mcnonn3oBath BBeleHHOe MOHATHE KpH-
BOJIMHEHHOr0 HHTErpana, TO Pe3ynbTaThl HAMHUIYTCA B CACLYIOMEM BHAE:

Ky=prds, szgpyds,
(K) (K)

prds Spyds
K K K K
w=f_d Kb
Spds )Spds
(K) (K)

3) Ykaxem eme OfHO NpUMEHEHHE KDHBOJNUHEHHOTO WHTErpalia TepBOro
THIA— K BONPOCY O MPHTRKEHUY MaTepuanbHofi TOUKK MaTepualbHOWO Xe
KPHBOIO.

Kak usBectHo, mo 3akoHy HbioTona, MaTepuanshas Touka M Macce m npu-
TACHBA€T MaTepHanbHY0 TOYKY M, Maccl m, C CuioH, HanpaBierHOH or M, K
M w© yuCIeHHO paBHOH k-%”ﬁ’, roe r—paccrosiue MM, a k-— kosddu-
LIKEHT, 3aBUCAIMH OT BHIGOPA OCHOBHHIX CIWMHMI H3MEPeHH#; BNIpOYEM, AaA NpPo-
CTOTHl Mbl GyZeM OGHIYHO CYHTaTh €ro PaBHBIM eIHHHLE.

Ecan touka M, npurarusaercs cucteMoh touex M;, M,, ..., M, ¢ maccamn
My, Mgy ..., My, TO PE3YAbTUPYIOUIAS CHIA, HIH PABHOAEHCTBYIOW{aA, HONYYaeTCA
TreoOMEeTPHYECKHUM CIONEHHEM CHI IPHUTANKEHHA OTHEIbHHIMH TOYKAMH.
B 10 Xe Bpema NpoeKuUMM pe3yibTHPYIOiel CHIL HA KOODIHHATHbBIE OCH paBHHI
agre6paMyeCcKHM CyMMaM DPOEKUHH OTACIAbHHIX CHI,
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Ecnu 0603naunth npoexiuuy paBHomeHcTBYoulelt Ha ocu yepes X n ¥, a yroa,
COCTaBICHHbI BeKTOPOM r;==M,M; ¢ ocbio x, uepes 0; (puc. 9), T0, OUEBH]HO,

n n
mem; mem; .
X=2 —r%—-cosﬂ,-, Y=2 _F"g—‘sm 0;
i=1 i ¢

=1

THe r; KaK OGHYHO, 03HAY4ET JAMHY BEKTODA Iy

[iycTo Temeph mpuTaAruBalouias Macca pacnpeleAeHa HENpPEePHBHEIM O06DPA30M
no xpusoit (K). Ilna HaxommeHus NMPUTAKCHHA Pa3oGbeM KPUBYIO HA YYacTKH H,
COCPEeJIOTOYHB MacCy KaXKINOro YYacTKa B NpPOM3BONBbHO BHIGpaHHOH Ha HeM

¥
g
N
£
s

g

J Vi £
Puc. 9. Puc. 10.

TouKke M; HafiteM NpHGAMIKeHRbIe 3HAUEHNS TPOEKIME paBHOAEHCTBYOMEH Ha OCH:
M;) s; m i .
X— Z:”’i(—,')icos% Y ZMS’“ 8,
ri H ri
i 12 i t

u60 B 9TOM Cayyae Macca OTHEAbHOrO YyacTka npubamxenso pasHa p (M;)a;
Ecnn ycTpeMuTb BCe o; K HYIW, TO B Npelese NOAYYaTcsa TOYHbie PaBEHCTBA,
ApHYEM CYMMBI BAMEHATCH MHTErpanami

X=m, S g_(.l.\/%.:_o_sj.dgy Y=m, g ‘ﬂlTsul?ds; 8)
& o

3M€Ch r O03HaYAeT NIMHY BeKTOpa F == M,M, a 0 — yron, cocTaBIeHHHIH UM C
oChI0 X.

Haiinem, nampumep, npuTsikeHHe, OKa3biBaemMoe OJHOPOHHOM NOAYOKpPYW-
HOCTbIO (pH p==1) Ha enUHUNY MaccCbl, MOMEUICHHYIO B €€ IeHTpe.

TlomeCTHM HayaJo KOODPAMHAT B LIEHTP NOAYOKPYXKHOCTH ¥ OCh abcuucc mpo-
BelieM uepe3 ee KoHuw (puc. 10).

[To coobpamennsm cuMmerpnn X =0, Tak uTO Aen0 NPUBOMUTCA K HAXOXK-
lenuio suwb npoekuuu Y. Tlo dopmyne (8)

V= S S]:ge ds.

Ho B namem cayyae r== R (paguyc noayokpymHocT) u ds = R df. [Tosromy

ki

1 2
Vi e in 6 df = —
v §sm d R
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§ 2. KPHBOJIMHEAHBIE HHTEIPAJIbI BTOPOI'O THNA

330. OnpeneneHne KPHBOJNHMAEHHBLIX HHTErpasoB BTOPOr0 THNA.
Tlepexoma x npakTHyecku O0OJEE BaXHOMY IOHATUIO KPHBONHHEHHOrO
HHTErpaja BTODPOT O THNA, Mbl 3MeCh HAYHEM NpAMO C €ro Onperee-
HUfl, OTJIOXHUB IIPHJOXEHH OSTOr0 MNOHATHA [0 JajpHEHLIMX HOMEPOB
fcM., Hanpumep, n°336]. Ilycrs nasa npocras kpusas (AB) (koropyio
Mbl NOKAa NPEANoJOXUM HE3aMKHYTOH) M mycTh BAOJbL HEe CHOBA
BaflaHa HeKoTopas ¢yHkuua f(x, y)*). Pasnoxus KpHBY® TOUKaMH
A;(x;, y;) Ha uacty, BuiGepeM Ha orpeske KpuBO# A;A;,, 1O npoussoay
Touky M;(§; 7;) ¥ BHUMCAMM B Hell, Kax M paHblle, sHaueHue (yHK-
wm f(M)=FfE; m;). Ho 5T0 snauenue Mbl yMHOXUM Ha STOT pas He
Ha XauHy Ayru A;A;, a Ha Be/IMUMHY NpPOEKL MM 3TOH AyrH,
CKaXeM, Ha OCb X, T. € Ha X;4 — X;==AX; 3aTeM COCTaBUM HHTE-
FPalbHYI0O CYyMMY

+1

n—1 n—1

o= éof(M,) Ax;= Eof(si, ) Ax;.

Koneunniii npedea 1 smoii cysmo. npu cmpesaenun p=—=maxA;A;4
K HYAI0 HA3LBaemMCsl KPUBOAUHEG RO M uUKHmMe2parom (8mo-
pozo muna) om f(M)dx, e3smum no xpugoii uwu no nymu
(AB) n 0003Ha4aeTCs CHMBOJIOM

1= [ renax= [ (o yax. M

(AB) (AB)

Amnanoruuno, ymuoxas sHauenue f(M;) me ma Ax; a Ha Ay, T.e.
ua npoeKkumo Ayrd A;A;1 Ha OCb ), U COCTaBJAs CyMMY

n—1 n—1

o* = gof M) Ayi= ;‘i:of G m) Ay,

KaKk npenen e€e NCNYYMM Kpusosurelfnsl unmeapas (8mo-
pozo muna) om f(M)dy:

r=\rnay={ 7(x na. @
(AB) (4B)

Ecau Baoas kpusofl (AB) onpenenens nse qynkuuu P(M)= P(x, y)
1 QM=Q(x, y) n CymeCTBYIOT HHTEIDaJsl

§P(M) dx= g P(x, y)dx, Q QM) dy= § Q% y)dy,
(4B (4B (9:¥:)) (AB)

*) CM. nepBYi0 CHOCKY Ha cTp. 213,
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TO W UX CyMMy HasHBAIOT KPHBOJVHEHHLIM HHTErpaloM («oOmero Buia»)
¥ [I0/IaranT

{ Po niv+Qew Nay= | Pr pax+ | Qs ar @

(4B) (AB) (4B)

ConocrasuM Tenepp onpejeteHde KPHBOJIHHEHHOTO MHTErpaia BT O-
poro tuna (1) [um (2)] c onpenenenneM KpHBOJMHEHHOrO HHTErpana
nepsoro tuna [cu. n° 327, (1)]. Ilpu oueBuzHom cxopctee o6a
ONpENENEHH] MMEIOT CyHIECTBEHHOE pasauyne, KOTOPOE Mbl elle pas
NOAYEPKMBAEM: B CJydYae HHTErpaja NEPBOrO THIA NPH COCTaBJEHHH
UHTErPaIbHOA CyMMbl 3Hauenue Qynkuun f(M;) ymunoocaemes va 0 AUy
o;=As; ynacmrxa A;A;;i Kpusol, a B Ciyuae MHTErpaja BTOPOrO THIla
370 3Hauenne f(M;) ymuoocaemcs na npoewyun Ax; (uam Ay)
ynomanymozo ywacmra Ha ocs x (uan Ha ocs y).

Mu Bumenu, yro Hanpasiaenue nytu (AB), BIOAL KOTOPOro Hpous-
BOAWTCA MHTErPUPOBAHUE, HE HIPA€T POIH B CAydyae HHIETpajsa NEPBOro
THna, 160 AAMHA o; AYrH A;A;q)| OT STOr0 HANDPABJCHHS HE BABUCHT.
VHaye 06CTOMT M@0 € HHTErPajOM BTOPOrO THNA: NMPOEKIUES YIO-
MAHYTOH [yrW Ha Ty WJIM JAPYTYI0 U3 OCeH CYmIeCTBEHHO 3aBHUCHT OT
HanpaBieHust AYTH ¥ MEHS€T 3HAK C M3MCHEHHWEM 3TOrO HampaBleHus Ha
obparnoe, Takum o6pasoM, AJA1 HHTErpaJoB BTOPOro TUNa
Oyxer

| 765 pax=— | 7@ yax
(Ba) (4B)
U aHAaJAOrMuyHO

| 7 ay=—\ 75 n
(

(524) AB)

NpUYeM U3 CYHIECTBOBAHMS MHTEIPaJOB CNpaBa YXe BHITEKaeT Cylle-
CTBOBaHHME HHTErPajoB ciaeBa u 0OparHo.

ITomoGHEIM e 06pasoM MOXKHO BBECTH IOHATHE XPUBOJMHEHHOrO
MHTErpaja BTOPOrO THIA, PACHPOCTPAHEHHOr0 HA MPOCTPAHCTBE H-
HyI0 (CkaxeM, HE3aMKHyTyw0) kpusyo (AB). VmenHo, ecimu ¢yHk-
nus f(M)=f(x, y, 2) 3amaHa B TOuYKax 3TOH KpHBOH, TO, KaK u BHIILE,

CTPOMM CyMMY I

o= Eof(si, N cb) Axi

U paccMaTpuBaeM Ipelen S5TOH <«UHTErpanbHOil» CyMMBI NpPH yCAOBHH
cTpeMieHas K Hymo p=—=max A;A; . Smom npedes Ha3ugaemcs

*) VicTopuyeckyio cnpaBKy HO NOBOAY KPHUBOAMHEHHHBIX HHTErPaloB YHTa-
Teab HaljeTr B 3aMeyaHnuu n° 350,
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KpueosuHelUHu M UHmMmezpasoxw (8mopozo muna) om
P
f(M)dx n o6o3HauaeTcs CHMBOJOM

{ rnde=  f@x 5, 9ax.

(AB) (AB)

AHaornyHoO ONPEACHAIOTCA UHTErpanel BUIAa

fundy = 7(x 5, Dy
(AB) (4B)
n

Sf(M)dz= gf(x, 3, 2) de.

(AB) (4B)

Haxonen, paccmarpusaerca u murerpan («oGuiero Buias)

Sde—}—Qdy—-{—Rdz: § Pdx |- g Qdy - S Rdz.

(AB) (4B) (4B dB)

3pech TaKke W3MEHEHUEe HAMNPABJEHWA HHTErDUPOBAHUA MEHAET 3HAK
MHTErpasa.

3aMeTuM B 3aKJIOYEHHE, YTO NPOCTeHuine CBOACTBA OOLIKHOBEHHOTO
ONpPENeNEHHOTO MHTErpaja JIerKo NEepeHOCATCS Ha  PacCMaTpHBaeMblit
KpUBOJIMHEHHBIH WHTErPay; OCTAHABAMBATHCS HA 3TOM He Oylem.

331. CymecTBOBaHME W BBIYHCJEHHE KDUBOJMHEHHOTr0 HHTErpaJja
Broporo Tuma. Ilycts xpusas (K)==(AB) samasa napaMeTpuyecKuMH

YDPaBHEHUAMH
x=¢®), y=49(@), C)

npuyeM QYHKUAM ¢ # ¢ HENPEpPHIBHE, W NpH W3MEHEHHH napameTpa t
OT o M0 [ KpHBas ONUCHIBAETCS HMMEHHO B HaNpasJeHun oT A Kk B.
Oynkumio  f(x, y) Bmoab kpuBod (AB) Takxke OydeM DnpeanoJarath
HenpepbiBHO# ).

Ecau peus uger o6 uurerpane (1), To AOHOJHHTENbHO OGYCAOBHM
€le CYIeCTBOBAHAE U HEMPEepHIBHOCTb NPOM3BOIAHOH ¢ (7).

IMpy 3THX npeAnoNoOXeHHsX KpUBOJMHeRHbH unrerpax (1) cyme-
CTBYET, 1 HMEET MECTO PaBEHCTBO

g
| 76 ax=@ {Fe0. v@9 @t ®

.

(AB) o
Taxkum o6pasom, 04f Sb4UCACHUS KpuBosuHelnoz0 unmezpasa (1) Hao-
AeJCUM  3aMeHums 8 noOuHmezpasbHoOll (OYHKUUL NEpeMenHble X U Y

*) 3nech MOXHO 6bIO Gbl CHegars 3aMeuanue, aHANOTMYHOE BTOPOH CHOCKe
Ha crp. 215, ammb 3aMeHuB Lyry — MM’ xopnoit MM',
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ux suipascenunmu (4) uepe3 napamemp, a muoscumens dx — oughge-
peHyuasonm nepemenroll x rax ymwyuu om napamempa. ITopanox
PacCTaHOBKHM INPEAEAOB B HOCJEJHEM UHTErpanae orse
yaer Ha STOT pas BumOpamHOMy Ha KpPuBOH Hanpa-
BJAEHHUIO,

ITepexomum K nokasaTteabctBy. Ilycts Touku A; (=0, 1
2, ..., 1), B3THIE Ha KDPUBOH, ONMpENEJAOTCA 3HAUEHHsMU f; MapaMeTpa,
a pubpanHas Ha jgyre A;A;; TOouka M;— sHaueHueMm t; (OUEBHIHO,
JexawuM Mexnay f; u t;,). Torga murerpaibHas cymma
) n—1

¢ =i§0 f G ) Ax,,

€C/ yYecTb, 4TO
£,

bry=g ) —e ) = | ¢ O
%

MOXET OHTb HEpelucaHa B BUAE

n—1 iy
o= Y Fle () (=) §¢' (0 dt.
i=0

4

C apyro# croponsi, ¥ mHterpax B (5) cnpasa *) MOMHO NPEACTaBHTH
B BHAE CYMMBL

8 n—~1fiy
I =§ fle@®) ¢OY B dt= i;ﬂ 5 fle@®) @) @)dt

Orciona
”‘-lti.t
o—I= 3 S V@) 4D —7 0, $ON¢ Ot

t=0 ¢

3apasuwiuch npousposbHRIM € >0, npexnosoxam Tenepe Bee Af;
HACTOABKO MajnniMy, 4TOOH B npoMexyrtkax [f; f;,,] xoneGauums Hempe-
puBHOll dyskumn f(¢(f), ¢ () Onau menpme e, Tak xak Hempe-
puBHas ¢ynxuus ¢ (f) orpaHuuena: | ¢’ (f)| << L, 10 Gymem umersh

|[o—1|<eL|B—ual]
Takum o6pasom, npu crpemaehun K 0 BeauuuHn A ==max Af; **)
limo; =1,

*) Camoe cyumecTBOBaHHe WHTErpana OYEBHMAHO BBMAY HEMPepPhIBHOCTH non-
uHTerpanbHo# yHKUHM.

#*¥) A 3TO PaBHOCWILHO-— B Clyuyae He3aMKHYTOl KpitBOH — CTpeMIeHHI0 K 0
HauGoabued 3 xopn [n° 200].



331] § 2. KPUBONVHENHBIE MHTETPAJIH BTOPOTO THIA 223

yeM OJHOBPDEMEHHO JIOKa3aHO KaK CyHmIeCTBOBaHWE KPWBOJHHEHHOrO
uHTErpana, Tak u TpefyemMoe PaBEHCTBO.

Ilepexons x wunTErpany (2), noAoOHHM xe 006pasoM MOXKHO YCTaHO-
BUTh €ro CYyIeCTBOBAHWE M JIOKasaTb Qopmyay

8
S fx, y)dy=(®) S flo®), @)Y (B dt *)

(AB)

NpY YCAOBHM CYILECTBOBAHMs HeNpepHIBHON npoussomHod ¢ (f).
Hakonen, ecau peus ufer o6 uurerpase obmero Buaa

| Pee paxt+ae nay
(4B)

rze P u Q cyTb HenpephBHE (YHKUHH, TO HA KpHBYI0 (AB) Hanokum
TpeGoBatue, 4ToOH 06e QyHKuna (4) uUMENU HENpepHBHHE NPOUBBOA-
Hpie. B atom npeanonoxenun Oyder cnpasedauBa Gopmyda

| P pax+Qe nay=
(i)

g
=(R) S [PE@® ¢SO+ Q@ ¢@ Y B)dt. ®

OnpeneneHre KpPUBOAWHEHHOrO WHTErpaja ¥ YyKasanHHH sJech cno-
co6 cBeméuus ero K OGHKHOBEHHOMY ONpe/e/IeHHOMY HHTErpany Heno-
CPENCTBEHHO PpAacmpOCTPAaHAIOTCA M Ha cayvaih kpuso# (4), Koropas
cama cebs nepecexaeT, €CJIA TOJBKO HanpasJ/ICHUE Ha HeH
NO-NpEKHEMY ONPEACIICTCA MOHOTOHHBIM MBMCHEHHEM IIapaMeTpa t or
o 1o B.

B sakmoyeHHe YKaXeM HEKOTOPHE CJyyad, KOr/ia BHYHCAEHHE KpH-
BOJIMHEHHOrO MHTErpajia TNPeACTaBJseTcss 0COOEHHO MPOCTHIM.

IMycre murerpan (2) Oepercst mo KpuBOMH, 3allaHHOM fiBHEIM ypas-
HEHHeM:

y=y(x),

npuyeM NEPEMEIleHe TOUYKM M3 A B B NPONCXOAHT NPU MSMEHEHHM X
oT a 20 b.

Torma 6Ges Kaknx-nmGo NpeanosomeHuit o KpuBoH, KPOME ee Hempe-
DHIBHOCTH, UMEEM

4
| re ax=® {705 y@)ax. ™

4B
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Ananornyno, ecau umHTErpan (2%) pacnpocTpaHsercs Ha HeEnpepoiBHYlo
KPHUBYIO, 33aJaHHYI0 BHBIM XK€ yDaBHEHHEM, HO ADPYroro Tuma;

x=x(y),
TAe y WBMEHAeTCs OT ¢ A0 d, TO

d
(7@ na=w{rew ne. (7%

(4B)

Hakonen, ecin uHTerpan (2) pacmpocTpaHsercd Ha NPAMOJTHHE#-
Hu# orpesok (AB), mapaanexabHu# ocH y TO OH papeH 0
(n6o B sTOM cayuae pasuel O Bce Ax;, a C HUMH # BCE CyMMH o). AHa-
aorauHo paseH 0 u muterpan (2%), B3dTHf no npaMoJAuHEeHHOMY
OTpe3Ky, mapananelbHOMY OCH X.

3ameuanne. Ecanm xpusas (K) pacnagaercd Ha KOHEUHOE 4HCIO
NPUMBIKAIOMIMX OJHA K JAPYro# KPUBEIX M BAOJb KawIOH U3 HUX B OTAE/b-
HOCTH KPUBOJAHMHEHHBIH HHTErpan cy-
IIECTBYET ¥ BBHYUCASETCS MO OJHOH
H3 YKa3aHHBIX (IOPMYJ, TO JErKO BH-
YUCJAAETCd MHTErpad no BCeH KPHUBOH
(K), xak cymMa HHTErpajloB HO ee
4acTaMm.

332. Cayuaii 3aMKHYTOro KOH-
Typa. Opuenrtanns naockoctu. O6pa-
THMCI K DAacCMOTPEHHIO 3aMKHYTOro

—= KoHTypa (K), T. e. cilyuad, KOrxa

Puc. 11. Haualo A ¥ KoHen B myTd WHTErpu-

POBaHHS COBMajaioT. BsfB Ha KpuBOH

oravuHyl0 or A Touky C, NOJaralnT N0 ONpeleNeHHI0, C YYETOM BHI-
OpanHoro Ha KpHBOH HanpaBiaeHus (Ha puc. 11 OHO yKasaHO CTPEJIKOH):

(= 1+,

& amc cha

B NPEINONOKEHAR, YTO VHTErpadsi CMpaBa CyIECTBYIOT.

Jlerko mNOKasaTh, UTO CYIIECTBOBAHAE U BEAHUMHA MHTErpaja He 3a-
pucar or BeiGopa Touek A u C. Kpome Toro, u Ijs 3aMKHYTOrO KOH-
typa (K) oxaspiBalorcsi npumennMbeiMu gopmyast (5), (5%), (6), BeiBemeH-
HHE B TPEABAYIIEM HOMEpE.

Oco6eHHOCTb PACCMATPUBAEMOTO CAyYass 3aKJIOYaeTcs B TOM, YTO
yKasaHne HayaqpHOM M (CoBmajaome# ¢ Hel) KOHEYHOH TOYKM HA 3TOT
pa3 He ONpefeaseT Hanpas/eHus, B KOTOpOM omuckiBaercd kpusas (K).
MoxHo ©wt0 GH B KaXIOM CJyyYae YKas3wBaTh 0C060, KaKOE HMEHHO
HanpasJjeHue UMEeTCss B BHAY. TaK ¥ NMPUXOAMTCSA NOCTYNarh, €CIU pPevb
HIET O TPOCTPAHCTBEHHOH KpHBOH. B cayuae e HIOCKOTO 3aMKHYTOro
KOHTypa (K) OOBKHOBEHHO NOCTYMAKT HHAue,
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V3 1#ByX BOSMOXHHIX /19 MaHHOH INIOCKOCTH HalpaBAeHwu#
BpalileHHdsl— <NPOTUB YaCOBOH CTPEJKH» U <«IO HAaCOBOH CTPEIAKE» —
OIHO BHIOMpAeTCH 32 IOJOXKHATENbHOE: 3STUM CO3JAETCA ONpeleaeHHas
opuenmayus naockocmu. ECAn TNONOXKUTEJIbHBIM CUATAETCS BpalleHne
NPOTUB 4YaCOBOH CTPEJIKH, TO OPHEHTAlUd INIOCKOCTH Has3hIBAETCA Mpa-
BOH, B JHpyrom xe Cay-
qae — JIEBOM.

B cayuae  mpasoit mm%]%gm ” o vacoball cmpenke
OpUEHTALUA IVIOCKOCTH MBI \
MMEHHO BpalleHHe IPOTUB :
yacoBoli CTPE/IKH MONOKUM | } B\
B OCHOBY ONpEJE/]eHUs no- == ) =
JIOXKHUTEJIBHOTO  HampasJe- | =

HUS Ha IPOCTOM B3aMKHYy-
TOM KOHType (puc. 12, a). 2
Ilpasaa, 10 onpeneicHue
MMEET MOCTATOYHO SCHBIH Puc. 12,
Xapakrep JIMIUb JJ9 KOH-
TypoB, Ounuskux K OKpyxHOCTH. IlostoMy Mb ycrosumcs Golee TOYHO
Tak: TONOXKHUTEJNBHHM HanpasiaeHuem o6xoda npoCTOro
3aMKHYTOTO KOHTYpa HashiBa€Tcs TO, P KOTOpoM Ommxkaimas x Habaio-
Jatenio 4actb 00JacTH, OrpaHuuyeHHO# KOHTYPOM, OKa3BBaeTCs Jeaniel
canepa or Habmogmareas (puc. 12, a). B cayyae aeso#t opueHTauum
IJIOCKOCTH MOJOXHUTeaAbHHM Oyder o0Xol KOHTypa MO 4acoBO#
cTpeake, Tak yTo 006JacTb OCTaercs
7 z cnpasa or Habmonarens (puc. 12, 6).
3ameTHM, UTO CaMO€ pacnoJIOKeHue
KOOPJMHATHHIX OCeH Ha INIOCKOCTH Beeraa

0
\‘M \ CTaBUTCSI B CBfI3b C €€ OpUEHTaLHUel:
T

7 OCb ¥ MOJMydaeTcs U3 OCH X IOBOPOTOM
Jﬁ’ﬂ' Y

K3
< €€ Ha YOl -5 MNDOTHB 4yacoBo#

CTPEJKH MNpH mnpasoH opueHrauuu
NJIOCKOCTA ¥ MO 4YaCoOBOH cTpeJ-

&z b/ Ke—npu JaesBoH (puc. 13, a, 0O).
a) Z B mepsoM cayyae cama KOOPAMHATHAs
Puc. 13. CUCTEMAa HashiBaeTcs MnNpaBoH, a BO

BTOPOM — J1€B O H.
Mocae 5TUX NOsICHEHWH 3aK/II0YUM DPas HAaBCErla TaKOe COrJIALIEHHe:
ecau nyms uwmezpuposanus (K) ecms npocmas 3aMEHYmMas Kpusas,

mo no0 cumsonom
S Pdx--Qdy

(&)
npa OTCYICTBUM YKasaHui Ha Hamnpab/ieHue 00X0Ja KOHTypa pasyiseemcs
unmezpan, 83AMbli 8 NOAONHUMEADHOM Hanpasaenuu, KoneuHo,
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5TO COraalieHue HE MEWaeT HaM paccMarpuBaTb B Clydvae HaloOHOCTH
M HHTErpas, B3ATHIH B OTPHILATEJBLHOM HamnpasJeHuy, HO 00603HauaTh

ero Mu OylleM uepes
— S Pdx -+ Qdy.
(K)

333. Mpumeps!. 1) Briyncanm 3nayenne KPHBOAMHEHHOTO MHTErpaia

H=S2xydx—|—x’dy,
(€
paatoro no nyrtu (L), coegunaiomemy touxu O (0, 0) u A (1, 1), ecan
nytb (L) ects: (a) npamasa y=x, (6) napaGona y=x? (B) napabosa x =y,
(r) xy6uueckas napa6oma y==x? (puc. 14).
(a) Tak xak dy=dx, 10

y 1
a
7 A
S 2xy dx + x2dy= S 3x?dx=1;
£
V= L
7 (6) dy=2x dx, H= é 4 dx=1;
y=27 1
p (8) dx=2ydy, H=\ Sytdy=1;
g z 1
Puc. 14, (r) dy=3x%dx, H= § Sxtdx=1,

2) BuiuncauTh KPHBOAMHEHHBIH MHTErpan

G= S xydx+(y—x)dy
(L
npH TeX e NyTAX MHTErpHPOBAHUA.

Omsem. (2) =, (6) 75, ) 35 (©) “El(‘)‘

3) Hafitn kpuBonMBeHbH HHTErpan

I= S (x —y%) dx 4+ 2xy dy,
(04)

ecin B KayecTBe MNYTH WHTErpHPOBAHHA GepeTcd OIHA M3 CAERYIOHUX AHHR,
coemunapmux Touku O (0, 0) u A (1, 1) (puc. 14): (a) npamonuHelHHft 0TPe3oK
OA (y=ux); 6) zomanas OPA, cocroamaa n3 orpeska OP ocu x (y=0) u
orpeska PA npsamoit x=1; (8) nomanas OQA, coctosaniaa H3 orpesxa OQ
ocH y (x==0) u orpeska QA npamoit y=1.

(a) Tak xaKk y=x ¥ dy=dx, 10

1
I=DS (x4 x%) dx =-2—.
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(6) B stom cayvae ecrecTBeHHO pasOuThb HyTb MHTETPHPOBAHHA Ha ABa
oTpeska:

1= S = S + { =n+0n
(OPA) oP) (PA4)

Broas OP umeem: y =0 u dy=0, tak uyto
1

2| —

11—_‘ xdx =
0

Bromp PA 6yner: x==1 u dx =0, noaromy
1
l,= S 2ydy =1,
0

3
TakuM 06pasoM, OKOHYATENbHO 1=—2—.
(8) AnanornyHo npeabinyieMy HalfiieMm (Tak Kak WHTerpaa sroab orpeska OQ

paBeH HYa@o): .
= § =(§ (x—Ddx= ———;—.
QA

4) To we Aaa uHTErpana

I= S (0 + 2x3) dx (2 4+ x%) dy.
(04)

Omsem. Bo Bcex cayuaax /=2.

3aAMEYAHHNE Yurareas, BepoOATHO, yxe o6paTUN BHHMAHHE HA pa3anune
Mexjy pesyabTaramu npumepos !) u 4), ¢ onHo#i cTOpoHH, ¥ 2) u 3) —c npy-
roff. Beanunun MHTErpanos, PaCCMOTPEHHLIX B 1) W 4), OKa3aIuCh He 3aBUCANIAMH
OT AW HHH, COCNUHADIEN HAYaANbHYI0 W KOHeuHyio Touxku. Hamporus, B npime-
pax 2) u 3) MH CTONKHYMNHCh C MHTerpajiaMi, 3HaYeHHs KOTOPHIX 3aBHCAT OT TOFO,
KakoW AMHHUEH coeluHeHH HayajgbHam W KOHeyHas TOYKH. B cnenyio-
melt raase [§ 4] mu 3afimeMca 9THM BONPOCOM CHELMANbHO M BHACHHM €ro
BaXHOCTh.

5) Boiuncaum uHTErpan

K= Sy* dx —x? dy,
(L)
rie (L) ecte okpyxHocTh paauyca 1 c mentpom: (a) B Havase KOODAWMHAT WaH
(6) B Touxe (1, 1).

a) Kcxonn u3 napaMeTpuyecKux ypaBHeHHUM X = cos £, y =sin ¢, e ¢ MeHueIca
or 0 xo 2=, no dopmyne (6) 6ymem uMeTh

2n
=— S (sin® ¢ 4 cos® £) dt =0,
0
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(6) AnanoruyHo C NOMOLIbIO NAaPAMETPHYECKOrO NPEACTaBIEeHUsA
X—1l=cosf, y—1==sint
TOLY YHM

2
= S (2 + sin £ 4-cos £ -+ sin® ¢ - cos® £) dt = — 4=.
0

334. Ceasp MeXJAy KPHBOJHUHEHHBIMH WHTerpajamu 0GOMX THIOB.
Paccmotpum mpoctyio raanxkymo *) kpusyio (K)=(AB) u, Bubpas
N
B KauectBe mapamerpa JAyry S==AJM, npeacTaBuM €€ ypPaBHEHUsMH
[n° 201, 202]
x=x(), y=y@6) O<s<3)

obyukuun  x (s), y(s) OyZyr uMeTb HenpepsBHHE MNPOU3BOAHHE X' (s),
y'(s). Ecan uepe3 o 00603HauyuTh YroJ, COCTaBJAEHHHH C OCbIO X Kaca-
TenbHOW, HanpaBJEeHHOH B CTOPOHY BO3pacTaHus AYT, T0,
kak ussectHo [n° 211, (14)]:
cosa=x'(s), sina=y'(s).
Ecau Broms kpusod (K) sanana wenpepmiBHas ¢yuknua f(M)==
=f(x, ¥), TO NOCIENOBATEILHO HMEEM

S
S(f(M)dx=Sf(x(S), Y ) () ds=
(K) 0

s
= S F(x(s), y(s))cosads= S T (M) cos ads,
0 (K)
M KPHUBOJHHEHHHI HHTErPAX BTOPOFO THIIA OKAa3alACid CBEACHHBIM

K KPHUBOJUHEHHOMY WHTErpaidy nepBoOro Tula,
AHIJIOTHYHO 10JIy4aercs

S (M) dy = S £ (M) sin ads.

&) (K)
Ecun ke salaHsl JBe HENpephIBHHE BIOJb KPHBOH (K) dyHKIHU PM)=
=P(x» y)u Q(M)":Q(xx J’)» To

S de-}-—Qd_y::S (P cos a.—- Qsin a) ds. 8)
(K) (K)

TlopuepkHeM, 4TO BO BCEX 3TUX (IOPMYJaX YroA o CBA3AH C TEM Ha-
NDaBJICHHEM KacaTeNbHOH, KOTODOE OTBEYAET HampaBJEHHIO CaMOM Kpu-
Bo#t (K). Ecqu usMeHHTh HampasieHHe KDHBOH, TO HE TOJBKO HHIErpai
C/IEBA M3MEHHT SHAK: BBUAY WSMEHEHHMSI HaNpaBJeHus KacaTeJbHOH yrox a
M3MEHUTCH Ha w, B CBA3M C ueM H3BMEHHT 3HAK M HMHTErpad CNpaBa.

¥) Kpupas (4) HasmiBaeTca rumafiKoM, ecal QyHKUMH ¢ M { UMEIT Helpe-
PHIBHBIE POM3BOAHLE, He OGPALMAIOMIUNECA ONHOBPEMEHHO B HYIb,
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OueBnniHO, BHIBEAEHHBIE (OPMYAB OCTATC CHPABEAJIMBHIMM H A
NpocTO# KYyCOUHO-TMaAKoOMH KpuBoOf *); B 3TOM Jerko yOeauTbCs,
€CIW HamucaTh MX A KaXKAOTO M3 INIAAKHX KYCKOB KDUBOH 1 mO-
YJIEHHO CJIOXKHUTh.

Ananornineie coo6paxeHHs MOXHO Da3BUTh M I KPHUBOJRHERHBIX
MHTETpaJOB 1O NPOCTPaHCTBEHHOHR kpuso#h. B pesympTaTe noay-
uurcd popmyaa

S de—{—Qdy—}-—Rdz:S (Pcosa—~+Qcos B+ Rcosy)ds, (9)

(&) (K)

rie cosa, cosP, oSy CyTh Hampasafiouine KOCHHYCH KacaTe/bHOMH,
B OPERNOJIOKEHUH, YTO €€ HANpaBJEHHE OTBEUAET HANPABJEHHIO MYTH
MHTErpHPOBaHUS.

335, HNpunoxenns K duandeckum sapaqaM, OCTaHOBHMCA B 3aKI0YEHUE
Ha ABYX BaXHbIX 3agayax u3 o61acTU MeXaHUKH M QUIMKH, 10 KOTOPHIM YHTATENb
coCcTaBHT ceGe NpeNcTaBleHne O TNPHKJAAXHOH POiAM BBEIEHHBIX B 3TOM HOMepe
NOHATHH.

1) Pa6oma cua08020 noas. Ilycte B xampaoit Touke M miockoctn xy (Mam
ONpPeACTeHHON YACTH IIOCKOCTH) Ha NOMEUIEHHYI0 B Hee € AHHHILY MaccCH
neficTByeT ompefeireHHas cuaa F, eesutuna u Y
Hanpasaenue KOMOpOU 3asucim mMOAbKO Om
noaooiceruss moyku M; ecim Macca m HOMelieH-
Hoft B M maTepuanbHOH TOYKHM OTIMYHA OT €lU-
HuUBl, TO NefiCTBYOWaA Ha Hee cUIa GYNeT paBHA
mF. Tlpy 9TUX YCIOBUAX IIOCKOCTh (MAM pac-
CMaTpuBaeMas ee YacTb) HASBIBAETCA (NAOCKUM)

cunrogolx nosem, a cuna F, peicrsyiomas Ha
€JUHNUILY Macchl, — HANPANCEHUEM noas.
3aganne cuasl F MO0 BeaWyyHe W HANMPaBIEHUIO Puc. 15.
PaBHOCHIBHO 3afaHUI0 ee nOpoekuuwi X, V

Ha OCH, OUEBHIHO, ABJAOIIEXCH (QYHKUMAMM OT KOOPAHMHAT X, ¥ TOYKH M:

X=X(xy), Y=Y(x,9)
Ecau ¢ ectb yrous, cocraBieHHbI#l BEKTOPOM F ¢ ocsio x, To (puc. 15)
X=Fcosg, Y=Fsing. (10)

[TpexnonoxuM Temepb, 4TO MatepuanbHas Touka M (x, y), ¢ eXuHMYHOM Mac-
colf, HaxojAm{asAcA B NoJe, ABHKETCA M ONMCHLIBAET HEKOTOPYIO HENpephBHYIO
kpusyo (K) 8 onpedesesnoss Hanpassenuu. 3agaya COCTOUT B BbIYHCAEHHH
pa6oTsl A, KOTOPYIO NP 3TOM ABMXEHUH COBEDIUAIOT CHABI HOJA.

Ecay 6b jelicTByoouias Ha TOYKY CHIAa COXPaHANa NOCTOAHHYIO BeauyuHy F
¥ NOCTOAHHOE HaNpaBieHHWe, a CaMO MepeMenieHHe TOYKH IPOUCXORUIO NPAMO=
AMHEAHO, TO, Kak M3BeCTHO, paGoTa A Bbipasuiyach Gbl MPOW3BEIEHHEM IIepeMe-
WeHHA / Ha NPOEKUHIO CHIbLl HA HalpaBjeHHe HepeMelieHus:

A= Flcos 9,
rie 6 —yroa mexnay cuaoin Fu HanpasieHHeM NepeMeieHus.

*) Tak Ha3biBaeTCs KPHBaf, COCTOAULAA U3 HECKOAbKHUX IIAJKUX KYCKOB, NpH-
MBIK3IOUUX OAUH K APYromy.



230 ril. XX. KPUBOJIMHEIHKIE WHTEIPAJIB! [335

B ciayyae HenmpAMOJMHEHHOTO NBMMEHUA M HEMOCTOARHOM CHan paGora ompe-

Ziensercs ¢ MOMOIBI0O HEKOTOPOro npejensHoro mpouecca *). Cranem onpepeasth
SN

nonoxesne Toukn M na kpusolt (K) (puc. 16) mmmuo#t s nyru AM. PaccMotpum

GeckoHeyHo Manni saemeHT MN==ds XpUBOi; npuMeM €ro 3a NpAMoIuHeAHbift

B GyneM NpUGNNXKEHHO CUHTaTh, YTo chaa F u yroa § Ha mepemeniesud ds co-

y XpaHsIOT cBoW BennumHy. Torxa coorsercr-
BYIOIBH 9neMeHT paboThl 6yHer

dA = Fcos 0 ds.

Tenepb OCTaeTcs JAHIIb <IPOCYMMHPOBATH>
9TH 3JNE€MEHTH BLOAb BCel kpuBo# (K), B pe-
3yabTare yero pa6ora A BLIPasHICA K P H B O-
AVMHeHHBM MHTErpaloM NEpPpBOroO
THIA

0 z A =)S;Fcosﬂds. ()
Puc. 16. (K)

BpefeM yron o« MexAy HanpasieHHeM SiAeMeHTa dS (T. €. HanpaBleHHEM
KacaTeqbHOH K KpuBoH B TOouke M) u ocvio x. OueBmpno, 0 =¢ —a, TaK uTO

cos B ==cos ¢ - cos a-}-sin ¢ sin a,
W 31eMeHT uHTerpana, eeuxy (10), nepenumimerca Tak:
(Xcos a4 Y'sin a) ds.

Camo Boipawkesne (l11) aaa paGoThl npuMeT BHE

A=S(Xcosa+ Ysin a) ds.
(K)

Ecian temepsh yuects Qopmyay (8), ycTaHaBAHBAOUIYIO CBA3b MEXIY KPHBOMHHEH-
HbHIMH MHTErpanaMn oGOHX THIOB, TO, OKOHYATeAbHO, PAGOTa CUAOBOrO N0 Bbipa-
3UTCA KPUBOJNHHEHHHM HHTErpanoM BTOPOro THOa

A= S Xdx 4+ Yay. 12)
b3}

310 H ectb HanGoaee ymorpeGuTenbHOE BHpaMeHHe RaA paGoTH A, yHo6-
Hoe IS MCCHENOBAHMA PANA BAXHHX, CBA3AHHHX C HEW BONPOCOB: 3aBHCHUT 1M
npousBefeHHan pa6ora of QOpMbI TPAEKTOPHH, CoeluHAIImeN JaHHbIE JBe TOUKH;
Gyzer nu paGoTa HO 3aMKHYTOH TPaeKTOPHM BCerfa paBHa Hy:o [06 9ToM cm.
nuxe n° 348—351).

2) Ilrockoe ycmanosusuieecs O08udCERUE HECoHcumaexmoi acudrxocmy. Taxoe
JABMXEHHE XapaKTEPHU3YeTCA TEeM, UTO, BO-NEPBHX, BC€ YAaCTHILH, A€k amue
Ha ONHOH BepTHKAJNAH K HEKOTOPOH HNNOCKOCTH, UMEIOT OXHY
M Ty ke CKOPOCTD, TaK YTO 1% XapaKTEPUCTUKH BCETO IBHKEHUS AOCTATOYHO

H3yuuTh JBHMEHHE B ONHOH JAHMb IIOCKOCTH *¥), W, BO-BTOPHX, CKOPOCTb €

*) BnpoyeM, Mbt 3mech M Naablle NPEXNOYMTAaEM TOT KOPOTKHI CIOCOG peun,
0 KOTOpPOM rosopuioch B nepBoM ToMe [n°204). [IpepeabHuil mepexoj noppasy-
MEBaeTCs.

#%) Kotopyio Mbl u BhifepeM 3a IIOCKOCTb Xy
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YaCTHUH XHAXAKOCTH 3aBHUCHUT TOJAXBKO OT NONOXCHHEA HAaCTHIUH,
Ho He oT Bpemenu Takum o6pasom, c Kamao#t reoMeTPUYECKOH TOYKoH
paccMaTpHBaeMOM NNOCKOCTH (MIM €e 49acTH) CBA3aHA ONpeNeNeHHas M0 BeaH-
ypHe ¥ HaNPaBlEHHI0 CKOPOCTh; MHBIMH CIOBaMH, 3alaHo HEKOTOpoe <&mnoxe
CKOPOCTHY.

Ecan 0603HauMTh YION, COCTABMGHHLI BEKTOPOM € C OChIO X, Yepes ¢, a
MPOEKUUH ITOrO BEKTOPAa HA KOODNMHATHHIE OCH — 4yepe3 u M v, TO (puc. 17, a)

U=Cy==CC08Y, U==C,==cCSing¢

BospMeM Tenmepb B MIOCKOCTH Xy Kaxylo-HHGYIb XpuByw (K) u moCTapaeMmcs
onpeledHTh KOJAHYECTBO  MHMIKOCTH, NpOTeKawmeH uyepes Hee B ONpe X e-
JeHHYI0 OT Hee CTOPOHY B exuHuuy BpeMmeHu. [IpeRnonaras MUAKOCTb

z 0 z
9
Puc. 17.

HECHUMAEMOH, MOXHO KOJXMYECTBO HUAKOCTH U3MEPATh NAOIAAbI0O MOKPHTOH eio
¢urype. Ecam dakTnyecku MMEKOCTh TeYeT B CTOPOHY, INPOTHBOMOJOXHYIO
BHIGPAHHOH, TO KOJAMYECTBO NpoTeKawouled KUAKOCTH OyAeM CYHTaThb OTpHHA-
TenbHBIM,

PaccmoTpuM saemeHT MN=ds kpusoft (K). 3a Bpema df uepe3 3TOT saue-
MEHT NpPOTEeYeT KOJAMYeCTBO XMAKOCTH, PaBHOE

¢, ds dt, (13)

-
rie ¢, ecTb MPOEKUUA CKOPOCTH ¢ Ha HOPMalb 1 K 9JMeMEHTY ds, HanpaBae H-
HYIOBBHOPDAHHYIOCTODPOHY OT Kp KB o i JlelicTBUTENBHO, 3TO KOAHYye-
CTBO PaBHO IUIOWAAX MapanjienorpaMMa co CTOPOHaMH dS M ¢ df, BHICOTOH KOTO-
POro Kak pas M sBIAsAeTCS NpousBeleHue c, dt (puc. 17, 6) *). as nogcyera Koau-
yecTBa MKHAKOCTH, NpOTEKalom(eH vuepe3 3neMeHT dS B €IHMHHIY BPEMEHH,
cymmupyem Beipaxenus (13) mo saemenraM df, yro paer c,ds. CyMmupysa xe
HalifleHHble BHPAaXEHHA 110 BCeM SneMeHTaM KpuBO# (K), Mbl HNPENCTABHM HCKO-
MOe KONHYecTBO  MXHAKOCTM B BHAe KPHBOJNHHEHHOro MHTerpana

nepBoro ruma
Q=)§;’c,,ds.
(

*) [Ipn 3TOM MBl MPUHHMaeM 9AeMEHT d§ 3a NPAMONHHEHHHIN U cyuTaewM, 4To
CKOPOCTH YaCTHIl XHUIAKOCTH BO BCEX €ro TOYKAX ONMHAKOBHI M 3a 3/IEMEHT Bpe-
MeHU df COXPAaHAKT CBOI0 BEAHYMHY M HanpaBlICHHUE,
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Ecan, xax Bceria, o O3Ha4yaeT Yrox MexAy KacaTeabHOH # OChIO X, TO
T
A=a —|——2— HIAcT Yroll HOpMaau ¢ TOH ke ocplo. Torfia yrox Mewjay Hanpasie~

- k7
HUEM CKOPOCTH ¢ M HOpMambio Gyner z,o——)\zgp—a-—-g, u

n .
€p=0C« COS (cp—a—7)=c- sin (p —a) =

=c-sinp.cosa—c-Cos¢-sina=vcosa—usin a,
TaK YTO

Q= S (vcos a —u sin a) ds.
(K)

CuoBa yuuthiBas dopmyany (8), nepeitieM K kpUBOAMHEHHOMY HHTerpaay
BTOPOro THNA

Q=S‘vdx—udy. (14)
(K)

[Ipy 5TOM Ba¥HO TNOZYEPKHYTh, UTO HANPABJIEHHE Ha STOH KPHBOH ROMKHO
6hiThb B3ATO Tak, YTOGbl YTON MEXHY COOTBETCTBYIOLMM HaHpaBJEHHEM KacaTeib-

T
Ho# ¥ BHODaRHbHIM 3apaHee HanpaBieHNeM HOpMany Obla paBeH +—2~, n6o

HNMEHHO B 3TOM TPENNONOMKEeHUH ¥ BHBefleHa Ghina Qopmyna (14).

Ecau (K) ecTb 3aMKHYThIH XOHTYD W unterpai (l14) cumratb B3AThiM (Kak
o0biuHo, n° 332) B NONOXHTENLHOM HaNpaBlIeHUH, TO, YTOGHI GHINO COGIIOAEHO
YNOMARYTOE TOXBKO YTO YCHAOBHE, HOPMalb HOMXHA Obina Gbl GHITb HanpaBleHa
BHYTDb o06nacTd, orpanuyenHolt xoHrypoM (K). CiepoBaTeabHo, B 9TOM cay-
uae dopmysa (14) maeT KOJAMYECTBO KMIKOCTH, HpOTeKapiell uepes KOHTYD (K)
B EIMHMIY BpeMeHH BHYTDPb o6aacTh. Ecan xenaeM NOAYYUTb KOAHYECTBO
MUAKOCTH, BHITCKAWOWEA HapyXy u3 o6nacTy, OrpaHKUueHHON KoHTypoM (K),
TO caenyer auub B Qopmyiae (14) uaMeHHTHb 3HaK.

Janee, ecay nolxe He uMeeT HH <UCTOYHHKOB», HH «CTOKOB» XUAKOCTH, TO
B m060f orpaHuyeHHOH O6AACTH KOMMYECTBO XMUKOCTH OCTAETCA MOCTOSHHMIM.
[losTomy, Kakyno Gbl 3aMKHYTYI0 KPHUBYIO HM B3aTb, MHTerpax (l14), B3aThii no
Hell, AoMXKeH ObTb PaBeH HYIIO.

Wtak, ecan u 1 v ¢ymp cageaouue cKOpoCmi 8 NAOCKOM YCMAHOBUSIEMCS
MEYEHUNL HECHC U M A e M O il HCUOKOCMIL, MO RPpU OMCYMCMBUYL UCHM QY-
HUKOB u CMOKOS8

vdx—udy=0,
(K)

xaxos 6o wu Goia 3amxuymoii Koumyp (K).

Bnocaencrsuu [n° 351, 2)] MBI YBHIMM, YTO 3TOT pe3yabTaT, NOAYYEHHHH
c noMOmbIo puU3MUeCKUX coo6GpaxeHHnil, nNo3BoisieT XaTb U HEKO-
TOPYI0 aHaAMTHYECKY IO XapakTepucTuky QyHxuuit u u v,



T'JIABA ZBAJLIATH ITEPBAS
JBOKHBIE MHTEIPAJIbI

§ 1. ONPEJEJEHHME W MPOCTEHIIME CBOHCTBA
JBOMHbIX MHTEIPAJIOB

336, 3amaua o6 oGbeme nuAMHIpH4eckoro Opyca. HanogoGue
TOrO, K4aK 3ajaya O IVIOMIanM KPHUBOJHMHEHHOHW Tpanmeuus NpHBeJa Hac
K TOHATHIO TNPOCTOTO ONpeeNeHHOro uurerpana [n° 175), aHanornyHas
sagaua 06 o6beMe LUIMHAPHYECKOro O6pyca mpuUBENET HAaC K HOBOMY
NOHATAIO — I BO HHOT O (ONPENENEHHOT0) MHTErpaAa.

Paccmorpum Tteno (V), KOTOpOe CBEPXYy OrPaHHYEHO MNOBEPXHOCTDIO

2=f(x, ), 49)

¢ GOKOB — IUJMHIPUYECKOH NOBEPXHOCTbI0 C 0OpasyiouiuMy, Napaiiedb-
HBIMH OCH 2, HaKOHEll, CHU3Y — TJIOCKOH durypo#t (P) Ha IJIOCKOCTH
xy (puc. 18). Tpebyercs wHaditu o6beM
V rena. _ X
Ilas peusennst 5TOH 8ajgaud Mbl npuGer- zﬂ%?/‘ﬁ; s
HeM K OOBIYHOMY B HHTErPaJbHOM HCUHCIIe- e |
HUM [IPUEMY, COCTOSILEMY B Pa3JIOXKEHHH ‘
HCKOMO# BEJMUYHHBI HA SJEMEHTaPHHIE YacTH, !
npuGMuKEeHHOM IOACYETe KaXAOH vacTw, P
CYMMUDOBAHHH M MNOCJEAYIOIEM MNPEReb- o4
nom mepexome. C 5TO# ueabI0 - Pa3AOKUM B
obnacty (P) ceTbio KpPUBBIX Ha dYacta (Py),
(Py)y..., (P,) ¥ PaccMOTPHM Dsifi LMIHHA- A
PHYECKHX CTOJGUKOB, KOTOpHIE HMEWT CBoM- [ >
MH OCHOBAHHAMH STH YaCTHUHHE oOaacTn Puc. 18.
U B COBOKYNHOCTH COCTaBJSIOT HAaHHOE TeJO.
Ilna noncuera 0o6beMa OTAEAbHHX CTOJAOHKOB BO3bMEM NPOUBBOJIBHO
B Kaxmo#t durype (P;) no rtouxe: (§; 7;). Ecau npuGaumxeHHO NpuHATH
Kaxapi CTOJNOMK 3a HacTosimi# LUMAUHAD C BBHICOTOH, paBHOH anaukare
F ¢, m), 10 00beM OTHEALHOrO CTONGHMKA OKASHIBAETCA NPUOAMMKEHHO

DaBHEIM
J Gy )Py

z

W
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rae P; osmauaer nnomazs ¢urypu (P;). B takoM cayuae npubmixen-
HOe BhipaxeHne oObeMa BCero tena Oyzer:

V= i;} G m) P

Ilnga  mosullIeHNss TOYHOCTM STOTO paBeHcTBA OyneM yMEHbHIATh
pasmepsl niomanok (P;), ysemuuuBas MX udcao. B rnpemene, npu crpem-
JeHnd K Hymo HaunOoJbllero W3 AUaMeTPOB Bcex o6aactelt (P;), ato
PaBEeHCTBO JHENAETCH TOYHHIM, TaK HYTO

V=1Iim Ef(ei’ "'11) Pi:

i=1

W NOCTaBJEHHAas 3aJaya pelieHa.
Ipesen sToro Buma u ecrb 080dHoi unmeapar om gynryuu f(x, y)
no o6aacmu (P); on 0003HayaeTcsi CHMBOJIOM

SS Fx y)dP.

(P)

Monyuennas Buiuie ¢opmyia s o6beMa NPUHUMAET BUL

v={{rc nar». @

(P)

TaxuM o0pa3oM, NBOHHOH HHTErpan ABAAETCH NpaMbiM 06GOGIIEeHAEM

TIOHSTHA NPOCTOrO ONPENEJEHHOTO WHTErpasa Ha Cayyait QyHKn#M AByX

nepemennsix. OH  wrpaer

/ BaXHYI0 DOJb TaKke npu

ONpeleNeHU Pa3IHUHLIX reo-

/ METPHYEeCKUX M ¢Qu3uuecKux
z BEJIMYHH,

337. Ceenénue neoiinoro
HHTErpajna K NOBTOPHOMY.
Ilpomo/mxas TpakroBaTh ABOH-
2N HOH HMHTErpaj reoMeTpuYyecKH
g N4 &  Kak OOBeM LUJIHHAPHYECKOro

6pyca, Mb JgaguM  87ecCh
€ YKa3aHud OTHOCHTEJBHO
€ro BHYHCJIEHH NyTeM Cae-

Puc. 19. JieHiss K TNOBTOPDHOMY UHTE-
rpany.

e— (] —

71

¥) B cayuae senpepniBHOM noBepxHocTH (1) M kBampmpyemo#t ¢urypn (P)
BHIBOAY 3TOH (Qopmyib HETPYRHO HpPHAATb U BIOAHE CTPOryw (opMy; CM. 3aMe-
yauue B n° 340.
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B neppoM TOME MBIl YK€ HMENHM 1eN0 ¢ 3ajayeit BolUMCAeHH 00beMa
tena (V) 1no ero nomepeuHsiM cevenusm [n®198]. Hanomuum otHOCH-
mywoca cioga dopmyay. Ilycte Teno  orpamuyeHOo  IIOCKOCTAMU
x=a u x==b (puc. 19). Jonyctum, ut0 ceuenue TeAa IIOCKOCTbIO,
NepHeHAMKYMIpHOH K ocu X ¥ orBevaiomel abcuncce x(a<<x<<b),
umeer naomaab Q(x). Torma o6bvem Teaa, B NMPEANONOKEHHH €O Cymie-
CTBOBaHMs, BHPasuTCs .(OpMyJIoH

b
V= S Q(x) dx. 3

IMpumenum Tenepb 5Ty GOPMyJy K BHYMCAEHHI0O OOGbEMa LMJIHHADH-
yeckoro Opyca, o KOTOpoM Onia peus B mpeamayuleM Homepe. Haunem
¢ NMpPOCTOro CcAhyuas, KOrga B OC-
HOBaHMA Opyca JEKHUT NPAMO-
yroasHuk [e, b; ¢, d] (puc. 20).

Ceuenne 6pyca IJIOCKOCTBIO
x=xy(@<<xy<<b) ectb xpu-
Bo/unelHas  Tpanenus  afdy.
Jlas HaxomaAeHuss ee MAOIajnH
CnpoeKTHpyeM 5Ty ¢urypy Ha
IJIOCKOCTD Y2; MH TOJYyYAM KOH-
FPYEHTHYIO C HeHli Tpameumio
o,8:8y7, 60 mpoexTMpOBaHuE
npoucxomur 6e3  HCKAKEHUs.
Urak,

3)

Puc. 20.

Q (xo) = na. afidy = ;34374

Ho ypasuenme summm 7,8, Ha mnaockocTH yz, ouesuano, Gyner
z=f(xp y) (c<y=<Jd)

IMonbsysichb W3BECTHBIM BBHIDAKEHWEM IVIOIMAf¥ KPHBOJMHEHHOH Tpame-

UMM B BUAE ONpENENEHHOrO MHTerpana, 6yaeM WMETb

d
Q(xp) = S f (%o ¥)dy.

Tak Kak Hawe pacCyXJeHHE OTHOCHTCS K /MOGOMYy CEYEHHIO, TO
BoOOIE AN A<SX=<<h

d
Qx) = Sf(x, dy*).

*) Dra QyHRUMA OT X K TOMY ¥e HenpepmsHa [n° 296], uro Mu u npemno-
Aaraan npH BHBOLE Qopmyast (3).
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Tlogcrasaas sto sHaueHne Q(x) B dopmyay (3), momyyum
b d
ve={dx  fo nay
a c
Ho mm mmeem ans obbema V m BmpakeHue (2), CAeN0BATENBHO,

{§700 9 ap= Sb dx Sdf(x, My @

(P)

— nBOHHOM WHTErpan NPUBEIEH K TOBTOPHOMY.
AHaOrHYHBIA  PEBY/BTAT MOXKHO MOJYYHTH H Jas  Gojee obuiero
y v caydad, Korga obaacte (P) Ha
3/",(@-\\ TJIOCKOCTH Xy MPENCTaBASET COBOH
/ KPHBOJMHEHHYIO Tpaneuuio, orpa-
HHYEHHYIO JBYMS KPHBBIMH:

=) y=Yx) (e<x<b)

Ty ¥ IBYyMS OpAUMHATAMA X==@a |
S~ x=b (puc. 21). Pasuuua no
CPaBHEHHIO € PACCMOTPEHHBIM CJY-
7 ; 2 $—% Ua€M COCTOMT B CJEAYIOWEM: PaHb-

puc. 21 mwe npu  a000M  (DUKCHPOBAHHOM
X ==X, ¥3MEHEHHE J MNPOHUCXOAUIO
B OIHOM H TOM Xe mnpoMexyTke [¢, d], a Tenepb 3TOT NPOMEKYTOK

Vo (o) Y (x)]

CaM 3aBUCUT OT X, TaK UTO

Y(xo)
Qx0) = S S (xy, 3) dy.
Yo {*¥o)
OKOHYATE/NBbHO TOJIYYHM:
b Y (x)
ve= (s nap={ax { oo pay». @)
Py a Yo (%)

Mgy TO3HAKOMHJIM YMTATeNd C TMOHATHEM JABOHHOrO HHTErpana 4
C €ro BBIYUCJACHHUEM B FeOMETquECKOVI TPAKTOBKE.

*) W snech BHYTpeHHWH WHTErpan mpeictaBaset co6oif HeNpepHBHYO (YHK-
o or X [cM. n°299),
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338. Ompenenenne nBoiiHOro wmurerpasa. [lepeiizem Tenepb k Go-
nee OOIIEMY W3JOXEHMIO BONPOC3, C UUCTO aHAJIUTHYECKOH TOUKM
speHud. Bmpouem, u sgeck HaM He oGoHiTuch Oe3 reoMeTpud WM, 10
Kpaiine#t mepe, Ges reomerpuyeckoro asmka {n° 124—127]. Mm 6yiem
TOBOPUTb O <«JBYyMEpHO# oOaactu» (P), rie onpeseieHa paccMarTpu-
paeMast (PYHKIHUs IBYX NEDEMEHHHIX, <«KPHUBBHIMM» JAEIUTb €€ Ha 4acTHy=
Hbie «obnactuy, OymeMm Oparb «miomanu» 3TUX <objacTed> ¥ T. I
Ha pene 910 «06nacTu» ¥ <«KpUBHlE» H3 apPU(PMETHUYECKOTO
JBYMEDHOTO NPOCTPAHCTBA, MX «TOUKaMu» Ciayxar maps yucesa Ho
OOBIKHOBEHHO BCE€ 3TH «00pashl» 3aMeHSIOTCs AJas yaoGCTBa COOTBET-
CTBYIOIIMMA MM HaCTOAIMME FeOMeTPUYeCKuMH oOpasamu, He nesas HHKa-
Ko# pasHuie Mewny Hmamu. B wacrHoctu, moa «miomappio obaacruy us
apu(METHYECKOr0 JABYMEPHOTO IIPOCTPAHCTBA PasyMEETCst BCErJa ILIOafb
COOTBETCTBYIOLIEH reoMeTprueckol oGaacTa,

HanomuuM, 4TO /19 KBaAPHPYEMOCTH 00JaCTH, OTrPaHMYEHHOH KaKoi-
au60 KpuBOH, HEOOXOAWMO W HOCTAaTOYHO, 4TOOB! 3Ta KPUBad uUMeaa
naoplanb, pasHyio Hyawno [n° 193] Illupokuit K1acc TaKMX KPHBHX
o6pasyer HENpPEPHIBHBIE KDPHBHIE, BbIPaXKaeMble ABHHEIMHM yPaBHEHHAMH,
WIA KPHBHE, COCTOSILNE M8 KOHEYHOro uucJa NogoGHHX KyckoB, Orme-
THM 37echb (He BIaBasiCb B JOKa3aTeJbCTBO), YTO TeM XKe CBOHCTBOM,
B YacTHOCTH, OONamaoT W riagkue WIM KYCOYHO-TJaZKue Kpubble, Mas
0ydex npeonosazams 8nreds, 4mo xax rKoumyp obaacmu (P), max u
Kpussle, KOMOPLILMU Mbl pa3AazaemM €e HQ 4acmu, 8ce UMM HYAe8)i0
naowads (Hanpumep, NPHHALJIEKAT K YKasaHHOMY KJaccy); sTHM obecre-
UMBACTCH CYILLECTBOBAHUE BCEX HYXHBIX HaM njoiagent.

BepHemcs Tenmepb K NOHATHIO [ABOHHOrO MHTerpana, (MakTHUECKH yxe
BReleHHOMY B 1n°336, u maguM B passepHyTOM Buae ofuee ero ompe-
JeNIeHHe,

Iycts B obmactu (P) onpenenesa ¢yskuus f(x, y)*). Pasobbem
obnacts (P) ceTbio KDUBHX Ha KOHEuYuHoe uuciao obaacrei (Py),
Po),..., (P,), naomamu Kotopwx O6yayr P, P,..., P, Xora
NpoILe BCEro 3TH YacTHuHbie 006JacTH NPeAcTaBJiTb ce6e CBA3HBI MU,
HO JJs OOJeryeHus JadbHEHIIEro H3JMOXEHHS BHIOJHO HEe HCKJIOYaTh
a9 HUX BO3MOXHOCTHM ObITh M HecBsisHeiMn, B npemenax i-# saemen-
Tapuo#t obaactu (P;) BosbMeM mo npoussoay Touky (§;, ;), sHauenue
¢bynknun B oTol Touke f(§;, ;) yMHOXKHM Ha miaomaxs P; COOTBET-
cTeylomeli o6aacTé ¥ BCe MNOXOOHHe npousBeaeHus caoxum. IToayye-
Hylo cymmy

o= 3 fC 1)-P;

GyneM HaspBaTh HHTErpanbHON CyMMOHU nas dyHkuuu Jx 9
B ob6aactu (P).

#) Huxakux DpenonoXeHHH 0 HeNPEPHBHOCTH €€ MBI IIPH 3TOM He JenaeM.
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OGosnauum uepes A HauGOJBHIME M3 AU aMeETPOB¥*) YaCTHUHRKIX
obnacreti (P;). Koneunvit npedea 1 uwmezpasbnoii cymme o npu
A—0

I=1im o *%)

Hasvsaemcs 08olinbwm unmezpason @ynxygun f(x, y) 8 ob-
sacmu (P) u 0003HauaeTCs CUMBOJOM

J= ( S F(x v)dP.

(P)

GyHKIHA, WMEIOIas WHTerpals, HashBAaeTCs UHmezpupyemoi.

339. Ycaorue cymecTBOBaHHS ABOiiHOro uHTerpaia. Vurerpupye-
Mas QyHKuus HeoOXomMMO HomkHAa OMTb OrpaHmyeHHo#. JledcTBHTENBHO,
B NPOTHBHOM cayyae 1pu JoGoM samaHHOM cnocobe pasnoxenus
obnactn (P) Ha vacTn MOXHO Gniio Oni 3a cyer BuGopa Touek (5, ;)
CleNaTh WHTErPalbHYI0 CYMMY NPOMSBOJIbHO GOJ/IbLIOH, TaK UYTO K O H € Y-
Hor o mpefena I He Morjo Obl CYIIECTBOBATb.

O6pamasicb K DPacCMOTPEHMIO YCJAOBUH HHTErPDUPYEMOCTH
nauno#l dyHkum# f(x, y), Mo OyZem M03TOMY Hanepes NpEAno/ararb
ee OorpaHuyeHHOIi:

m<fx ))<M

Kak u B cayyae ¢yHKuMn OT OIHOR mNepeMeHHOH, 3aech TaKke
yA0OHO BBECTH TaK Ha3biBAEMbIE HUICHION U 8epXHioN cymub Japly:

n n
s§= .E] mip,-, S= _2] Mipl’
= 1=

rie m; ¥ M; 03HauyaoT, COOTBETCTBEHHO, TOUHBIE HHXHIOK ¥ BEPXHION
rpaudusl 3Hayenu#h ¢ynxumn f(x, y) B obnactu (P;).

TIpn nmannoM cmocoGe pasnoxeHus oOaacTu (P) Ha uyacTH, He3aBH-
cumo or BuiGopa Touek (§; %;), OYAyT BHINOJHATBCS HEPAaBEHCTBa

s<o<S.

Ho 3a cuer Haanexauiero Beifopa sTuX TOuek MOxHO sHauenns f (&, m;)
CAENaTh CKOMb YroaHo Oauskumu K m;(M;), a BMECTE C ITUM CYMMy o
caenarb CKoib yrogHo Oamskolt x s(S). Takum obpasom, sepxwsas u
HuocHAS cymmsl Japly SBASTIOMCS, COOMBEMCMBEHHO, MOYHbBL MU

*) luameTpoM TOUEYHOr0 MHONECTBA HA3bIBAaeTCA TOYHAA BEPXHAA TpaHuua
PaccTOfNMit MexNy HNBYMA INpPOUSBOJLHLIMH TOUKaMM MHOXecTBa. B ciyuae
NNOCKOH 3aMKHYTOM O06NAacTH, OrpaHHYEHHOH HENpEpHBHON KPHBOH, XUaMeTpoM
CAYXHT NOMNPOCTY Hauboublilan xopua.

¥¥) Uniarenb Merko cam yCTaHOBHT TOYHBIM CMBICA 9TOr0 HOBOTO Mpexesa.
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8epXHell u HUNCHE 2PAHULAMU UNME2PAAbHUX CYMM, OTBEUAIOLIUX
TOMY e cnocoOy pasnoxenus o6aact.

Has cymmn JlapOy, Kak u B auHefiHoM cuayyae, MoryT OHTh yCra-
HOBJIEHH CJefylouye CBOHCTBA.

MMepBoe cBoticTso. [lpu dassnelmen OpoGaenuu uacmel (P;)
¢ 0obasaeruem K NPEHCHUM AUHUSM OCACHUS HOBbIX, HUICHAL CYMMQ
Hap6y He ybw8aem, a 6epXHAA—He Bo3pacmaent.

Bropoe cBofictBo. Kawcdas nusckas cymma Haply e npe-
socxodum KaxcOol Bepxuell cymms, xoms Ob. omsewaoueli u dpyzomy
cnocoby pasaogicerus obaacmu (P).

JloKasaTeabCTBO NPOBOAUTCH aHANOrMuHO npexsemy [n° 177]; anws
B T€X CJAydYasX, KOTZa TaM TIOBODHJOCH O TOYKaX Je/NeHus, s[ech Npu-
XOAUTCA FOBOPHTb O JHMHMAX JEJCHUs.

Ecth, 0AHaKO, OOMH MOMEHT, Ha KOTOpPOM HaM XOTeJoch Onl samep-
XaTh BHUMaHHE 4nTaTeas. B JuHelHOM cayyae Kamjas HOBas Todka
JENEHUs OTYET/NBO pPAasNaraeT OAMH M8 CTaPHX NPOMEXKYTKOB Ha JBa;
obuieli uacThio  JABYX TPOMEXYTKOB  SBJSCICA TOXE INPOMEXYTOK.
B naockoM cayyae MNOJOMEHHE YCJOXHSETCH TeM, YTO JiBe KpUBhHIE
MOLYT nepeceKaThcs MexAy coG0H BO MHOTMX TOYKaX M Jaxe B Gecko-
HEYHOM MHOXecTBe ToueK. [lostoMy cBASHas 4yacTWyHas 00aacTb
MOXET HOBOH KpDHBOH pacCeKarbCd W HA HE CBSA3HHE YacTH; TOYHO
TaK e U ofumeHd 4vacThio JABYX CBABHB X oOnacTell MOXET OKa3aTbCst
He cBa3Han obnactb, BoT moueMy MH C caMOro Hayalza He
MCKAIOYANM M8 DAaCCMOTpPEHHSN pasNOXKEHHUSs OCHOBHOH
o6ractu Ha HecBA3HHEe yacThl

Jlanee, yCTaHaBIMBAeTCA CYLIECTBOBAHHE TOUHBIX TI'PaHMIl

I,=sup {s}, I¥=inf{S},
NpUyeM OKa3HBAETCs, YTO
szl <<I*<§.
Haxonen, nyreM OyKBaJapbHOTO BOCHPOM3BENEHHS NOKa3aTeAbCTBA Ias
aunetiHoro cayyast [n° 178] u smece noayuaercs

Teopema. [as cyuwecmsosanus 080(HO20 UHMEZPAIA HEOOXOOUHMO
u docmamouno, wmobs. 0b.40

lim (§—s)=0,
A0
uau 8 Opy2ux 0003HAYEHUAX

n

lim 3 ,P=0, (©)

A0 T

20e w; ecms Koaelanue My — m; gynxuun (X, y) 8 wacmuyrol obaa-
cmu (Py).
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340. Knaccw uHTerpupyembix (pyHkuuil, C NOMOmIBIO YCTaHOBJIEH-
HOrO BHILE NPU3HAKA MHTEFPHDPYEMOCTH JErKO JOKAa3aTsb:

I. Besawas HenpepwgHas 8 obaacmu (P) dynryus f(x, y) unme-
2pupyenma.

IeticrautenpHo, ecan ¢yHxkuus f HenpepmBHa B (3aMKHYTOH) oGua-
cru (P), To no CBOHCTBY PaBHOMEPHOH HENpEPHIBHOCTH KaxAoMy & >0
oTpeuaer Takoe d >0, uro B moGoH wacru obaacta (P) ¢ AuaMeTpom,
MeHbIIEM ueM O, koaebanue ¢yHkuun OyAer MeHbiue, dem e. Ilycrs
Tenepb obaacts (P) pasnoxeHa Ha vacTu (P;), AMaMETPH KOTOPHIX BCe
menbinie 0. Torma Bce xonebanus o;<e, u

Zwipi <€ZPi=sP,

OTKYyla W CJedyeT BHNOJHeHWe ycaoBud (6). DTUM UHTErpUPYEMOCTbH
(GyHKnmuM JOKasaHa.

3amMEuaHUuE Tenepy Jerko yxe npuAaTb INOJHYI CTPOrocIb
BoBOAYy opmyam (2) ms  ob6bema umauHApHuyeckoro Gpyca. D10
JleaeTcsi COBEpIIEHHO TaK Xe, KaK WM NPH BHBOAE HHTErpaIbHOH Gop-
MyJbl IJ5 IOWAAW KpHBOJMHEHHOH# Tpameuun [n°196]— c npusieue-
HUeM BXONSIMMX M BHIXOAAKX TeJ,- 00beMbl KOTOPHX BBIPAXKAOTCH
cymvamu JLapOy.

Ilns toro uroGBl HECKOJBKO PpaclUpuTh KJaacc QyHkmufl, Aad KOTO-
PHIX YCTaHOBJ/IEHA MHTETPUPYEMOCTb, Mbl OyJeM HyXIAaTbcsl B CleldylomeH
JeMMe.

Jdemma. Ilycms 6 obracmu (P) 3adana Hexomopas wpusas (L),
umenwas niouwads, pasnyn Hyswn. Toxda kasdomy ¢ >0
omsewaem maroe 3 >0, umo auws mossko o6racms (P) pasiroocena
Ha dacmu ¢ QuaMempamu, MeHswumu S, cymme naowadeil mex u3
Hux, Komopsie umerom ¢ (L) obwue mouxu, Oydem MeHsue e.

ITo npexnonoxenuio Kpusylo (L) MOXHO NHOIPy3uTb B MHOTOYIOJb-
Hylo obnacrs (Q) ¢ miomiagplo, MeHpuwie#h uyem e, Cgenarb 3TO MOXHO
TaK, 4ToOb KpuBas (L) u koHTyp (K) ynomsHyTol o6JacTH He HMead
obmux ToueKk. TorAa paccrosHue MexAy HEepeMEeHHBHIMH TOYKaMu O0eux
KPHBHX JOCTHTAeT CBOEro HamMMEHbIUEro sHayexus 8 > 0.

JleficTBUTEIBHO, NMYCTh yKa3aHHpe HEMpPep bl BH bl € KPUBBIE 3alaHbi,
COOTBETCTBEHHO, NapaMeTPUYECKUMH yDaBHEHUSIMHU:

(K) x=0o¢@, y=0(); () x=9¢*@, y=1{*(),
ty<t<<T w=u<<U

rae ¢, ¢, ¢¥ (¥ — penpepsiBHbe (YHKIMYM, KaXaAadz OT CBOEro apry-
menta, Torpa paccrosHue Mexay JBYMS IPOM3BOJBHHIMH TOYKAMU ITUX

KPUBBIX
Vie®—¢* @P 14O —* @F
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Oyner HenpepmBHON (yHKUMe# OT (f, ) B 3aMKHYTOM HPAMOYTOJNBHHKE
[ty T; uy, U] W, cleloBaTeNbHO, JOCTMFaeT TaM CBOErO HaNMEHBILEro
suauenns [n° 186]. IlockoabKy KpuBhe He nepecekalorcs, 3TO Hau-
MeHbIIee PACCTOTHUE & OYyAET OTIMYHO OT HyJA.

Pasnoxum teneps obaacte (P) Mo mpouseoJy Ha 4yacTé TaK, UYTOOH!
nuamerpsl HX Opuin Menbuie d. Te M3 HUX, KOTOpHE B3aJeBAOT KDUBYIO
(L), neoGxomumo ueankom OyAyT JaexaTe B obaacti (Q), cieldoBa-
TeJNbHO, ofulas uxX IJIOWIadAb MeHblle .

Il. Ecau ozpanutennan @yuxyus  f(x,y) umeem  paspusu
pas3se AUue HQ KOHEYHOM HucAe KPUBHX ¢ Hyae80i naowadsio,
mo  OHa  uHmMezpupyema.

3apagumcs npousBoJbHEM &
uiciom € >0. Ilo npenmo- 3
JIOKEHHIO BCE <«JIWHHHM pas-
puBa»  OQyukumn  f(x, y) VN
MOXHO  3aK/MIOYUTB BHYTDb
MHOroyroJpHo#t obaactu (Q) ()
¢ ofwelt MIoImaApio MEHbLUE &,
Ha opuc. 22 sra oGaacte (P
NOKpBITA IUTPUXOBKOH. ['pa-
HuLeH €e CJAYXHT KOHEUHoe 7
uucao JaomaHeix (L), Koro-
phi€, OYEBHIHO, CaMH HMEIOT Puc. 22.

IoIaas,  PaBHYI0  Hy.JIO.

B samkuyro# ofnactu, noayuaomefics u3 (P) BIeNeHHEM BHYTpEH-
Hocru ofamactu (Q), dyskums f(X, y) CIVOWDb HeNpepHBHA, 3HAYHT, W
paBHOMEpHO HenpeprieHa. CaeloBare/bHo, no 3afanHoMy e >0 Haii-
nercs Takoe uymcao d; >0, yTo BO BesKOH vacTm 5TOH o6aactu, Aua-
MeTp KOTOpoH menpumie O, koaeGanme ¢yskuun f(x,y) Oyner
MEHbBUIE €.

Tenepy, B culy JNeMMB, MOXHO Haltu u Takoe 8 >0, uro Bcaxuit
pas, Kak oOmacTe (P) TNpPOM3BOMBHBIME KPWBBIMM pasJiaraercd Ha 4acid
¢ [uaMeTpaMd, MEHbHIMMH 4YeM O CyMMa [uoOmae# Tex M3 HUX,
KOTODHIE 3af€BAOT COBOKYMHOCTb JIOMaHHX (L) — I'DaHUIly Bhle/eHHOH
MHOrOyroabHo#t obaactu (Q), — HaBepHO GyIeT MeHpLIE e.

Mycrs 3 Oy’er HaumeHbulee u3 ABYX uucen 9, 3, Pasmoxum
obnacts (P) Ha wactu (P, (Py)..., (P,), AnaMerpsl KOTODHIX
MeHple 8, ¥ PacCMOTPHM COOTBETCTBYIOLLYIO CYMMY

; miP,;.

'

4§<’<

PasobreM €e Ha JBE CYMMBI
DlopPy X 0pPy,
il ill

npejrnosaras, 4TO 3HaYoK I orpevaeT Takum oOmactam (Py), KoOTOpHE
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LeJAMKOM JexaT BHE BbijeneHHOR oGracta (Q), a sHauok i” — BCeM
npogum. OueHMM KaxIyl0 M3 STHX CYMM B OTJAE/JbHOCTH.

Tak xax Bce (Py) nexar B oOnacrd, moayueHsHo#i u3 (P) Bmaene-
uueM (Q), v amamerpn ux <3<<8;, 10 Bee wy<e, TAK UTO

Z (DirPir < € E Pir <€P.
v v

C znpyroit croponsl, eciu uepes @ o06o3HauuTh KojeGaHue (ysKnuu
f(x, y) Bo BCei obmactu (P), To OyAeM muMeTh (TaKk KaKk o;=<<Q)

; 0Py << Q iz Py,

3mecy Y Py ecTe cyMmma miomane#t Tex mus obmactedt (P;), xoTopsie:
1) 6o ueamkom Jaexar B BHKJIoYeHHOH ob6aactu (Q), 2) aubo same-
BaioT rpanuny (L) sto#f ob6nactu. O6mas mIOmanb NEPBEHIX MEHbIIE e,
6o Q< e; TO He MONKHO CKasathb M 006 ofuleft nJOWIagM BTOPHX,
NOCKOJbKY 06JaCTh pas/omeHa Ha 4YacTM C [UAMETDaMH, MEHbIINAMH
uem 8 << 8. Hrak, 3Py <2e, Tak uto

2 U)iupin < 2Q€.
ill
OxonuarenpHo, npu A <3, OKasHBaeTCs:

Zi w;P; < (P4 29Q)e.

Tak KaKk fnpasag YaCTb STO'O HEPABEHCTRA MPOMSBONLHO Maka BMeCTe
¢ & TO BHmoJHsercs ycaoBue (6), u T. I

341. Cgoiictea WHTerpupyeMuiX ¢ynKIui ¥ NBOHHLIX WHTErpaJos.
1°, Ecau npou36oasHulM O0Opa3oM U3MeHUMy 3HAUEHUS UHMepupyemol
8 (P) dhynrwyuu f(x, y) 8d0as wawxoi-aubo xpugoi (L) ¢ Hyiesod
naowadeio (¢ mesm AuWs YcaoBuess, 4mMoOul U USMEHEHHAR (HYHKUUS
0CMQBAAACs O2PAHULEHHOIL), MO B8HOBb NOAYLEHHAS HYHKQUL maK-
oce unmezpupyexa 6 (P) u ee unmeapas paBeH unmezpary
om f(x, y).

Jlns HOKasaTeNbCTBA HYXKHO COCTaBHTh HMHTErPaiibHHIE CYMMH AJAs
H3MEHEHHOH W HCXOXHOH ¢yHxuud. OHH MOTYT PasHUTLCH JMIIb TeMH
C/IaraeMBIMH, KOTODHE OTHOCATCA K obnactam (P;), 8aleBaOEM KPHBYIO
(L). Ho, no nemme n°340, obmas maomags 5TMX o00aacTeR cTpemMutcs
K Hymo npu A—0, OTKyZa yKe JEerko SaK/KyuTb, 4TO0 00e HHTErpaib-
HEIE CYMMBI CTpeMsTcsi K ofmemy npeieny.

Taxkum 06pasoM, cyujecmsosanue u 8einiuna O0BOUH020 uHMezpaia
He 3asucam om 3HQYeHUl, NpUHUMAeMblX nodunmezpaiskol dynryuei
80046 KOHEWHOZO HUCAQ KPUBHX € KYAE8OU NAOWQA0bI0.
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2%, Ecau o6aacme (P), 8 womopoi 3adana ynxyus f(x, y),
rpugow (L) ¢ Hysesoli niowadsio pasaoxcena na 08¢ obracmu (P') u
(P"), mo u3 unmezpupyesmocmu ynxyun f(x, y) 80 sceii obaracmu
(P) caedyem ee unwmezpupyemocms & uwacmudnwx obaacmsax (P) u
(P"), u o6pamno — u3 unmezpupyesmocmu Pynryuu 8 obeux oGAACHMAX
(P') u (P") soumexaem unmeapupyesocms 8 obaacmu (P). Ipu smon

{§70 nar=\{re nar+ (s par
{P) (P') (P)

Pasnoxum obaactu (P') n (P”) npoussoabhniM 06pa3oM Ha 4acTy;
TeM caMbiM M (P) pasJOmKUTC Ha YacT:

(Pl)r (p‘l)! see (pn)

Ecan sHaukoM [ OTMETUTh 4acTH, cofepkauwnecd B (P), a 3HAUKOM
i’ — vactu, colepxauupecs B (P”), 10

2 miPi —] Emilpi, + E m,-uPiu,

Tycts dyukuus f(x, y) unrerpupyema B (P), Tak uyto nipu A—0
CTPEMHMTCA K HYJI0O CyMMa CJIeB3; TOTJAa KawJas M3 CYMM Cupasa o
NOMABHO CTPEMHTCH K HY/aI0, TaK 4TO Hama (QYyHKUUS HHTErpupyeMa
rakxe B (P') n (P").

OG6parHo, ecan uMeeT MeCTO nocaefHee OGCTOATENbCTBO, TAK YTO
npu A— 0 crpemarca K Hymo o6e CyMMBsl CnpaBa, TO M CyMMa CJega
Takke crpeMurcsi K Hy/mo. OZHAKO HYXKHO IIOMHHMTb, YTO OHa MOCTPOEHa
Be s NpOM3BOJBHOrO pasbueHus 06JaCTH Ha YacTH: Beldb Mbl HCXO-
Anau U3 pasjoxenus moposHs obaacred (P u (P”).

Yro6m OT NPOM3BOJLHOrQ pasioxenuss obiactu (P) mepedtd K pas-
JIOWEHHIO 3TCTO YacTHOrO BHAA, AOCTATOYHO NPUCOCAMHHTL K JIRHHAM
nenenus kpusyio (L). CoorBercrBylomue uM cyMMb OyRYT DPasHUThCH
JULIb CJI3raeMbiMHM, OTBEYAIOIAMH TeM SJEMEHTapHHM Q06JacTaM, KOTO-
puie 8ageBaior kpusylo (L). Ho, no nemme n°340, ux ofumias miomans
CTPeMHTCS K Hymo mnpu A-—>0, 1 06e cyMmbl pasHATCS Ha GeCcKOHEUHO
manyo. Takum oGpasoM, ycaopue (6) BHIOJHAETCS B NOJHOH OGHIHOCTH,
u ¢ynkuus f(x, y) oxasmBaeres uHTErpuUpyeMod B (P).

Hakonen, noxassiBaeMast GopMy/a NOJYYaeTcss NEPEXONOM K mpeieny
npu A— 0 u3 paseHcrsa

2fCo ) Py==1 G ) P+ S Giry M) P
AHanOrMyHO, M3 pACCMOTPEHHSl HHTEIPaJbHHIX CYMM C IOMOLibIO
nepexosda K Ipelledy NOAYYalOTCss M CAefyollue TPH CBOHCTBA:
3°% Ecau ymwuoscums unmezpupyemywo 8 (P) dyuxguio f(x, y)
Ha NOCMOSHHYIO R, mo noayuennas Pysxygus maxoce 6ydem unme-
2pupyesa, U npu IMoM

SS‘ kf(x, y)dP="F SSf(x, ) dP.

(P) P)
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4°, Ecan 8 obaacmu (P) unmezpupyems ynwyun f(x, y) u g(x, y),
mo unmezpupyema u gyuxyus f(x, y)=* g(x, y), npusen

SS [f (x5, »)E gl )] dP=SSf(x, y)dp Sgg(x, ) dP.
P) (P)

( (P)

5° Ecau 0asnt unmezpupyemux 8 (P) dynxyui f(x, y) u g(x, y)
seinoansiemess Kepasencmso f(x, y) << g(x, y), 10

S(P)S flx, 9)dP < sp)s g (%, y)dP.

Hanee,
6°. B cayuae unmezpupyesmocrmu Gyuxyun f (X, y) unmezpupyena
u ghynrgus |f(x, ¥)|, u wmneem mecmo Hepasencmso

[ §P§f(x, »dp l< SP,S |f(x, y)|dP.

Wurerpupyemocrs QyHxumun |f| clelyer u3 npoctoro sameyanws,
yro Kosebanue of sTof QyHKHEM B mobok obnactu (P;) He mpeBocxo-
IUT COOTBEICTByOWEro Kkoaebanus o; ¢yukuun f, elicTBurensHo,

Toraa
Dotp; < YoP,

¥ CTpPEMJEHHe K HYJIIO BTOPOH CyMMbl BJeyeT 3a coGOH CTpemieHue
K Hy/mo nepsofi,
IokasuBaeMoe e HePaBeHCTBO NOJYYaeTCss NpPEACHbHEIM NEPEXOAOM

3 HepaBeHCTBa
|2 C WP < DUF G )| P

7°. Ecau unmezpupyenmas 8 (P) dysaxuus f(x, y) ydosiemsopsaem
HepageHcmBY
m<f(x, yy<M,
mo
mp<{{s(x par<mp. e
P

Aro Moay4yaeTcs TMPEASTbHBIM IMEPEXOAOM H3 OYEBHAHOINO Hepa-
BCHCTBA

mP<Xf & 1) P;<MP.
Ecan pasmeautp Bce yacTd HepaseHctBa (7) Ha P

§reenar

mé_(_P)___P______. =M
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u uyepes p OGOBHAUATb CPENHEE OTHOLUEHHe, TO MOJYYMM IPYryio
3anicp HepaseHcrTBa (7)

SSf(x, WAP=pP (mn<<p << M), ®
P)

KOTOpas BBIDAXAET TaK HASHIBAEMYK® TeOpEeMY O cpelAHeM 3Ha-
YeHHH,

IpeanosnoxuM Tenepp, B 4acTHOCTH, uyTO ¢yHkums f(x, y) Hempe-
puieHa B (P), 1 BO3bMEM B KauecTBe m u M ee HauMeHbluee W Hau-
Gonbuiee 3HayeHus B obuaactu (P) —no Teopeme Bettepmrpacca [n° 136]
onn cymecteyior! Torsa no wussecTHo#i teopeme Boabnano—Koiuu
[n°134] nenpepuBHas ¢ynxuus f(x, y), NpuHuMaollad 3HaueHHs m
M M, noxxHa TpPOHTH H Yepesd KaxIOe MPOMEXKYTOUHOE 3HAueHHe.
Taxum o6pa3oM, BO BCSIKOM ciayuyae B oOnactu (P) [NOJNXHA HaHTHUCD
Takas TQUKa (X, j), uto p=; (X, ¥), u dopmyma (8) npuHuMaeT BUL

ij(x, ) dP=Ff(%-7)P. ©)
(P)

310 — ocobenHo ynorpeOuTeapHas GOpPMa TEOPEMB O CPEAHEM,

Tak e Jerko NMEPEeHOCHTCS Ha paccMarpuBaeMH#t cayuait u 06o6uieH-
Has TeopeMa O cpelHeMm B8Hauenmm [n° 182, 10°]; mpemocraBaseM 3710
YHTATEJIO.

342, Unrterpan xax amnutupHas ynxkuus obaactu; nuddepen-
nupoeanue no o6yacTH. PaccMoTpuM (3aMKHYTYIO) IIOCKYK 06aacts
(P) u coaepxamuecs B Hel yacTuuHbie (3aMKHyTnie) obnactu (p). Mot
Oyaem npennonarath Bce 064acTH KBaApHpyeMmMu (mo obcros-
TENbCTBAM OHM MOIYT INOAJExXaTb W JAPYTMM orpaHuueHusm). FEcau
Kaocdoll wacmu (p) obaacmu (P) conocmasasemcs Hexomopoe onpe-
0esneHROe HUucao

Q=2 (),

mo amuxm onpedessemcs <ghynxyusg om obaacmu (p)> 048 yKa3ax-
nox (p). TlpumepoM Takoi (YHKUuE OT 0GJACTH MOTYT CAYXKHUTD: IIOMLALD
00J1acTH, HeNpepHBHO pacnpeleleHHas 0O HeH Macca, CTaTHYECKHE
MOMEHTB 3TOH MacChl, HENPEPHIBHO pacnpeaeseHHas Harpyska uin Boobuie
neficteyonias Ha Hee cu/ia, ¥ T. IL

Ecau npu npoussoasrom pasaooenuu obaracmu (p) HaQ 83aUMHO

He Haae2aoujue Hacmu
Z
@) =@+

gcez0a ora3sleaemcs, 4mo
D(@EN=2 )+ 2"

mo gyuryuw D ((p)) om obaacmu Ha3wsawm addumusnoii. Bee
yHKUAX, TpUBEZEHHBIE BHIIE B BUAE MnpuMepa, 00J43aZalOT  STHUM
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CBOfiCTBOM aJUIUTHBHOCTH. AJVINTHBHBHIE (YHKIMA OT 06JAacTH Npeacras-
AR0T 0cO6YI0 BaXHOCTb, UOO HaCTO BCTPEUAIOTCS NpPH M3YYEHHH ABJICHUR
NIPHPOAHL.

ITycrs B KBaZpupyemo#t obaacta (P) 3afaHa uuTerpupyemas QyHKums
toukn f(M)==f(x, y); Torma oua Oymer uHTErpupyeMa B JoGOR
KBaApupyeMo# xe uactd (p) 06/1acTH, TaK YTO HMHTErpaj

()= S(p§ fx y)ap (19

Takxe ecTb ¢ynkuus or obaactn (p). Beuay n°341,2° u oma Gyuzer,
OUECBHAHO, AMAUTUBHON QyHKuMeH.

O6parumca Tenepp K <«auddepennuposanio ¢ynxnun D ((p)) no
obaactus. [lycre M — dukcupoBanHas Touka obaactu (P), a (p)—
mobasi coAepxkamas 3Ty TOUKYy uacruuHas o6aacTe. KoHeunwiil
npeden omHouenus

e ((p)
p ’

20e p ecms naowads obaacmu (p), Npu cmpemiesunl ¥ HYA0 Oua-
Mempa obracmu (p), Ha3ugaemca npou3so0noli om pyrKyuu
®((p) no o6racmu 8 mourxe M. Ecan O ((p)), nanpumep, ects
MacCca, HENPepHBHO pacnpeleneHdas 10 miaocko# ¢urype (p), 1O
9TOT Npeles ecTb He YTO WHOe, KaK NJAOTHOCTb paclpeeleHus
Macc B Toyke M, a ecin @ ((p)) osnavaer cuay, AeHcTBylomyio Ha ¢u-
rypy (p),— 710 yldenbHoe AaBAeHHe B Touke M, u T. I

OcoOnift uHTEpEC LA Hac MPEACTaBAseT CaAyyaHh, Koraa ¢QyHKuHs or
obaacta Bepaxaerca uHrerpasom suga (10), rme f(x, y)—Henpe-
puBHas B obnactd (P) dyHkuua. MM NOKameM, YTO npou3sodnod no
obracmu 8 mouxke M om unmezpasra Gydem nodurmeaparsHas PyHK-
Bus, BHHUUCACHHAS UMEHHO 8 SOl mo4ke, m. e.

S =Ff(x, y)

Jle#ictButensHo, B3AB 007acTh (p), O KOTOpO# TOBODHTCA B ONpele-
JIeHUR TIPOU3BOJHOH, uMeeM mo TeopeMe O cpelHeM [cm. (9)]

o ((p)) =f(x’ )7) b

rie (X, y) ecTb HexoTopas Touka obaactu (p). Ecim mnamerp obaactu
(p) cTpemurca K Hymo, TO Touka (X, y) OesrpaHuuHo cOamiaercs
¢ (x, ¥) 4, 0O HENPepHIBHOCTH,

g;(;(g——))-=f(x, _)7) -—’f(x, y)’

41O H TpeGOBﬂHOCb AOKa3aTh.
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3AMEuUAHNE. Bhile HaM NPUXOAUNOCH yxke TOBOPUTH 06 amau-
THBHBIX (yHKUuAX OT mnpoMexyTka [n°204]. Tak Kak Takas GyHKuus
BCEr/la MNpeacrasaseTr cobolt  PasHOCTh JABYX SHaueHWH HEKOTOpOH
(QyHKUMM TOYKHM, TO He OBIO HAZOGHOCTM [ <«JHHEHHOrO» CAyyas
pasBUBaTh TEOPMIO BPOME H3JIONKECHHOH BHINE I/ <IVIOCKOIO» CJAyYas.
Onmnako B TeopeMe 0 JuddepeHIUPOBAHAN ONpPENENCHHOTO WHTErpaJa
no mnepeMEHHOMY BepxHeMy mpeneay [n®183, 12°] uuraresn Jaerko
YCMOTPHUT aHanor [OKa3aHHOH TOJBKO 4YTO TeopeMs 0O AuddepeHuupo-
BaHUH [BOHHOro MHTErpaja mno o6iactu.

§ 2. BBIYUCJIEHHE JIBOHHOIO UHTEFPAJIA

343. Ilpusenenue ABOHHOrO HHTErpaja K NOBTOPHOMY B clyuae
npsMoyroasHoii o6aactu. C 5TuM BONPOCOM B reOMETPHYECKOH Tpak-
TOBKE W MNP HEKOTODBIX YaCTHHIX MNPEANOJNOXKEHHIX MBI Yyxke HMEnH
neno B n°337.

PaccmoTpum Tenmepn €ro CpeACTBaMHM aHvajaus3a U INIPUTOM B caMo#
ofme#t dopme; HauyHeM MH C NIPOCTOTO Cayyasi, Koria o6/JacTb HHTErpu-
posanus mpeAcTasaser coboit npsmoyroabHuk (P)=|a, &; ¢, d].

Teopema. Ecau Oan dynxyuu f(x, y), onpedesenHoli 8 npsmo-
Yeoassnure (Py==[a, b; ¢, d], cymecmsyem 0d8oiinoli unmezpan

IRl Q)

P)

i —npu Kaxc0oM NOCIMOAHHOM 3nateHun x u3 [a, b]— npocmoli
unmeapans

d
19={rxndy @<x<y) @

mo cymecmeyem maKoce NOSMOPHBE UHME2PAN

b d
S dx Sf (% »)dy ®3)
U BLINOAHSCMCA PABEHCMBO .
d
{§res sap=(ax § 75 pay»). @
(P) a ¢

IoxasaTteabcrTBo. PasoGoem mnpomexyrkn [a, b] n [c, d],
olipefe/IAIOINEe MPAMOYFOJbHUK (P), Ha 4aCcTW, BCTaBJAs TOUKH JeaeHus

xp=a<x<..<x;<x,<...<x,=b,
V=< <. <0<Vt <0 . < Ym=4d.

*) Unrateab JIETKO YCMOTPUT B STOM YTBEDHKIEHWN BUIOM3MECHEHHE H3Be-
CTHOA Teopemnl o ABOHHOM M NOBTOPHOM npejenax [n° 131}
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Torma npamoyronsHuk (P) paslOKAICA Ha YaCTHUHBIE NPAMOYTONbHUKH
(puc. 23):
Pip)=1%s Xi55 Yoo Yru1l
(i=0: 1: ces 3 n_‘l; k=0’ 1, cee 3 m’-l)'
OGo3Haunm uepes m;, W M; ; COOTBETCTBEHHO, TOUHEIE HUNHION

U BepxHolo rpaHunsl Qysxnuu f(x, y) B npamoyroabHuke (P; ), Tak
uT0 JJaa  BCEX ToYeK (X, y)

‘Zf 3TOT0 NPAMOYTOJbHUKA
) mi <Jf (% y)< M
®UKCHPYS X B IPOMEKYTKe
Yt [%; X;,4] nO mpomssody: X =§,
Br ¥ HHTErDHPYS 10 y OT y, HO
% Ve, Oyaem umers [n°182, 8°]
kst
¢ my Ay, < S fE ay<
J /3 i\ Ty & Tk
£ < M, Ay,

rie Ay, ==y, —Y, uuTerpan
No y CyWecTBYeT, TaK Kak npe-
NOJIOXKEHO CYUIECTBOBAHME WH-
terpana (2) no Bcemy mpomexyrtky [c, d]. Cymmupys nomoGune he-
pasencrsa no k£ or 0 po m-— 1, nonyunm

Puc. 23.

2 m,kAykél(&)—-Sfm Ndy< 2 Mi o by

k=0

Ecan yMHOMHTH BCE YacTH STUX HEPaBEHCTB Ha Ax;=x;,—JX;
U NpocyMMEpoBaThb mo 3Hauky i or 0 mo n—1, TO Hailnem

n—1 m—1 n—1 n—1 m—1

20 2 My Ay << Z 1E) e < i§0 Ax; k§0 M;, 1 Ay,

TlocpenuHe MBI NOJYYWIM HMHTErpaibHylo CcyMmy i ¢yuxoua [ (x).
Uro me KACaercd A0 KpalHUX UIEHOB, TO OHM TPEACTAaBAfIOT coGo0 He
yro uHOe, Kak cyMmp § u S [lap6y nas apofimoro murerpana (1).
De#icTBuTensHo, Tak Kak Ax; Ay, ecrp muomais P;j NpAMOYrOAbHHMKA
(P;,1)»- 10, HalpuMep, HMeeM

n—1 n—im—1

Z Ax; Z m g, Ay == Z Z mt.kAxAyk“—Emi wWPir=2s
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Takum 06pasoM, OKOHYATEILHO

n—1
s< X 1) Ax;<S.
i=0

Ecaw teneps Bce Ax; m Ay, ONHOBPEMEHHO YCTPEMHTb K HYJIO, TO,
BBUJY CYHIIECTBOBAaHHs ABOHHOro uurerpana (1), obe cymmet s u S 6yayr
CTPEMUTLCS K HEMY, Kak K npeaeay. B Taxkom cayuae u

n—1

im ¥ 1¢) Ax,= SSf(x, »)dP,
i=0

P)
T. €. Jpoino# wunterpan (1) mnpencrasaser co6oft B TO ke BpemMs H
pHTerpan ot ¢ynkumn I (x):

{§7es syap= Sbl(x) dx= dexsdf(x, »)dy,
(P) a a ¢

4TO H TPeGOBAJIOCH AOKAa3aTh.
Menss posn NEepeMeHHHX X M Y, Hapaay ¢ (4) MOXHO HOKasath
u Qopmyay

SSf(x’ y)apP= dey Sbf(xy Vdx, (4%
) ¢ 4

(P)

B TIPEANOJONEHHH, YTO NpH y=—const cymecTByer uurerpan
b
{7 .
a

3aMeEuaHuE. Ecan Bmecte ¢ nsoiHBIM uHTErpasoM (1) cymecTsyior
06 a mpoCTHIX MHTErpa’a:
d

b
Sf(x, y)dy (x =const) u gf(x, y)dx (y==const),

TO MMEIOT MEeCTO OJHOBpeMeHHO 00 e. dopmyis, (4) u (4*), orkyna
b d

{ ax §f o ndy={ay Sbf (%, y)dx. ®)

a [

ITpumenenue ¢opmyan (4) uan (4 %) o6yc/aOB/IEHO CYIMIECTBOBAHHEM
[IBORHOrO HHTErpajJa ¥ OAHOrO u3 npocTHX. Ecan ¢ynkuna f(x, y)
HempepuHBHa (CAyyaHh, KOTOPHH OOBIYHO BCTPEUAETCH HA NIPAKTHKE),
TO CYLIECTBOBAHME BCEX YIOMSHYTHX HHTErpanoB obecneueno. B stom
ciyyae JmoOOH 13  YNOMSHYTHX (DOPMYJ MOXHO I0Jb30BATLCA  IJIS
GaKTHYECKOro BHYUCJIEHNA [BOHHOTO uHHTErpa;a, TaK Kak
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BHIUACAEHAE MPOCTHIX WHTErpajoB MpeICTaBaseT ropasfo Gonee JErkywo
3anavy.

Ilpn noxasarennctse Qopmyan (4) Bcero ecrecTBeHHee ObIO pas-
JIOXUTb NPSMOYTOMBHUK (P) NpsMHiMM, NapaiieJbHEIMHA OCSM, Ha NPSMO-
yronbHpie 3JeMeHTH ¢ momaaamu Ax; Ay, XKemad B camoM cumBOJe
IBOMHOrO MHTErpaJa yKasaTb Ha [MPOHUCXOXKAEHHE €ro OT JeJeHns
00/1aCTH Ha 4acTd NPAMBIMHU, NapajVIEAbHBIMU OCAM, BMECTO

{{ree nar
YacTo MAWYT "
S Sf(x, Ndxdy [mm g Sf(x, y)dyde.
(P) P)

Bossiile TOro, HMest B BULY CBENSHHE ABOHHOIO MHTErPa/a, PaCHPOCTPaHEH-
£Oro Ha. npsmoyrodehuk (P)==[a, b; ¢, d], K HOBTODHOMY, ¥ CaMbiit
ABO#HOH HHTErpan 4acTo 00603HAYaIOT CUMBOJIOM, CXOAHHIM C TOBTOPHBIM:

b d d b
S Sf(x, Y)dydx wma S Sf(x, y)dxdy.

IIpn atoM 06o03HayeHMnm APYr APYFY COOTBETCTBYIOT <«BHEIUHMH HHTe-

rpar» M «BHeWHHH Inddepesupan», TaK YTO CTOWT JHIIL NOCTABHTH

CkoOKH, u4TOGH MOAY4MTb TOT WM APYro#l W3 NMOBTOPHBIX MHTErPajioB:
d

Sf’{sdf(x,y)dy} dx wmu S {Sbf(x, ¥) dx} dy.
1

1
d
Derpumern. 1) [I= S S -——Xﬂ——'z——? [powe npexacrasuth [ mo dop-
"0 Qs

1 1

3
T a4yt

myne (4) B Bume
2

H60 cpa3y noayyaem:
{
ydy 1 1

I YRRl T Vet2’
C x4y’

TaK 41O
1

1
_ 1 1 x1LVxErl 24V
1._. —— —— ~— Tom—— = ——l
OS(Vxﬂ_g_l Vx=‘+2>dx 1I1x-{-VxL}-zo ln1-{-]/3'




344} § 2. BNYHC/EHHUE ABOMHOTO HHTETPAJIA 251

Ecan npuGernyTh K ApyroMy NOBTODHOMY HHTETpany, TO KBaJparypm OKa-
WYTCA HECKOAbKO Gonee CIOMHBIMHU:

1 1
dx

I= d ——,
"Sy y"S (5t

x=1

-

dx 1 X

ER RS e
¢ l(1+xﬁ+y*)2 ¥=
I_S ydy V2+y—1| =_~ ZV3=DIZ 41
1+ V2try Vz+y3+1 VIO WI -1

_ 1
T Vary !

Jlerko npeoGpa3oBath 9TOT OTBET K NPEKHEMY BHAY.
2) Halitn o6beM V Tema, OrpaHHYeHHOr0 CHH3Y NAOCKOCTHIO XY, C GOKOB —
naockocramMn x=0, x=a, y=0, y==>b, a cBepXy — SNIMITHYECKHM Napa-

8 2
6onouioM z—.:%-{-—g—q,
Ipexge Bcero no dopmyne (2)
S S <2p + 24) aP.
{0, a; 0,
CaMoe ke BHUYMCIEHME MHTErpana nmpoussefeM o Gopmyne (4%):

b a b
_ xi y2 - gi gy—i _gé ai b2
V_OS dy§ ('2?+§?1> dx’og (6p+ 2q>d"'" 6 (F+7)'
344. Ilpusegenue ABoOiiHOrO

74
WHTerpaja K NOBTOPHOMY B 4

ciayuae KpupoJHHeiiHofi o6aa- y=Yiz)

cri. Pacemorpum  obaacts (P),

OrFpaHMYEHHYI0O CHH3Y M CBEDXY
ABYMS HENpPEPHIBHHIMA KPHBHIMU:

J"—__Vo(x):
y=Yx) (e<x=<b),

; V=52

a ¢ 6GOKOB — JByMA OpJAMHATaMH:

Xx=a u x=b (puc. 24). 7 7 ;

Torma,  aHaJOrHYHO TeOpEMe Prc. 24

1n° 343, uMeeT MeCTO caeAylomias T
Teopesma. Ecau daa dynryuu f(x, y), onpedesernoli 6 obaacmu

(P), cywecmsyem 06oiinoli unmezpanr

{§ 7 nap

P)

&
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u—npu  KaK#cOOM NOCHMOAHHOM 3Hawenuu X u3 [a, b]— npocmoi

URme2pan
Y(x)

1= | /e 9
Solx)

mo cyuwecmeyem mawice NOSMOPHuLL UHme2pans

b Y(.x)
Vae | 7eo
a Yo (x)

U 8blNOAHAEMCS PABEHCMBO

{§ 7 nap= dex Yg(‘”ﬂx, y) dy. ©
P) a Yolx)

JloKasaTesbCTBO CTPOUTCH HA CBEAEHMM 3TOrO CJAyuas K PacCMOTpeH-
Homy B n°343. Vimenno, sakaouum o6nacTb (P) B NPAMOYTrOJbHAK

R)=la, b; ¢, d},

nonaras ¢== min y,(x), d= max Y(x) (puc. 24), u onperenum

a=x=<bh a=x=b

B 3TOM MNpAMOyrosbuke (yHkunio f* (x, y) caeayioumuMm oGpasom:

f(x, y), ecnu Touka (X, y) npuHapiaexur obaacra (P),
0 B mpoumx TOYKax npamoyroJbHuka (R).

f*(x»y)={

IMokaxem, ur0 5Ta (YHKUNA YAOBJETBOPSET YCJAOBHAM TEOPEMH
n° 343.

IIpexne Bcero, oHa wuHrerpupyema B o6aactu (P), ubo 3mech oOHa
cOBNafaer C MHTErpupyeMo#i mno ycaosuio ¢dymxumeit f(x, y); ouesuao,
HO9TOMY

SSf* ¢, yydp={ { F@x )ap.

(P

C npyro#t cropousl, f*(x, y)=10 BHe (P) m, CIeIOBATE]bHO, HHTE-
rpupyeMa 4 B ocTanbHo# uyacth (Q)==(R)— (P) npsmoyroasHuka (R) ¥),
npuyem

Sf* (6, ¥)dQ=0.
Q)

*) uayeHua ee Ha rpammue 9ToH o6iacTu poau He mrpawnt (cM. n° 341, 1°),
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Torma, B cuny n°341, 2° dyHkuus f* wunTErpUpyeEMa BO BCEM
npamoyroashuke (R), u

§§ 74 nar= ({7 sar. ™
(R) (P)

Tlpu moctosnHoM sHayenun X B [a@, b] cymecrsyer uuterpan
d Yo(¥) Y(x) d
Vreny=§ro+ { ro+ | rae,
¢ ¢ Yolx) Y(x)
160 CyLeCTBYeT KaXAMWH U3 Tpex HMHTErpasoB chpasa. JleHcTBuTeAbHO,
TaK Kak B HNpoMexyTkax [c, yy(x) u (Y (x), d] usmenenns y dynxuus
f#(x, y)==0, 10 nepBmit u Tperu#t MHTErpaim cymecTsywT, Oyayun
paBHH Hyd0. Bropo# ke wuHTerpan CoBmajaeT ¢ MHTErpajoM OT
dynxunn f(x, y):

Y{x) Y(x)
{ re o= r= e,
Yolx) Yo(x)
NOCKOABKY f*(x, y)=/f(x, ¥) mma y B [y,(x), Y(¥)]. Oxonuareasno,
d Y(x)
Sf* x, y)dy= S f(x »)dy. @
¢ Yo (%)

B cuny ynoMsHyTOH Teopems, Iaf ¢(yHKumm f* cywectsyer u
NOBTOPHMI HMHTErpans, KOTOpull paBeH Asofinomy [cm. n°343, (4)):

b d
V{7 syar = ax { 7o .
(R} a c

Ipunuman xe Bo BHuManue (7) u (8), BuamM, uro 31a (opMyna
pasBsocuibHa Qopmyae (6).

Ecim obnacts (P) npeiacraBiaseT co60H KPHBOJRHERHYIO Tpaneuuio
IDYroro THNAa @4 OrpaHuyeHa KDPHBHIMH

x=x%0) r=X() (<y<d

U npsmbiMu y==c¢; y=d, 10 BMecT0 (6) mpuaem k Qopmyse

| §7en nap= dey X§‘”f(x, ) dx, (6%)
(P) ¢ xo(3)

B NPEANOJIOXKEHNH, YTO, HAPAAY C ABOHHHIM WHTErpajoM, npu y=— const
CyLLeCTBYET NPOCTOI HMHTErpas no X.

3ameuanne. Ecmi xonryp obmactu  (P) mnepecekaercs Juiib
B AByX TOYKaxX KaK MHapajaaeaaMu OCH OpAMHAT, TaK U fapamie/nsMu ocu
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abcumce  (kak, Hanpumep, B cayuae, nsoGpaxceHHoM Ha puc. 25), Tto
NpE  BBIMOJIHEHWM  YKA33aHHHIX YCJAOBUH nNpHMEHHMb 00€ yMOMSHYTHE

7 tdopmyast. W3 comocraBaenus ux
J -t MOJMy4aeTcs PaBEHCTBO
y=vem b Y(x)
de REELE
| a Yo ()
{ d X0
| ={a | 7te pax, @
¢ | ¢ X
7 i 5"z KOTOpOE NpEeACTaB/IseT M CaMo-
Puc. 25. CTOSTEAbHBIH uHTEpec.  ITO —

aHanor Qopmyas (5) n° 343.

Ecin ¢yukuna f(x, y) B obxacru (P) HENPEpPHIBHA, TO HWHTErpaJH,
nBoiino#t ¥ npocToll, cymecTsywT, u ¢dopmyay (6) uan (6*), cmorps no
Tuny ob6aacty (P), MOMHO HCNOAbL3OBATH AJS BHUYHCHAEHHS ABOHHOrO
uHTerpana.

B cayuae Gosaee CJOKHOrO KoHTypa o6aacth (P) OGHYHO pasna-
FaeTc Ha KOHEYHOE YHuC/AO 4acTe# paccMorpensoro Ttmma. Hampumep,
¢urypa (P) na puc. 26 pacce-
KaeTcs NpAMOI0 X==0 Ha TpH g
Takue vacti: (Py), (Pg) u (P3).
Torna R WCKOMBIYt uHTerpas, B ®)
cuny n°341, 2° npeacrasasercs
CYMMOM MHTErpanoB, pacnpocTpa- P)
HEHHBIX B OTICJHLHOCTH HA 3TH
YacTH; Kaw/Jeil U3 HUX BBIYKC-
ASETCS, KaK YKAasaHo. (A

B ofwem cayuae Takxke, no-
CKOJIBKY MBI CBENH JeN0 K Teo- h
peme 1n°8483, B ocuope ymosa- [ @ &
KJ/MOYEHHH  JexutT  paszbmeHune Puc. 26.
paccmarpuBaeMoit  (purypel  Ha
npsiMOyrosibHbie 3JeMeHTHl. B cBsisu ¢ oTuM © 37ech Mi1a 0GO3HauYeHud
JNBOHHOrO MHTErpPaja NOJb3YIOTCA 4acTo CUMBOJOM

§renacay
(P)
npoussefenne dxdy HANOMHHAaeT O IVIOMAJAYM SAEMEHTAPHOrO HpPAMO-
yro/asHuKa.
Camo coGoft mousthsl u 0603HAUEHHA
b Y(x)

d X(y)
fdydx wnnn S S fdxdy.

a yolx) ¢ %)
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[Mpumerr. 1) Buyncante ABoHHOM uHTerpan

1=SSy2Vﬁt:FdR
(P)
rie (P) ectb xpyr paguyca R € HEHTPOM B Havame koopammar (puc. 27).
Peuwenne Kouryp obmractu (P) umeeT ypasHenne x°--y2== R2 oTkyxa
y== YV REx% Ouesunno, y=—+} R — x° ecTb ypaBHeHME BepxXHell mony-
OKPYXHOCTH, 4y == — } R® —X? ABuAeTCS ypaB- 7

HenueM HuxHell nonyoxpyxHoctH. Takum o6pa-
30M, NPV NOCTOSHHOM X U3 IpOMexyTKa [— R, R]

nepemenHas y uaMenserca ot — Y R — x* fo Y=+ VRED,
-+ V' RE—x2. lo dopmyue (6) — ¢ yueToM y e T~
HOCTH NO Yy NOIMHTErpa’IbHOH GYHKUKH —

R +VRE=%3
1= S dx S YVR—<dy=
-R  _VRI=s2

R VR
=2 S VR —x%dx S ¥2 dy.
—-R 0

BhiyucaseM BHYTpeHHHl MHTerpaxn:

VR 3
= (R— )7,
0

3areM — CHOBa C YU€TOM YETHOCTH ~—

R R
1=% SR(Rﬂ—xﬂ)s dx=% S (R”-—x”)’dx:%R’.
— 1]

CoBepiieHHO aHANOTHYHO INIPOBORHTCA U BRIUHCICHHE no ¢opmyne (6%).
2) BuiyHCAUTb MHTErpai

= SS V 4xT =32 dx dy,

pacm‘)ocrpauenuuﬁ Ha TPEYrOJAbHWK, KOTOPHH 06pasoBan mpaMBIME y==0,
x=1, y=x.
Pemenue Mo tdopmyae (6)

1 X
1=deSV4x2—y2dy;
] 0

BHYTPEHHNH WHTErpan paseH
y=x

X
TE gt dy =2 VI = 2 arcsin 2 =(X2 L2
0SV4x Vdy=5 Vit =y +2 arcsm2x| 0_( 3 +3)x’,
J=



256 T/l XXI. ABOAHBIE MHTETPAJIEI [344

H OKOHYATENbHO

_ 1 (V§4_ﬂ
3\ 2 3/
MoxHo 6b150 Obl BECTH BhlUMCIeHHs M mo (Qopmyne (6%), Ho B stoM cayuae
Mbl HaTOAKHYIHChb Obl Ha Godee TPYIDHbBEe KBaigparTtypshs. [loxobHoe
06CTOATENLCTBO BCErAA CAENYeT YYMTHIBATh NPH BHGODE IYTH Lif BbIYHCICHHA.
3) Boiyucanrth uHTErpan

= § S xP7lye-1 dx dy,
x=0, y=0
x+y=<l

B npexnmoioxenus, yto p =1, g=1%).
Vimeem mo dopmyrne (5)
i 1—x ! 1
1=le'“dx S yq‘ldy=?g xP“(l-—x)qu=711-B(p, q-+1).
0 0

()

OKOHYaTEeAbHO:

)

x=0,
Xy
Sra Qopmyna npuHagaexur Jnpuxne.

4) llpun p <1 (unu g <<1) nommHTerpaibHas Qysxuua ofpamaercsa B 6ecko-
peypoctb mpn x=0 u O<<y=C1 <(mam, coorBercrBenHo, mnpum y==0 ¥u
0 << x << 1). O6blyHoe onpefieNieHMe MHTErpajia 31eChb yxe HENPUMEHHMMO: HHTe-
rpajl OKa3biBaeTCs <HECOOGCTBEHHBIM» M TpebGyeT LA CBOEro oOnpefefeHus J O-
HONHNTEIbHOFPO NPEeNedbHOro Nepexona. Mbl NOACHUM STO HMEHHO
Ha pacCMOTPEHHOM mpuMmepe, B Ipeanmojoxesuy, yro 0<<p <<l m O<<g< 1,
BosbmeM cHayana unTerpain (e > 0):

I—e 1—x

SS xP-ty?ldx dy = S xPtdx s Y ldy=
& €

0 T(ptqg+1)

i\

S XPlyT-1dx dy — T(T(q)
v

—

1—e T—e

=%[S XP71(1 — x)? dx — 9 S xl’“dx].

Ecn ycrpemurts Teneps ¢ K 0 (Cxumas Ty NOJOCKY, 3alTPUXOBaHHYIO Ha
puc. 28, ¢ noMombI0 KOTOPOH MBI HM30AMPOBANH <OCOOLIE» JUHMM, TO B npe-

jene moayyuMm TO)KC%B(p, g-1). Dror npemes M ecTb HCKOMBIH Heco6-

CTBeHHBI HHTErpal

3amMeuyasue. W B ofmeMm cayvyae, KOria TNOAMHTErpanbHas ~QYHKIHA
of6pamaercs B GeCKOHEYHOCTb B OTHENbHHX («OCOOGbIX») TOYKAX MAM BHOJbL HE-
KOTOpBIX («O0COOBIX») AMHUH, UX BBHIEAAIOT € NOMOWLIO TEX MAM HHHIX OKpecrT-

*) T0 orpaHHYeHHE Mbl YCTaHaBIMBaeM 3JeCb JHIIb JJIa TOro, yroGHl
u36ernyTh obpauleHUs TNOJUHTErpanbHOH (QYHKUHM B GECKOHEYHOCTb, HHNKC,
B 4), oHo 6ymer ocnaGieRo.
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HOCTeH, BHIYMCAAIOT MHTErpan no oO6JacTH, BHe 9TUX OKpeCTHocTelt, a 3arteMm
IEPEXORAT K NpPENeNy, CXKMMag YNOMAHYTbie OKPECTHOCTH B TOYKH MM B JHHUH.
Ecit KoneyHH i Dpefe] OKa3nBAETCA CYILECTBYOWMM, TO OH M JaeT 3hHaye-
Hye HecoGCTBEHHOrO MHTerpana.

TlonoGuriM ke 06pasoM CTPOHICA W MOHATHE <He- g
COGCTBEHHOrO» MHTErpana, pacnpoCTPaHEHHOro Ha 6Gec-
KOHeYHY0 o0O6macTb: CHayaza pacCMaTPUBACTCH CO6- 7 D)
CTBEHHBI WHTerpax Mo orpaHuueHHod obxacth, a
3aTeéM 3Ta 061acTb PacIIKpAETCs, OXBaThiBas HOCTe-
NEHHO BCe TOYKHM HEOIPaHHYeHHOH o6xacTu; ¢ 9TUM
W CBA3KIBAETCA NOMONKUTENbHBIN NpeNeabHbill Mepexon. e

B cayyae monoxuTenbHOH NOXMHTErpanbHOM QyHK-
uud BHOGOP CHHMAIOMUXCA OKPECTHOCTEH «OCOOBIX» | e
TOYeK M JIMHMA HIM pacmupamieiica orpaHuyeHHOR Z 5\
061acTH 6e3pasiuyeH. 0 A 3

345. MexaHnyeckue NpHJIOKeHHs. Bce reomer-
puuecKHe ¥  MeXaHWUECKHe BeNMYHHE, CBA3AHHbIE Puc. 28.

C NAOCKHM HENpepuBHbLIM pacnpejeneHneM Macc

BOAb HexkoTopo# Qurypnl (P) M npejpcraBiAslomue aflUTHBHEHE
GYHKIUH o6GracTH, B NPUHUMIE BHPANKAOTCA [BOHHBIMM HHTErpalaMu,
pacnpocTpaHeHHbLIMM Ha 3Ty (Qurypy.

3nech MBI MMe€eM B BHIY NaTh KpaTKMe YKa3aHud OTHOCHTEAbHO TOrO, Kak
oOblyHO MoayyaioT QopMmyus nogoGHoro tuma. Ilopsmok wuneit sgecs TOT e,
YTO W NPH NPHMEHEHUH NPOCTOro OmpefeneHHoro uHTerpana [n° 204

Boinenss sneMeHtapnyo uwacth (dP) durypw (P), neaaor ynpomaoulee
BHIKNAJIKY NPENNON0OXeHHe, HAPUMED, YTO Macca BCEro sJeMeHTa COCpefoTOYeHa
B OXHOM TOYKEe MJI¥ YTO INIOTHOCTb pacnpeleneHus Macc B Ipelenax SJIeMeHTa
IOCTOAHHA, KOTOPOE MO3BOJAAET JAaTh XIS 9neMeHTa dQ MCKOMOH Belnyumhsl Q
npHOIMKEHHOE BhIpaxeHHe BHlA

dQ=q (M) aP,

BepHoe 10 GeckoHeyHO Mano#t nopsaka, Beicuwiero yeM d4P. Torma Tounoe
3HayeHue Q Bupasurca Gopmynolt

Q=SSq(M)dP-

(P

OfocHoBaTh 3TO MOXHO, Hanpumep, Tak [cp. n° 204]. Cymmupys npu6mu-
WeHHble BHIPAXEHUA LAl SMEMEHTOB d(), MOXHO NONYYHTb NPUOIMKEHHOe e
3HayeHue BETHYMHH Q B BHIe HHTErPaibHOM CyMMbl, a Nepexofs K mpeneny —
TOYHOe 3HayeHue () yxe B BuJE Npejena CyMMBl, T. €. MHTerpana.

[lyctb Macchl HeNpepuiBHHIM 00pPAa30M pacnpejieeHsl 10 obaactu (P), npuuem
(noBepxHOCTHaA) MAOTHOCTL B TOyke M (x, y) nycts Gymer

p(M)=p (% ¥)
Jlerko coo6pasuth, uTO A€ MEHT MaccChH Torga Oyner
dm=pdP,

TaK YTO BCA MacCa BbIPa3sUTCA WHTErpasoM

m= S S p dP. (10)
#)
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Hanee, aneMenTapHLe CTaTHYECKHE MOMEHTH M MOMEHTH HHEPUHM OTHOCH-
TeIbHO OCell KOOpAMHAT GYAYT
dKy=y dm=yp dP, dKy==xdm=xp dP,
dly=y*dm=y% dP, dly=x*dm==x% dP.

Ofciona a8 CaMHX MOMEHTOB Cpa3y HOXyuYaeM:

Kx=SSyde, Ky:SSXPdP’
(P) P

Iy= SSy“’p dP, I,= 5 S x% dP.
# P)

Tenepb 06 BIYHEIM 06p830M NOAYY3TCA KOOPIHHAThI LEHTpA TMXKECTH

(11

Gurypsi:
S ‘S xp dP S‘ yp dP
g:iF’T_, ,,z_“i_m_. (12)

B cayyae oaHoOpoXEBO# uryps, p==const, 3T4 QOPMyIHl YNPOIIAOTCA

SSde’ SSydP

— P (P
=2 =05, (13)

B offeabHBIX NPOCTHIX CayyasX YAaeTcs ¢ HOMOMbIO JBOHHBIX WHTErpanos
ucyepnath nNojoGHbie *e BONPOCH MO OTHOMEHHIO K TeJaM, HanpuMmep K uu-
AHHIDUYECKHM GpycaM.

Ilycts gman raxott 6pyc, orpaHHYeHHHH MOBEpXHOCTBIO z=2 (X, ¥), ee
npoexunest (P) Ba MIOCKOCTb Xy M HPOEKTHPYIOIMUM LUIMHEPOM, oOpasyomue
KOTOPOro mapaixieibHel ocH z. Ecnm, sanpumep, Tpe6yerca onpeneianTh CTaTHye-
CKHit MOMEHT Kyy 0BHODPOXHOT O Gpyca (Ans MPOCTOTH NPERNONOKAM 00beM-
HYI0 IOTHOCTh DaBHOI eNMBHIC), TO MH NpeicTaBaseM ceGe aTor 6pyc cocros-
LM W3 PAfla SNE€MEHTAPHHIX CTONGUKOB ¢ OCHOBaHHWeM dP m Bhicotoit z. Crartnue-
CKMH MOMEHT CTOI6MKAa OTHOCHTENbHO NIOCKOCTH Xy paBeH ero Macce M —
YTO B JAHHOM Ciyyae TO xe — 00beMy z dP, yMHOXEHHOMY Ha pacCTosHHE ero
HEHTPa TAXECTH OT 3TOH IIOCKOCTH, T. €. Ha 5 % Wrak, snemenTapHmit cTatnye-
CKHH MOMEHT ecThb

dKyy =—;— 22 dP,

OTKYIa, CYMMHDYAl IO BCCM CTONGUKAM, NOXyYaeM
Ky=5 | § 2 ap. (149

(P)
AHanoruyHo MOTYT GhITh YCTaHOBJEHH M (OPMYIH

Ky = S‘ Syz dP, Ky,= S S xz dP. (14a)
k%) Py
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Orciona nerko noayyuth BhpaxeHWsa Ana Koopaunar & v, { newtpa raxe-

cru Gpyca
S S xzdP

Kz (P)
UL/ S Ll B
e HT I

Toyno tak e BmBONATCA M (GOPMYNE A MOMEHTOB HHepuuu Gpyca /,
OTHOCHTENBHO OCH Z W [y, [z — OTHOCHTENbHO IIOCKOCTEH KOOPRHWHAT Y2, 2.X:

Iz=gg(x2-|—y2)zd}’, I,x——_.—gsyﬁzdp’ [ﬂ:SSXEZdP' (15)
) ® P

npuyem AcHo, yto =1, 41,
Ecmy 6wl npocTpaHCTBeHHas NJAOTHOCTb p pacipeleneHds MacC 3aBucena
0T 2, ABOMHOTO uHTErpana Yyxme G6blI0O
6bl HEIOCTATOYHO M MpuuLtoch Om 06pa-
THTECA K TPOWBOMY mHTerpany [cMm.
n® 379].
MpumeP b 1) Halttu nentp tame-
CTH YaCTH OJHOPONHOIO 9AAUICOMNA

2 zl
R

colepxamedcs B NEPBOM  OKTaHTe
(puc. 29).

Pewenne O6aacts (P)orpanuyena
KOODNMHATHBIMHM OCAMM W Jyrol smammca

Z

x2

/R —
y=- | & Puc. 29.
(0 << x << a); ypaBHeHHe NOBEPXHOCTH SAJHICOMAA B ABHOM BHIe Oyner

xs y?
Z"—CV l_‘a_?'—bs‘

[To gopmyae (14)

2y =
(a x) a'x__mabc

Ananornuso
Kye=15a%c,  Kex=Tgabi.
B 10 e Bpema 06bem

V == abe,

3.
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Tax ¥yr1o

3 3 3
E—‘§ay "l—-fb, t——-gc

2) Hajitn MOMEHTH HHEPUHMH ONHOPOJHOrO 3JMIHNCOWAAZ
xﬁ y2 22
atEptas<l
OTHOCHTEIBHO KOODAMHATHHX HIOCKOCTEll.
PEw EH # E. MOXHO OrDaHNYHTBCA ONHMM OKTaHTOM sanuncouna (puc. 29)

¢ TeM, 4TOGH pe3yabTaT YMHOXHTb Ha 8. B Takom cayyae oGaactbio (P) 6yner
KBAaJApPaHT 31JUNCa

X2 2
atEst
2
aVl—“bv—s- .
2
¥ dy S V-az (1 ——%3>—x2dx=
0

b
2
= 2 __y_ _4 3
= 2nac §y (1 bg) dy = 15vcab ¢

Hnmeem

12x=8 gs y'-’za’P:%g
)

S T

AHanoruuno

ly,= 14—5 natbe, I“,{y=14~5 nabc.

§ 3. ®OPMYJIA T'PHHA

346. Buison dopmy.asi I'puna. B HacToseM HOMEPE Mbl YCTAHOBHM BasK-
Hyl0 QODMYJy, CBSI3BIBAIOUIYIO IBOHHOW M KPHBOJIMHEHHHIH HHTErpasl.
Paccmorpum  o6aacte (D) — «kpuBoauHeiHyo Ttpamenuio» (puc. 30),
orpanuueHnyio  koutypom (L),

7 - COCTOAIUM H3 KPHBBIX
s R (PQ): y==y,(x)
n (a<<x<b)
(SR): y=Y (x)
14 n aByx orpeskos PS u QR,
} ¥=5hx g napanneabHEX OCH Y.
| ITpeanonoxum, uro B obxa-
7 7 7z ¢ (D) sanana dynknas P(x, y),

HENpepHBHAad BMeECTE€ CO CBoekH
Puc. 30. P
NPOUSBOAHON e
BoluncanM Tenepn, JABOHHOHM HMHTErpan

oP
qudxdy
J 0
D) Y
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no gopmyne (6) n°344; Mn noxyumm
4 Y(x)
S dxdy_S dx S Q—a’y
D) Yo (x)
BryTpeHHulf  MHTErpan 3JECh JErKO BHYHC/ASETCS € NOMOL(LIO TIEPBO-
o0pasuoit gyHkuuu P (X, y), UMEHHO:

Y(x) op y=Y(y)
| S=P | =Pl Y =P 300,
Yo () Y=y (x)

Takum o6pasom,
b b
SS %dx@: S P(x, Y(x)dx — S P(x, 3o (%) di;
(D) a a

KaXIBIH M3 STHUX MHBYX MHTErpaioB MoxeT OLITb 3aMeHEH Teneps
KPpUBONMHEHHBM nHTerpajoM. B camom Jene, Bcnomunas op-
myay (7) n°3831, sugum, uto

SP(x Y{x)dx= S P(x, y)dx,

(SR)
SP(x nende= { Pex ydx.
(PQ)
Orciona
S dxdy_. g P(x, y)dx——5 P(x, y)dx=
(SR) Q)
= S P(x, y)dx - S P(x, y)dx.
(SR) (QP)

Menas BBECTH B PAacCMOTpEHME MHTErpal No BCceMy KoHTypy (L)
obaacru (D), npubasuM K MpaBoff HacTH TNOJYYEHHOTO DABEHCTBA elle
mnerpanb[

(p(x, Y S P(x, y)dx,
(Ps) (RQ)

OUEBUAHO, paBHhie Hymo, ubo orpeskn (PS) m (RQ) nepneHAWKyAspHH
K ocu x [cm. n°331]. Mut monyuum

SS dx dy= S‘)de—{—(:smpdx—}— Q)de—{—(éS‘P)de.

Ilpapas uacTh 3TOr0 paBeHCTBa NPEACTABJAET COGOH mHTErpan, B3ATHHA
IO BCeMy BaMKHYTOMY KOWTypy (L), orpaHmunsawoumemy o6aacts (D),
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HO B OTpHUmaTeNbHOM HampasiaeHud. B coorserctBum € Coraame-
HHUEM, YCTAHOBJEHHHIM HaMM HacueT o0003HaueHMs KPHBOJMHEHHHIX UHTe-
rpajoB 10 3aMKHYTOMy KOHTYpy [n°332], MH MOXem OKOHuaTe/bHO
nepenucarb NOAYYEHHYIO GOpPMyJy TaK:

S %)dxdy=—- SP(x, y)dx. M
D) (L)

Xota dopMyna 5Ta BHIBEEHAa B NPEANOJAOKEHWH TPABO# OpHEHTALUH
oceft, HO, KaK Merko yOeAuTbCs, OHA coxpausieTcs G6€3 Hu3MEeHeHHs
W NpH NeBOH OpHeHTaluH (JMMb TMOJOXHTEAbHOE HanpasJjeHue o6xoja
KOHTYPa CTaHET HHEIM).

My upeamonarazd g0 cux mop, uto d¢urypa (D) mnpeacrasaser
cobolt «kpmBOJIMHEliHyIO Tpamenwio» THIa, wusoGpaxeHHoro Ha puc. 30,
u cnpaseqyBocTh dopmyan (1) ZokasaHa TOJBKO IS Takex obaacredt,
Ha nmene xe ona cnpaBemyMBa B [uia 06aacTed, OrpaHMYEHHBIX KOHTY-
pamn Gosiee CJAOXKHOTO BHA3, KOTOPHE MOIYT Jaxe COCTOATh M3 He-
CKOJNIBKAX OTHEJbHHX KpUBHIX. J[OCTAaTOUHO INPEANOJIOKHTH, UYTO (n-
rypy (D) npaMBIMH, NapaIeJBHEIME OCH  y, MOXHO DasAOXuTh Ha
KOHEUYHOE YACAO YNOMAHYTHX <KDHBOJHHEHHBHIX Tpameuu#» (cM. Ha-
npumep, puc. 26). Hanmcas pas Kaxaol M3 HUX B OTHEABHOCTH Qop-
myny Buga (1), cIOXAM IIOWIEHHO Bce Takue paseHcrBa. CueBa noay-
uUTCA JABOHHOH WHTErpas, pacnpoCTpaHeHHH#t Ha Bcio obxacts (D),

a CrpaBa — CyMMa MHTErpaios, B3si-

¥ THIX 110 BCEM YaCTHYHHIM KOHTYpaM.
4 b — Y4 9TH nocaeaHue, OAHAKO, TNpPUBO-
IATCS K OJAHOMY MHTErpaxy mno oG-
R meMy KoHTypy (L), u6o uHTrerpain
QQ‘ 1i1)] \‘Q\r Mo KaXAOMY K3 BCNOMOTaTeNbEHX
& & OTPE3KOB PaBHH Hymo. Takum 06-
pasoM, ¥ B 3TOM CJaydae dopmyna

¢ 3 == 7 (1) umeer Mecto.
AHanoryHO yCTAHaBANBAETCH M

7 = dopmyna
Puc. 31, SS ixdy={Qwnay ©@
(Z)

B NpeAnoNoxeHud, 4To ¢yHkuus Q HenpepniBHA B o6xactn (D) smecte
€O CBOEH yvacTHOH npouaso,lmoﬁ—Q— Ipu srom cHavana 3a obuacts (D)

NPUHUMAETCs KPUBOJUHEHHas Tpanenus BMA3, M306paxeHHOro Ha puc. 31.
Ona orpaHuyeHa KpUBEIMU

(PS):x=xy(y)
n e<sy<

(QR):x=X(y)
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n asyma orpeskamn (PQ) u (SR), napaureapusimu oca x. 3ateMm ¢op-
myna o6oOwiaercs, Kak M BHIE, Ha cayyalh o6aactd, KOTOpDas pasia-
raerca NpAMBIMY, MaPaJJCTLHEIME OCH X, Ha KOHEYHOE YHUCJA0 KPHBOJU-
HefiHBIX Tpamenuii 3TOrO BHAA.

Haxonen, ecau obGnacts (D) OBHOBPEMEHHO yHOBJETBODSIET YCAO-
BUAM O0OMX CJayuyaes, T. €. Pa3/NaraeTcs KaK Ha KOHEYHOE YHCIAO Tpa-
nenud MepBoro Tuna, TaKk M (He3aBHCHMO OT 3TOr0) Ha KOHEYHOE
4yucaO Tpaneuu#t BTOPOro Tuma, TO IJA Hee CHpaBel/uBH 0Ge dopMybl
(1) m (2), XOHeuHO, B NPENNOJNOKEHHH HempepuiBHOCTH ¢yHKUME P, Q

B MX [POU3BOJAHBIX 3317)' g%.Bbmmaﬂ dopmyay (1) us (2), noxyuaem

(g)de 4 Qdy= Swg (gg — g—;’) dx dy. )

dto u ectb opuysa I'puna *®).

3AMEUYAHHE. MOXHO NpPuAATL YC/JOBHAM, NpPU KOTOPHX CIpaBen-
nuBa  ¢opmyia (3), Goaee obospumyio ¢opmy. Mmenno, dhopauyaa
T'puna umeem mecmo 0rs awboii obracmu (D), ozpanutennoil odHum
UM HECKOABKUMU KYCOUHO-24a0KUMU KOHRmypamu. JloKaspiBaTb 3TO
MBl HE CTaHEM.

347. Bripawenye mIOmANM C NOMOHIbIO KPHBOJMHEHHBIX HHTErpa-
J0B. Huxe Ham He pas GyayT BCTpevarbcs npuMeHeHus Qopmyss ['puna;
ceflyac MH mpuBeAeM npocrefiiee u3 HUX — BHYHC/ICHHE MJIOMAAH.

Ecan dynxkuun P u Q B dopmysne (3) nomobpaTe Tak, uroOb Bl
paxeHune g"g”"g‘j? OKa3a/0Ch DAaBHHM €[UHULE, TO NBOHHOH MHTErpan
npusegercs k maomans D ¢urypm (D), u MH [OJy4YuM BEHIDaXKEHHE
5TOfl MIOWIafH C MOMOMIbIO TOI'O MJIH MHOrO KPHBOJMHEHHOrO MHTErpaja,
B34TOTO MO KOHTYPY (L) cpurypsi. Tak, monsaras Q==x, P=0, Hnaiiaem

D= 5 xdy. @)
€)
IIpu Q=0, P=—y noayuum
D=—\ ydx. (5)
(L)
Han6onee ynorpeburesnvHofi, oaHako, Oyder ¢opmyaa, oTBeyaronas
Q:%x, P=— —;— v

D=%Sxdy—ydx. ©®)
L)

#) Owopnx T pun (1793—1841) — anrauiicknit maremarux. Ha nexe, onnako,
y Tpuna ser gopmyan (3), m ¢ umeHeM ['pmHa ee CBA3HIBAOT JHUIb BBUXY
aHANOTHH ¢ JPYrHMM QOpMylamM, BhiBeJeHHHIMH [I'DHHOM [is TpexMepHOro
cayyan. dopmyra (3) ucnoabsosarac I'ayccom u PumanoM, HO B yacTHOM
BHlle BCTpeyanacs W B paforax mo anaausy eme B XVIII sexe.
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[Tpumepw. 1) Hality naomags snnunca c noayocsmn @ u b.
BocnospsyeMcs  napaMeTPHUECKMMH  YPaBHEHMAMH 3JIMNCA: X == dC0sf,
y=1>sin t (0<< ¢t << 2x). [lo Qopmyae (6)
2 2n

D=—,£—S.acost-bcostdt——bsin t(—asin t)dt:a—; S dt = mab.
0 ¢

Ins Bpiuncienns KPUBOTMHEHHOro WHTerpana M npuMenuin ¢opmyay (6)
n° 331; npu paccraHoBKe NpelieNoB HHTErpHPOBanha GblIO NPHHATO BO BHHMAa-
HHue, 470 NONOXKATEIbHBIH 06XOJI KOHTYpa otBeyaeT BO3pacTaHuio napamerpa.

2) Haiitn naomanp neTam jexaproBa aucTa (puc 32)

x84 y® =3axy.
Jaa nonyveHns mapaMeTPUYECKHX YDAaBHEHHH KOHTYpa NOZOXUM ¥ ==[x ¥)
T b Y
orna
Y 3at 3at?

*=1ra YTie

Vi3 reoMerpuueckux cooGpaxkeHnit fAcCHO,
i YTO NEeT/Af ONMCHIBAETCH NPU M3MEHEHUH Mapa-

merpa ¢ ot Ofnooo(ndo t=fv\¢‘= tg 8, rme

0 z z .
6 uamenserca or 0 mo —2~), Hmeem
1—2¢8 2t — 4

dx=30mdt, dy=3amdt
H
9a? ¢ 2d 3
a *dt
D="% \ -~——5=-+= a%
Puc. 32. 2 )axeyr2

OTMeTHM, YTO 37ieCb Mbl MCIOIB30BATH HECOGCTBEHHMH HHTErpat ¢ GecKo-
HEYHHM NpejeloM, B TO BPeMA Kak rnpu BhiBole Gopmyant (6) n° 331 mbt cyurany,
YTO NPOMEXYTOK H3MEHEHHA MapaMmeTpa KoHeyed. OnpasjaTh CACIaHHOE JETKO,
€CId NpelBapurenbHO BBECTH [PYroft napaMeTp € KOHEYHBIM NPOMEXYTKOM

u3MeHeHua (nanpumep, yrox 0), a 3aTeM yxe nepeliTH K mapamerpy t=_y)Z

§ 4. YCJIOBHS HE3ABUCHMOCTH KPUBOJUHEAHOI'O UHTEIPAJIA
OT NIYTH UHTErPHUPOBAHUA

348. Unterpan no mpocToMy B3aMKHyTOMy KOHTYpYy. Popmyaa
I'puna no3soJAT HaM JIEFKO HCYEPHaThb TOT BOMPOC O KPHUBOJMHEHHBIX
HHTErPanax BTOPOTO THUNA, KOTOPHIH MEl JHLIL BCKOJB3b SaTPOHYJH
B § 2 rnapm XX [cm., Hanpumep, sameuanne B n° 333).

Hycts B Hekoropo#t cessHOH o6aactu (E) 3alaHH HeENpepHBHEIE
$yuxnun P(x, y) u Q(x, y). PaccMorpum cHauana gonpoc o6 obpauie-

*) Takaa nomcrTaHoBKa OKasbiBaeTca YHOGHON, KaK NMPasBmio, B TeX CAYUYanx,
KOria B YPaBHEHWH aireO6panyeckoit KpHBOH WMEIOTCA IBE ONHOPOZHHE TIPynnH
uleHOB, NPUYEM CTENEHN 3THX IPYNN Pa3nHYaOTCA Ha eXHHHMY.
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HUu 8 Hyas unmezpaisq

| Pdx-+Qay
(L)

no awbomy, aesxcauerny 8 (E), npocmomy 3saMruymomy wormy-
py (D)%)
VimMes B Buiy wncnoissoBande ¢opmyasl [puHa, M  HyXJHaeMmcs

B NONOJHHTEAbHOM TNPEANOJIOKEHUH O cymecTBoBanuu B (E) Henpephib-
HBIX TPOMSBOAHHIX 3—5 " %‘Z Ho storo mano: HyxHO eme, uro0n
smecme ¢ xoumypox (L) obaacrmu (E) npunadsesxcara écawuil pa3
u obaacms (D), oepanuiennasn u3sne amus Konmypos. Viupmn cjaosamu,
obaacte (E) He [O/MKHA WMMETb <«ABIPOK», Jame ToueyHwX. CBssHyiO
00sacTh, 06/12JaI0MLYI0 STHM CBOHCTBOM, Ha3BIBAIOT O00HOCEA3HOM.

Ecau peub uieT O KOHeuHOH oOjactw, T. €. He MNpocTHpawomieics
B GECKOHEYHOCTb, TO MNOHATHE ONHOCBABHOCTH MOXHO CQOPMYJMPOBATH
ellle mpoule: obaacmb 004%CHA Oblinb O2PAHU4EHA €0 UHC M BEHH b M
3amrHymelm Koumypos. Ha puc. 33 npencraBaeHsl NPUMEPH OAHO=
CBA3HBIX M HEOJHOCB3HWX oOJacrefi, U3 Hux a), r), A) KOHeuns, a 0),
B), €) NPOCTHPAOTCS B GECKOHEYHOCTb.

Odacbaswee obnacmi Heodvoclasnee obnacmit

Teneps copmyanpyem QyHIaMEHTaJbHOE YTBEDXKAECHHE:

Teopema 1. [Tycms 8 0dHocsaaHol obaacmu (E) dhynryguu P(x, y) u
Q(x, y) onpedesenv: U HeNpepsus. 8Mecme CO CEOUMU NPOUIEO0HH MU
P

oy U s moz0 wmobs. UMeLO MeCHO PABEHCHEO

SPM+Q@=Q )
)

¥) Bce KpuBhie, O KOTODHIX HIET PeYb B HacTosimieM naparpade, npeanona-
raoTcs KyCOYHO-TAaAKMMH,
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Kaxos 6p wu Gota npocmoi 3amxrymuii xoxmyp (L) 8 ofracmu (E),
neoOxodumo u docmamodro, wmobe. mooncdecmsenno 8 (E) Osiao

OP 0
=2 @)
JHeficTBUTENBHO, IO Q)opmyne I‘pm—xa, paseHctBo (1) paBHOCHJ/IBHO
PaBeHCTBY
SS oz dxdy——O @)

IIOCTaTO‘{HOCTb ycnosua (A) Ans ero BHIOJHEHHS OYEBHIHA.
YroGrl 10Ka3aTh W HEOOXOAUMOCTb, NPEANOJIONHUM, YTO paBeHCTBO (2)
Bceraa cnpaseanuso. Ilyrem muddepennupopanus uxrerpana no o6aacrd
[n°842], BBHAY HENpPEPHIBHOCTH NOAMHTErPAILHOH (YHKUMH, NPUXOAUM
K 3aK/aoueHuto, uro B (E£) TOMAECTBEHHO

g;o———-gﬁ":o, T. €. (_7£=0_9~‘
X oy dy ox

349, Unrerpan no xpuBoil, coeguHsomell XBe NPOH3BOJbLHbIE
TouxkH. OOparuMcs, HaKOHElW, K 80/1pocy 00 YCAOBURX, 00ECNeHUBRIOWUX
He3asUcuMocms Uxmezpaia

Pdx - Qdy, 3

@B)

83smoz20 no wpugoii (AB), coedunsiowell 08e mouxu A u B obaacmu
(E), om opmus s3moii wpugol. Y snecy pewaomyo poab OyAer urpars
ycaosue (A).

Teopema 2. Ilpu npescHux npednososcenusx, 0As mozo 4mobol
unmezpan (3) He 3agucen om nymu UHMEPUPOBAKNSL, HEOOX00UMO U 00~
cmamo4Ho sunosHerue ycaosug(A)*).

Hzosxonumocts. [Honycriy,
4TO uHTErpaj (3) He 3aBUCHT OT MyTH,
n BodbMeM B (£) npomsBoJbHEIE NpO-
croft 3aMKHyTH# KOHTYD (L) (puc. 34).
Eciu A n B-— 1Be ero Toukd, T0, N0
JOIyLIEHHIO,

¥

=\, @
(d1B)  (AlIB)

OTKyAa

0 z
Puc. 34. - + =0. ®
(5] (AIB) (BI14)

Chenosarensho, no teopeme 1, HeoGxoaumo BHOoAHseTcs (A).

*) Untateap nerko npoepwur, yTo B npuMepax 1) u 4) n° 333 ycaosue (A)
BLIHONHEHO, 2 B mpuMmepax 2), 3) u 5) —HeT.
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Hoctatounocrts. IIpeamonoxum Teneps, UYTO PaBEHCTBO (A)
nMeer Mecto B (F). HyxXHo moKasaTh, uTo ecaW COEOMHHTH JOOBE
Touku A, B 5To#t obnacta AByMs npoctoimi Kpussivu (AIB) u (AI1B), To Rce-
raa 6yjer CIpasefanBo PaBeHCTBO (4). 310 caenaTh M€rko, eCau Ha3BaHHBIE
KpuBHe, KpoMe A ¥ B, ofwux Touek He wumewT, W60 TOTAa KOHTYP
(L)y==(AIBIIA) Gynet npocTHM, TaK 4TO, No Teopeme 1, Boimoanutrcs (),
a u3 Hero, obparHo, caenyer (4). v

Ecmm xpusme (AIB) u (AIIB) nepe-
CEKaTCs B KOHEYHOM UHCAE TOYeK,
1o KoHtyp (L) yxe He Oymer mpocThiM:
B YNOMSHYTHX TOUXaX OH caM cebs me-
pecekaer (puc. 35). Hcxoas us rToukw
A v caelys HanpaBJAEHHUIO KDu-
Bo# (L), onmmeM ee 4acTe A0 NEPBOTO
camonepeceyenns — B Touke C. Ot6po- 0 z
CHB NOJYYHBIIYIOCH 3aMKHYTYIO KDPHUBYIO Puc. 35.

(L,), POZOMKHM TyTh O HOBOTO Camo-
nepeceueHusi, YTO MO3BOJNHT BHAGTMUTH €IE ONHY B3aMKHYTYIO KPUBYIO
(Lg), u 7. A. Tlocne xoseuHoro upciaa maroB Kpusad (L) oOKawercs
pacnapmeici Ha KOHEUHOE WYHCJAO0 TNPOCTHX (HemepeceKaommx cebd)
3aMKHYTHX KDHBBIX

(Ll): (L?,)’ ceey

BAOJAb 1O KOTODHIM HHTErpaa 3aBeJOMO HYyJIb. 3HallHT, OH paBeH HYyJI0
¥ BHOJbL BCe Kpusoil (L), a 0TCl0da CHOBa BHITEKaeT (4).

\

Ho xpusnie (AIB) u (AlIB) BoOGue MOryT mepeceKkaThCa Jawe GeCKOHEY-
HOE YHCNO Pa3, M B TAKOM CIyyae NpENbAYLIEe PAaCcCykIeHHe HENPHMEHNMO.
Yro6nt npeojoneTb BCTPETHBUIYIOCA TPYAHOCTD, NOKAMEM CIEAYIO(YIO AEMMY
0 NMpUGIMKEHUH KPUBOJIMHEHHOrO WHTerpaia C MOMOMbIO MHTErpaia, B3ATOro 0O
TOMaHOH,

Jlemma. Tycrs dpysxuuu P(x, y) u Q(x, y) HenpepsBHH B HEKOTOPOH
otkpuiToli o6aacru (E), a (L) — He3aMKHYTas KyCOUHO-TaalKas KpuBas, COfEpxa-
masca B (E). Ecay Bnucate B (L) noMaHylo (A), TO NpH CTPEMACHHH K HYXIO
IARHB HanGoNbMErc M3 ee 3BEHbEB HMeeM

lim S Pdx+Qdy= 5 Pdx+Qady.
(4) @)
JlocTaTOYHO OrpaHNuUTLCA MHTETpalaMu S Pdx n Sde; A MHTETrpanos
(4) 5
S Qdy n SQdy paccyxzeHua Broase aHaisoruyHe. Ilycrs BnucanHas B (L)

(A) (L)
nomanas (A) WMEeET BepUIMHBLI B TOYKax
A=Ay Ap ooy Ay Aiyty ooy An=B;

0603HaYnM uepes X; P; 3Havenns X, P B Touxke A; 3anaBmuch NpOM3BOABHHIM
yyucaom & > 0, MOXHO NauHB XOpA A;Ai.( TPEICTaBATh CeGe HACTOAbKO MaabiMu,
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yro6m: 1) kome6anme HenpepniBHOM dyHkumd P Broms 3BeHa A;A;; 6o
MeHbHIe ¢ ¥ 2) MHIErpaibHad CyMMa ZP; Ax; otnmyanach OT CBOEro mpepe’a
i

S‘ P dx tome MeHbIIE YeM Ha e,

(L)
Wmeem, oueBuino,

Pdx= ) s‘ Pdx
() ¢ (Ai‘:‘i+1)
H, C ApYyro# CTOpOHHI,
2 Pidx;= P; dx,
¢ A4

TaK 4ToO

de:ZPiAxi—l- 2 g [P— P;] dx.

i (AA,

) iv1)

Ho nepsoe ciraraemoe cmpaBa pasuMTCst OT WHTerpaia \ Pdx Mewpure uew
..
(L) .
na ¢ [cm. 2)], 2 BTOpOE NO aGCOMOTHON BemHuMHE He NMPEBOCKONUT & Y AiAj

[em. D], 1. e. u momasuo Membure L-e, rge L — xausa kpusoit (L). i
Wrak, oKOHYarembHO,

I g de-s Pdx |<e(l—|—L),
@) (1)
YTO ¥ NOKa3nBaeT Halle YTBEpXIEHHE.

Bepremcs Temepb K IpepBaHHOMY J(OKa3aTeNbCTBY HOCTaTOYHOCTH. Bnumewm
B kpusbie (AIB) n (AllB), cooTBeTCTBEHHO, KOMaHbie (A;) W (A); OHH MOryT

NepeceKaThCs pa3Be JHMIMb B KOHEYHOM YHCIE TOYeK, 4 TOrja — Kak yxe JoKa-
3aHO — OyneM HMeTh

.

Ay (4,

Ocraerca muuib TepefiTH B 9TOM PaBEHCTBE K Npefe]aM, CYHTas BCE 3BEHbA
06eHx JOMaHBHIX CTPEMAMUMHCH K HY MO, YTOGbl BHOBb YCTaHOBHTH PaBEHCTBO (4).

350. Cpase ¢ Bompocom o Tounom pnuddepenuuane. JIndpdepen-

HAaAbHOEC Bmpaxceﬂue
Pdx-Qdy )

HAllOMMHAET BHIpaXeEHue g (MojHoro) Auddepenuunana pynkuun F (x, y)
OT ABYX nepemeHHHX [n° 142]

_OF, | OF



350] § 4. YCJIOBUS HE3ABUCHMOCTH KPUBOJMHENHOTO MHTETPAJIA 269

KoTOpoe oroxaecTsaserca ¢ (6), ecan nonoxurb

oF _ oF __
5’;_1): @'—Q- (7)

Onsako maneko He KaxjAoe BHpaxeHwe Buia (6) €CTb <«TOUHBIH
IndpdepeHuyans, T, €. He KaXI0€ TaKOe BHIDAXKEHHE MMEET <«IEpPBOOO-
pasHylo ¢yHkumwo» F(X, y), II9 KOTOPOH HMEHHO 3TO BHpPaXeHne
n cayxur (nosuniM) anddeperunanom. Ilpu peweHnu BOIpoca O TOM,
Gyner am Bupaxenne (6) TOuHBIM AugdepeHNHaNOM HJIH HET, MH CHOBA
CTaJKHUBaeMCA € TeM e ycaosumeM (A):

Teopema 3. Illpu npexcrux npednosogcenusx, 04f moz0 4molbt
suipascenue (6) 6biac mounsin duggheperyuanon, Heob6xoduro 1 docma-
mouto swnoanenue ycaogus (A).

Heo6xomxumMoCTh SICHA HEMOCPEACTBEHHO: ecau BhpaueHue (6)
ecTb (moaxHuit) AuddepeHnuan HekoTopo#t Qynxkuuu F(x, y), TaK 4ro
uMeloT Mecto pasedcrsa (7), To

oP __ 0°F 0Q__ o°F

oy~ 0xoy’ ox — dyox’
M OCTaeTcs Julllb COCAaTbCAd Ha Teopemy n° 147 0 CMeIaHHBHIX TIPOW3-
BOZHHIX (C YY€TOM INpEANONOXEHHOH MX HenpephBHOCTH!).

Ilepefinem K JoKasaTeNbcTBY AOCTAaTOUYHOCTH. Mu yxe sHaewm,
YTO NpH BHNOJHeHHUW ycaosus (A) unTerpan (3) OKa3nBaeTC HE 3aBUCH-
UM OT MYTH WHTErpupoBaHus (mo Teopeme 2). B 3Tom cayuae uHTerpaxa
OJIHO3HAYHO ONpeNe/sieTCss 3afaHueM Touek A (X, yVo) B B(xy, y1)
B CBA3H C YEM €ro MOXHO 0003HAYUTH CHMBOJOM

B (%1, ¥1)
§de—[— Qdy wam s' Pdx-- Qdy.
(xo, yo)

3ech yKasausl TOJbKO HAual0 ¥ KOHELl IyTH WHTErPUpPOBAHHS; CaM MyThb
HE yKas3aH, HO OH 06e3pasiuyeH — MOXHO HHIErpupoBaTb N0 JMoGoMmy.
Eciu Touky A (xy, ¥,) duxcupoBarb, a TOUKy 5 3aMEHHTb NPOHU3BOJb-
HOH Toukoft M (x, y) obnacru (E), TO NOJy4eHHEHI MHTErpaa NPENCTABAT
coGoft HexoTOpYl0 PYHKIHIO OT TOYKH M, T. € OT €¢ KOODAUHAT
X, ¥, B obaacru (£):
‘ (x5 9
Fx, 9= S Pdx--Qdy. ®)
(%0, Yo)

TMokaxeM, 4TO 3Ta WMEHHO ¢QyHKuuA m Oyler nepsooOpasHoit mas
puipaxennst (6), m ¢ 5Tol nenplo 3alfiMeMca BonpocoM 06 ee YaCTHHMX
NPOUSBOJHHX KaK IO X, TaK K 1O .

BssB NpOM3BOJbHYIO TOUKY B (Xxy, y;) B obxactu (E), npuiamuM X,
npupamenue Ax u nepefizem kK touke C(xy-}Ax, y;), Koropas Inpu
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nocrarouHo Maaom Ax Oyzer Takxke npuHapaexats (E) sMecrte co
Bcem orpeskoMm BC (puc. 36). Coorsercrayomue 3HadeHnn (yHK-
uun Oyayr

(*1, ¥1)
Fow o= | PavtQay,
(¥o, Yo)
(x1+8x, y1)
F(x,1-Ax, y)= S Pdx -+ Qdy.
(X0, J’o}

IMeppuit B3 STHX WHTErpPaJzOB MB BO3bBMEM MO MPOM3BOABHOH Kpm-

Bo# (K), coeamusomett Touku A u B, a A% BTOPOrO MHTErpaia NOyThb

UHTErPUPOBaHHA COCTaBHM M3 3TOH ke

4 Kpuso# ¥ M3 NpPAMOJKHEHHOrO OTpE3Ka

BC. Taxum o6pasom, npupaueHue (yHk-
Cle+A2,y) mun F Oyner

F(xy4-Ax, y)—F(xy, y)=

= S Pdx 4 Qdy= \ P(x, y)dx;
(BC) (BC)

wHTerpan, comepxauui Qdy, obpa-
Puc. 36. IAeTCs B HyJb, TaK Kak oOTpPesok BC
NepreHIuKysSpeH K ocH 3.

OcraBmniics BHTErpa; HEMOCPEACTBEHHO NPHBOAUTCA K OGHKHOBEH-
HOMY ONpEJEJEHHOMY HMHTErpaay: I STOF0 B NOAMHTErPaibHOH (YHK-
HHH HYXKHO 8aMEHMTb Yy Ha Y, (U3 ypaBHeHms y=—y,; upsmo#t BC)
W B Ka4eCTBE IpPEJE/]OB WHTErPUPOBAHUA 1O X B3ATh aOGCUMCCH TOUEK
B n C. OxonyarenbHo

Xy -{;Ax

FOintAx, y)—Fr 90=@® | P(x yydx.

X1

Tlpumenss K 1OMyYEHHOMY OOGHIKHOBEHHOMY HHTEFpaxy TEODEMY
O cpeaHeM M Jens o6e 4acTu paBeHCTBA Ha Ax, Halmem

F A i) —F ]
(x4 Ax X;) (X1, 1) =P(x;-}0Ax, y) (O<<8<1)

Ycrpemum Teneps Ax Kk Hymo. B cuny HenpepoBHOCTH (pyHKUHH
P(x, y) npapas 4acTh PaBEHCTBa, a C HEIO W JEBad, CTPEMATCH K P (x;, ¥y).
Chenosarensho, B Touke (X;, y,) 4acTHas npoussonHas Qywkuuu F no x
CYWIECTBYET M BBIPANAETCS PABEHCTBOM

OF (x,,
SN — P (5, ).
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Ananoruuno ycranasameaerca # Gopmyiaa

OF (x4, ¥,
LN = Q(x,, 30

Tak xak Touka (X, y;) Onl1a B3aTa NPOM3BOJILHO BHYTpH obaacta (F),
TO AAA BCEX Touek 3TOH oOuaacTu OyAyT BRINOAHATHCHA cooTHouenus (7)
oF oF
0_X =P, ’ 55 - Q'
ITockoabKy 5T# YacTHEIE TPOU3BONHBIE HENpPepHBHH, Yynkyua F (X, y)
umeem Oughepenyuan [n° 142}

oF oF
dF=a-7_dx+a}—dy=:de+ Qdy,

470 U TpPeOoBanoCh MOKA3aTh.

W3 conocraaeHust TeopeM 1, 2 1 3 MOXHO BHIBECTH TENEPL M Takoe

Caedcmeue. [lpu cOeaannblx npednosodcerusx, 045 mo20 4moGol
unmezpan (3) He 3asuces om nymu (@ UKME2PAA NO 3QAMKHYMOMY
KOHMYPY PABHAACS HYAK), HEOOX00UMO U 00CHAMOUHO, LmOoBs No0-
urnmezpaastoe supagicenne (6) Ootao mournsim dugdhepenyasom.

ITpn mokasarenncTBe TEOpeMH 3 Mbl YCTAaHOBMJHM AJSi KPHBOJMHEH-
Horo nHTerpana (8), He 8aBUCAMEr0 OT NYTH, PE3YAbTaT, BIOIHE
aHaNoruuHHi Teopeme o AuddepeHnnpoBaHdn OOHKHOBEHHOTO onpene-
JEHHOT0 MHTErpajda MO TEPEMEHHOMY BepxHeMmy npemeay [n° 183, 12°]

[Ipenanoaoxum Temepb, YTO HaM H3BEeCTHa KaKad-1u6o nepsooGpasHas QyHK-
una @ (x, y) AnA NORMHTErpanbHOro Bhipaxenusa (6), Tak yTo — Hapa;y ¢ COOT-
HomernaMH (7), KOTOphe uMeloT MecTo Aua (yHkuum (8), — OyleT Takke

00 0 .,
a_x =% a}' —Q)
TOrAa PasHOCTh
F(x, ) — ® (x, y)=C==const

(BeZb ee yacTHHIe NMPOM3BOJHHIE KAaK MO X, TaK ¥ MO ¥ TOXAECTBEHHO DABHHI
nyap!l). Monaraa xX==.x, Y=y, N0OAy4uM, yT0 C=— @ (x,, y,), TaK 41O

F(x, )= (x, y)— @ (X0 ¥o)-
Ecan, nakoHel, B3aTh 31eCh X==., y==y,, TO NPHIEM X (opmyne
X1, V1
Pdx+Qdy="2 (xy, 3;) — (xg y)=2 (%, ¥) 9)
(4B %o, Yo
wim, Kopoue,

B
5 Pax4Qiy=0(B)— & (H)=0 (|, (%9)
(48) 4

3ta dopMyaa BNOIHE AHANOIMYHA OCHOBHOU (OpMyle HHTErpaibHOrO HCUMCHe-
wus [n° 185], smpaxkaouiefi OOLIKHOBEHHHI ONpeNieNeHHBIH HHTErpan uepes
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neppooGpasHyo. ITomuepkHeM, O@HAKO, emle pas, YTO OHA INPHIOKHUMA JHIHb
K KPHBOAMHEHHBIM MHTErPanaM, He 3aBHCALIUM OT IIYTH.

3aMEYAHUE XapakTepucTuka TOYHOro muddepenunana ycnosueM (A)
BocxouuT K d#tnepy u Knepo (1740 r.).

Kpuponunefinniii unterpan (6e3 storo TepMuua) or guddepeHunaabHoro
Boipaxcenns (6) Taxkxe BrepBhe BCTpeuaeTca B couynmdennn Kaepo «Teopus
Gurypn 3eman...» (1743 r.) *). Ilpexnonaras, uro gopma KpUBOH 3ajaHa B BHiE
ypaBHenua Mexny x H y, Knepo uckmovaer ¢ ero nmomowsio u3 (6) y u dy, a
3aTeM MHTErpupyer INofyyalonieeca BbIPaKeHUe, ColepXaiiee Juib X W dX.
Tam we Kunepo ykasbiBaeT yCIoBHe He3aBHCHMOCTM HHTerpaia OT BHIa KPHBOIL:
svipascerue (6) 0orxcno Guimp nosnvim Juddepenyuaronr, a Aaa 3T0r0, B CBOW
oyepeilb, 0OLHCHO 8unOsHsAmMbCs yer08ue (A).

351, lpunoxenna K ¢usnuecKuM 3agauyam. Bepuemcs B cBere W3NOKeH-
HOH TeOpHH K paHee PacCMOTPeHHHIM [n° 335} saZauaM H3 06racT# MeXaHHKH U
GU3UKH.

1) Paboma cur08020 noas. Mbl Bumend, yTo pa6oTa CHAOBOrO MOAA NPU
nepeMenieH H MaTepruasbHoOM TOYKM ¢ Maccoif 1 w3 monowenuss A B noaoxenune B
BhIpaxxaerca KpuBoauMHeHHuIM MHTerpaiom [cM. n® 335, (12)f:

A=\ Xdx+ Ydy, (10)
(AB)

rie X=X(x, y) u Y=V (x, y) CYTb NpOEKUHH HANPAKEHHA MOJA HA KOOPIU-
HaTHble OCH, a (AB) o3HayaeT TPAGKTOPHIO MATEPHANbHOH TOUKH.

BecbMa ecTecTBEHHO 3aHATHCA BBHIACHEHHEM YCIOBHH, NPH KOTOpbIX padora
CHI IONA 3aBHCUT JMUIb OT HaYaJdbHOTO M KOHEYHOTO MOMOXEHWs TOYKH, HO He
oT (GOpMBI TPAEKTOPHA. DTOT BOMPOC, OUEBHAHO, PABHOCHJIEH BOIPOCY O He3aBH-
CHMOCTH 3HaYeHMA KpHBOMMHeHHOro HHTerpana (10) or myIW WHTEerpupoBaHU:A.
IMosTOMy MCKOMBIM YCHIOBHEM SBISETCS PABEHCTBO

oX_ oy an
dy  ox’
B HPEANONO¥EHNH, KOHEYHO, yTo 061acTb, OXBaThIBaeMas MOJEM, OIHOCBA3HA U
uto Aaa Gymkuu# X, Y M MX NPOM3BOJHBIX HULNe HE HapyllaeTcs Hempe-
PHIBHOCTD.

To se ycmoBHe MOXHO BHIPa3uTb u B Tako# dopme: paboma cus noas npu
NEpeMeenHil MamepuasbHol moiKy U3 00H020 NOAOHCEHUS 8 Opy20e_He 3a8u-
cum om Popmb. mpaeKmMopun 8 mMoM U MOALKO 8 MOM CAyYde, K020a 3 se-
MERmMmaprasn paboma

Xdx-Yady

cayacum (noansis) dudepenyuarom om Hexomopoii gyuxyuu U (x, y). Ity
Gyngunio 0GHIYHO Ha3bIBAIOT CUL080( MIN NOMERYUAALHOE; B CAyuae ee Cyumie-
CTBOBaHYA CAMO NoJe IONyYyaeT HaMMEHOBaHHE NOMEHGUALLHOZO.

Pa6oTa IOTEHUMalAbHOrO IOJA NPH INepeMEeIeHHH TOYKH W3 NOJOKeHHA
A(xy, ¥,) B nonoxenne B (x; y,) paBHa [cM. n° 350, (9)] HPOCTO COOTBETCTBYIO-
IEeMY NPHPAIIEHUI0 CHJIOBOH ¢)yHRUUM:

U(xy 31) —U(xp 30) =U(B) —U (A). (12)

B kayecTse nmpuMepa pacCMOTPHM IOJ€ HBIOTOHOBCKOrO mpuTaxkenusa. Ecau
B Hayane KoopauHaT O NIOMECTHTb Maccy ., a B Touky A —maccy 1, 10 oTa

nocaeNHsis GyAeT NPUTArMBATLCA K Uentpy O c cuaolt F, paBHO o Belnymue
I
F——-—?é‘,

*) Ectb pycckmit nepeson (u3a. Axamemuu Hayk CCCP, 1947); cm. crp. 43,
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e r="J X y? ecrb paccrossme TOUKH A OT Hayana *¥), Tak Kak KOCHHYCH
x

YIIOB, COCTaBAACMbIX 9TOH CHION C OCAMH, GYAYT, COOTBETCTBEHHO, —FH = %,

TO MPOEKUHH CHAB F Ha OCH BHIPA3ATCA Tak:

SN wed —_—_
x==t, r=-8,

HCHOCpCRCTBEHHO fICHO, YTO HbIOTOHOBCKOE MNOJE ABAACTCA NMOTEHUHUAIbHDLIM,
NOCKOJNbKY BbIpaxeHHue

X
—%m—%@ (13)

cayxut nuddepesuuarom nas dyHKuMH

=7—,
KOTOpas ¥ Mrpaer 3%ech pofb MOTEHNUANbHOH (QYHKUHH; €€ Ha3bBAT HbIOMO-
noscxux nomenyuaros (noas rouxu O). Hecmorps Ha Haamume «oco6oit» TOUKH
B Hayale KOOPAMHAT — TaM QYHKOUH X, Y Tepnar pa3phiB, MHTErpan OT Bbipa-
acenus (13) no 3aMKHYTOMY KOHTYpY GyleT Hy’aeM, Jaxe, €CIH KOHTYp OXBaThl-
BaeT Havyalo.

Hpn nepeMeineHyd TOYKH U3 NOJOXEHHA A B nojoxenue B cuan nmous
npoussenyr pa6ory [em. (12)}

bl ®

T rp ry

[le r4 U rg CYTh PacCTORHUA ToyeK A m B oT mentpa.

2) Ilnockoe ycmanosusuweecs mevenue Hecocumaemoi ocudxocmy. Ecm
uepes u, v O0GO3HAYHTL CHAralOUMe 1O OCAM BEKTOPa-CKOPOCTH, TO, KaK MHl
BoiBead B n° 335, 2), KONHYECTBO XHUIKOCTH, BTEKAOWeH B €IMHULY BpeMeHU
yepe3 3aMKHYTHIA KOHTYp (K) BHYTpPb, PaBHO

Q= S vdx—udy
(K)
[em. n° 335, (14)]. Tlp# OTCYTCTBMM MCTOYHHMKOB H CTOKOB STOT MHTerpan BCerxa

Gyner mynem. Otciofia Clellyer, 4yTO CAAraiolHe 4, U BEKTOPa-CKOPOCTH HeoG-
XOAHMO MONYMHEHH YCHOBHIO

du |, dv
Ty =0

Torma nommHTerpambHoe Bhipamenve vdx—udy HMeeT NepBOOGpas-
nylo Qyskuno ¢ (M)=¢(x, y), KOTOpYyO B TMIDOMEXaHWKE HasbiBAT (HYHK-
yueit _moxka.

Ecan B3ath moGyo kpuByw (AB), coemunspoumyio Toukn A u B, 10, Kak
ussecrso [n° 335, (14)], KoanyecTBO KHUIKOCTH, MpOTeKalouleH yepes Hee B elu-
HULly BPEMEHH B ONpPEJENCHHYI0 CTOPOHY, BHIPAXAeTCA HHIETPalioM

Q= S‘ vdx—udy,
A5

#) TakoBO ¥e ¥ ILeKMPOCMAMUYECKOE NOLE KYAOHOBCKO20 NPUMANCEHUS,
CO3[laHHOE 3apANOM &, MOMEWEHHbIM B Hayane (eCNH YYHTHBaTh AeHCTBHE moas
Ha 3apAMEHHYIO YacTuiuy).
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npuyeM mpanpasaenue na kKpuBol (AB) nomgso ObiTh TaKuM, YTOGH HOPMaib,

HaOopaBieHHas B YHNOMAHYTYIO CTOPOHY, COCTaBAAAa C NOJOKHUTENbHO Hanpa-
©

BJAEGHHOH KacaTelXbHOH yrox +?. Teneps mMb BHAMM, YTO 3TA BEAWYHHA [ONpPO-

cTy pasHa pasHocTu ¢ (B) —¢(A) 3nayenuidi QyHKUWH TOKA HA KOHIAX KpHBOH!

§ 5. BAMEHA NEPEMEHHBIX B JBOHHBIX MHTEIPAJAX
352. IlpeoGpasosanune naockux oGnactedl. TIpexnonoxuM, 4To Ham

NaHBl JBE [JOCKOCTH, OTHECEHHHE OJHAa — K INpPAMOYTOMbHEM  OCSM
X Wy, anpyrai—k TakuMm xe ocaM & u % PaccMoTpuMm B STHX

k71

TJIOCKOCTAX JBE OrpaHuueHHHe 3aMkHyThie obGaacru: obaacrs (D) Ha muo-
cKoctn xy n obnacte (A) Ha maockoct: &Y.

KOHTYp wan rpaHuny Kawaoh us 3Tux obaactel Mu OylZeM npen-
nosnarath NPOCTOH KyCOYHO-r/Iafiko# KpuBofi; 0603HauuM €ro CHMBO-
aom (S) ana obaactu (D) m cumBoaom (X) maa obaactm  (4)
(puc. 37).

Honycrum, uto B obaactu (A) maHa cucremMa HenpepuBHEX QyHKIub:

x=x(, 71),}

1
y=yG ) @
koropas xaxaoit touke (§, %) obaactu (A) OTHOCHT ONHY ONPEHENEHHYIO
TOouky (X, y) obnactu (D), mpuuem nu oxHa Touka (x, y) ud (D) me
6yner npomymieHa, TaK YTO KaxJas TaKas TOYKa OTHECEHAa XOTb OJHOH
touke (& M) wu3s (A).
Ecou pasimunpM Toukam (§, 7) OTBEYAlOT pasianuHple ke TOUKH (X, y)
(uto MH Brpenp n OyAeM NpemNoJararb), TaK 4YTO Kaxzaad Touka (X, y)
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oTHeceHa smmb ogsott Touke (5, m), TO ypasHeHusa (1) odwosmauxo
paspewums. omHocumessHo § u v nepemeHnsie £ 1, B CBOI OYEPEldb,
AIBAAIOTCA OAHO3HAUHBIME QYHKUMAME OT X, y B oGaactu (D)

E=Et(x, ¥), }

(1a)
=1 ¥)

Takum oOpasom, mewny obaacrsma (D) u (d) ycrasasiusaercs
63QUMHO OOHO3HAYHOe WIH 00HO-00H03HAYHOE COOTBETCTBUE., [OBOPAT
TaKxe, uto Qopmyas (1) ocymecTsiasioT npeodpa3zosarue obGaacmu (A)
& obaacms (D), a dopmyant (la) nmawT ofpammnoe npeoGpasosanue
ooracmu (D) 8 obaacms (A).

Toauepksem, uTo npu 3TOM HEOOXOMUMO mouxar Koumypa (%)
omseyaiom umenno mouxu wornmypa (S), ¥ HaoGoOpOT.

Ipeanonoxum, nanee, uto ¢yHkuud (1) He TONBLKO HEMPEPHIBHH, HO
n uMeoT B (A) HenpephlBHbIE YaCTHHE IPOUSBOAHLE NMEPBOro HOpAAKa.

Torga u ¢pyHKuHOHAALHEA ONpeAenTeNb

dx ax
D(x,y) __| & oq
DGEm—|d o @
03 on

ABAAETCH HempepuiBHOH ¢ynkuuett or § 7 B obmactu (A). Bysem cun-
TaTb, YTO amom onpedesumenrt 8ce20a OMAULER OM HYAS, a CAEAOBa-
TEJbHO, — 10 HENPEPHIBHOCTH — COXPaHsiem NOoCMoaknbil 3Huak. 10
NpeANoJONeHHe B NOC/aeAyomeM OyXeT HrpaTh BaxXHYIO DOJb.

Ecau B3ate B 0oOnacTd (A) NpOCTYIO KyCOYHO-raagkyio Kpusyio (A),
TO ¢ momowbio npeoGpasoanus (1) oHa nepeiieT B noAOGHYIO Ke Kpu-
syio (L) B obnacta (D).

Je#icTBuTeNbHO, MyCTh ypaBHeHus Kpusoi (A) OyayT:

E=il), 1=70)

(a<<t<<P nmm a=t=0), 3)
npuueM (€CAM OTPAHMYMTBCA P AZKHUM KYCKOM KDHMBOH) MOXHO Cud-
Tare, yto QyHkumn &(f), v(f) uMEOT HEMpepHBHHE IIPOMSBOIAHME, HE
ob6pawaonuecs OLHOBpeMeHHO B HYJab. Iloxcrasass sTH

(yHkuua B QopMyan npeobGpasoBanus (1), M NOJAYYHM NapaMeTpuue-
CKHe ypaBHEHHs COOTBeTcTByloweH kpusofi (L):

x=x @), 1O)=x(),
y=yE® 1N=y0. (4)
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Jlerko Bunets, uTO 3T (YHKUHH TaKKe HMEIOT HENPEPHBHHE NPOH3-
BOJHBIE:

X O=%5%¥O+F 0,
©)
yo=%ro+Zv1e,

KOTOpbIE TOXE HE MOryT OZHOBPEMEHHO OOPAaTATHCA B HYadb, TaK YTO
ocobbix Touek Ha Kpuso# (L) Her.

Heficreute/bHO, B NPOTHBHOM C/yyae, BBWIY HEPABEHCTBA HYJIO
D (x, y)
, . bGE

=0 n =0, 4To NPOTHBHO NpPEANOJOKEHHIO.

Ecnu Touka (§ n) Ha mnockocrn €M ONACHBaET 8aMKHYTHH KoH-
Typ (A), CKaxeM, B TOJOKHUTEJLHOM HANPABJEHWH, TO COOTBETCTBYloulast
TOYKA (X, y) ONHIIET TAK:KE HEKOTOPHH BaMKHYTHH ke KOHTYp (L) na
TUIOCKOCT® XY, HO HANpagAeHue e20 MOJCEM OKA3amsCs KaK NoAo-
JCUMENBHbLM, MmaK U ompuyamessHsim. Bonpoc STOT 3aBHCHT, KaK Mbl
ysanum Hike [n° 354, 1°], or sHaka (yHKUMOHAILHOrO OMpENEIHTENs,

3aganue naps smauenud nepeMeHHsIX £ B 7 u3 obasactm (A) ommo-
BHaYHO OMNpENEe/sieT HEKOTOPYIo TOYKY B obaactu (D) Ha MIOCKOCTH Xy,
1 00paTHO, D10 HAaeT OCHOBAHME W YUCAA § 7 HA3HIBATb KOOpOUHaAMAMU
mouex obaacmu (D).

Kpusyiwo, cocrasaennyio us Touek obaactu (D), y KOTOPHX OfHa H3
KOODAMHAT COXPAHAET NOCTOSHHOE 3HAYEHUE, HA3HBANT KoopOuHamuolk
AuHuel.

Hanpumep, nonaras, B (1) 9==1, MH noayuiM mapameTphue-
CKO€ NpeACTaBJEHUE KOODAMHATHOH JMUHWUM:

onpeIeuTens u3 (5) caenosato OGv, 4YTO OZHOBPEMEHHO

X=X (&: 7‘0)1
y=y (E’ 7‘0)

(pom» napamerpa saece wurpaer §). HesBHoe ypasuneunue TOH xe
JMHUM TIOJyYHMM, NOJIaras v==1y BO BIOPOM U3 ypasHeHuit (2):

(X, y)=".

B cpa3n ¢ TeM, uTO KOOpIMHATHHE JAHHMH, BooGwe rosops, OyayT
KPpUBHMHY, uncaa § 7, XapakTepHU3YIOUINE NOJOKEHHE TOUKH Ha IJIO-
CKOCTH XY, HashlBaIOT KPUBOAUHEHHbIMI KOOPOUHAmMAMI MOYKU.

Ipunapas xoopausare 7 pasjuyHble (BOSMOXHBIE [/ HEE) MOCTOSH-
HH€ BHAUEHHUS, MHI NOJYYHM LEJ0€ CEMEHCTBO KOODAMHATHHIX JHHUH Ha
IAOCKOCTH xy. Pukcupys 3HaueHHe KOODAMHATH §, MBl MOJy4uM Apyroe
CEeMEHCTBO KoopiuHaTHMX JmHu#. Ilpm najiuuum B3aUMHO OZHO3HAYHOTO
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COOTBETCTBUA MeXIy paccMaTpPUBacMeiMd 06JacTsMH Pas/uyHBe JIHHUA
ONHOTO ¥ TOTrO e CeMellCTBAa He NepecexalorTcs Mexay coOo#, u uepes
mobyo Touky obnactu (D) npoxomur no ORHOH JHHMM M3 KaWAOro
ceMeicTBa.

Besi ceTka KOODHMHATHBIX JIMHHH HAa IJIOCKOCTH Xy siBiaseTcd usobpa-
KeHueM ceTKH npsmpix E==const M m==const ma maockocta &y
(puc. 37).

Meumern. 1) Tlpocretmum u BawHeHMIMM APHMEPOM KDPUBONMHEHHBIX
KOODIMHAT ABAAIOTCA NnOAfApHble KoOplunamst t, 8, OHH HMEOT HarignHOe reo-
MEeTPUYEeCKOe  HCTONKOBAHWE, KaK IOJApHbI
palHyC-BeKTOP M MOJAPHBIN Yrod, HO MOryT OBITbH 4
BBEleHH ¥ (QOpPMaNbHO, C NOMOLLI0 M3BECTHHIX
COOTHOLIEHNH:

=r cos B, }

y:rs'm 6.

Ecan 3naveHus r ¥ 6 oTKaagbiBaTh 1O ABYM
B3aMMHO NEpIEHINKYJAPHEIM OCAM, CUMTadA, CKa-
weM, r-—— abcuuccol, a § — opannaroit (npu npa-
BOM OpHeHTaluH oCeH), TO Kaxmo# TOyke mnoO-
aymaockocTH r =0 1o ykasaHHbIM (QopmynaMm
oTBeyaeT OJHa onpeleleHHasd TOYKa Ha HJO-
CKOCTH XY.

Uprateao, HaBepHO, NPUXOIMIOCH HMeETh Puc. 38
He10 ¢ OTHOCALIUMMCA K 3TOMY CIYyYal0 KOOpiu- e
HATHHIMM TMHUAMH: NPAMHM r==COnst OTBEyaiT
KPyr¥ pajdyca r ¢ LEHTPOM B Hauane, a INpaMbM 8==const oTBeyanr JyuH,
ncxXopamue M3 Havana nox yriaom 0 x ocu x (puc. 38).

OnHako B fanHOM cayyae (opMyas mnpeoGpasoBaHus BooGme He GyAyT
ONHO3HAYHO Pa3pellMMbl; U3MEHEHUWe BeanyuHb yraa 8 Ha 2km (rme R — 1ueinoe)
He OTPa3NTCA Ha 3HAYEHHAX X
u . Lo Toro yroObl NONYYHTH
BCE TOYKM INIOCKOCTH Xy, IO~
CTATOYHO OrPaHUYUTbCA 3Haye-
HHAMH

7

A A

_
\e\
=

r=0, 00 < 2m.

DI

Kaxno#t touyke (x, y), oTaHuHOH
OT Hayala, OTBeYaeT OJHO 3Ha-~
yenne r >0 u opHo 3HayeHue O
B yKasauHbX mnpefesax. Ho ue-
@ 5 yCTpaHuMoe HapylLieHWe OJHO-
Puc. 39. 3HAYHOCTH COOTBETCTBHA  CBA~
3aHO C HAYaJIOM KOOpIHMHAT: TOY-
ke x=y==0 oTBeyaer Ha
naockocty rd BCs och 6 (unm, ecad yrogHo, otpesox ee or 6=0 no 0=2=).
PaccMOTpMM Ha IIOCKOCTH r8 3aMKHYTHfi mpamoyroapnuk [0, R; 0, 2xm] wan
oafy (puc. 39); 7erko BHAETb, YTO HAa IIOCKOCTH Xy €My OTBEYAET 3aMKHYTbIH
Kpyr, ONHCAHEHE BOKpyr Hauana O pamuycom R=Q0A. Ho Becp kontyp
STOrO Kpyra OTBeyaeT OJHON JHIIb CTOPOHE of YNOMAHYTOrO MPAMOYrOAbHUKA;
cTOpoHaM oa u Py (06eum!) oTBeuaeT OIMH M TOT e pamuyc OA Kpyra; HakoHel,
BCEH cTOpOHe oy orBeyaer ammb TOYKa O. 31eChb ABHO He COONIONEHBI YyKa-
3aHHBE B NpefblylieM Homepe ycaosusal

NCRARN
>

k‘
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Onnaxo, ecnu CHBHHYTb CTOPOHY 0y Ha Maiylo BEIMYHHY p==00", a CTODOHY
{8 —Ha e=(§', TO HOBOMY NPAMOYTONbHHKY o'af’y’ 6yZeT OTBEYyaTb Ha NIOCKO-
ctu Xy gurypa O'AB'C’, noxyuen-
Has M3 Kpyra ynaJeHHEM Manoro
Kpyra pajMyca p ¥ CEKTOpa C LEHT-
PAaNbHBIM YTJIOM &, C COOMIOIEHHEM
yxe Bcex TpeGosanmit. Ilpu nepe-
MEIeHHN TOYKM Ha NJOCKOCTH ri
no orpeskam af’, By, 1'o', o'a COOT-
BETCTBYIOINAs TOYKA HAa TNIOCKOCTH
Xy OonMuIeT N0 NOPAAKY: HENOAHYIO
oKpywHocTh AB' (pammyca R), or-
pe3ox B’C', HENONHYI0 OKPYKHOCTh
7 CO' (pammyca p) u orpesaok Q'A.
3aMeTHM MONYTHO, YTO HONOWKUTENb-
HOMY OOGXOLy Ha mNaAOCKOCTH 70 oT-
BeYaeT NOJOXUTEILHHH e 06xon
Ha TIOCKOCTH Xy.
DYHKHMOHATLHHY ONpejeanTenh
B NIaHHOM clyyae paBeH

D(x,y) |cosb—rsin6 —_r
D(r,8) " {sn® rcosb| '

Puc. 40. OH coxpaHsaer (eciu UCKIOYATH Ha-

4ano) MOJOXMTENbHH 3HaK.
2) Wnorma ymo6Ho Hanepen 3a1aThC CeTKOH KOOPAHHATHHX
AMHMHA W O HAM YCTaHOBHTh CHCTEMY KDHBOJAMHEHHHX KOODAUHAT.
PaccMorpum, Hanpumep, 1Ba ceMeficTea napaGon (puc. 40):

yi=2px u X2 =2qy;

KakX0€ M3 HUX B OTAENbHOCTH 3aNONHAET BCIO IMIOCKOCTh Xy (€CAM WCKIOYMTH
OCH KOOpAUHAT).

EcrecrsenHo BBecTH §=2p M 7 ==2¢ B KaUecTBE KPHBONMHEHHHX KOODAWHAT.
M3 pasencts y®==£x u x?=1y umeenm

] S 2 X2
x=yE, y=y® uw t=%, 1=7  (ny#0)
Onpenenntend 3nech paseH
2 2 1 1
less 23,77
Diny_[3% " 3V 1
DEm) | L1 2 2173
"gf 3713 ~37‘63,,] 3

353. Bhipamenne nIOmMagn B KpUBOJHHeHHBIX KoopauHaTax. [Ipen-
TIONIOXNKUM, YTO Ha INIOCKOCTH Xy 3alaHa Hexoropas obaacte (D), orpa-
HHYEHHA# NPOCTHIM KycouHo-raafkum kourypom (S). Ilycte dopmyan (1)
YCTaHaBJIUBAlOT  B3aUMHO  ONHO3HAYHOE COOTBETCTBHE MEXAY 3TOH
00aacTbio ¥ o6/aacThio (A) Ha MIOCKOCTH §Y, OrpaHuyYeHHOH NOZOOHBIM XKe
KOoHTypom (X).
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Mu  coxpanuM Bce NpeAnonoxeHus n°352 OTHOCHTEIBLHO 3TOro
npeoGpasopatust obaacrefi M, CBEPX TOro, eule MNpPEANOJIOKUAM, YTO Cy-
ILECTBYIOT WM HEnpephiBHSl B o6nacté (A) CMelwaHHele HPOUBBOAHBIE
BTOPOro MOPAAKA And KakoH-nu6o u3 ¢ynkumit (1), cxaxe:

0% 0%y
05 0n " 0 08
(8 CATy HEmpepHIBHOCTH, OHH OyAyT WMeTb DaBHEE B3HaueHms, n°147)%*).

Ipr 5TUX NPEANOONKEHUSX NMocTaBmM cebe 3ajayell BHpasuTL MNJIO-
mane D paccmarpuBaeMol o6JacTH HAa NJOCKOCTH Xy B Buje JABOHHOrO
MHTErpaja, pacnpoCTPaHEHHOro Ha o6macts A Ha MIOCKOCTH &Y.

Mu Gynem ucxomuTs u3 GOpMyJH, Beipaxawomel nisomaz» D kpu-
BOJIMHEHHBIM HHTErPAJIOM, B3ATHM MO KOHTYpy (S) obaactu (D)

D= S xdy (6)
)
[cm. n°347, (4)).

Inan janpHe#mux npeo6pasoBaHui TAaKOB: CHAayaka Ml NepeHaem,
[OJb3YACh NApaMETPUUECKHMW YPABHEHUAMH KOHTYPa, OT KDHBOJUHEH-
Horo mHTerpa’da (6) Kk OOHKHOBEHHOMY ONPCAEJAECHHOMY MHTErpay.
3arem mpeoOpasyeM 3TOT MNOCJAEAHUH ONATh K KPHUBONMHEHHOMY WHHTEr-
paly, HO B3ATOMYy Ha 3TOT pa3 yxe 1o xoutypy (¥) obmactm (4). Ha-
KOHell, MoJb3yach (opmysolt 'puna, saMeHMM MOMYYEHHEIH KPUBOJHHEH-
HBH MHTErpan ABOHHHIM mHTErpajoM mo objactu (A).

Bo ucnojHeHne 3TOro IIaHa HaM HYXHH TNapaMeTpPUYEcKue ypasHe-
Hust koutypa (S). Tak Kak B JaJpHeHIEM MH HMeeM B BHLY INiepefitd
K xKoutrypy (), T0 u cefivac MH MNpPEANOYATAEM HCXOAUTb HMEHHO
u3 ypasHenu#h aTOoro Kourypa. Ilycte (3) naer mnapamerpuueckoe
npencrasaepne  kpuso# (L); Torma (4) nacT, OYEBHAHO, TaKoe Xe
npeacrasienne A Kpuso# (S), MOCKOABKY [KaK cJedyer M3 Hawux
npeanosnoxennlf, n°352] uMeHHO OHAa COOTBETCTBYET Ha IUIOCKOCTH Xy
koutypy (X). Ilpesenst a u P wusmeHenus ¢ Mu BHOepeM TaK, 4TOGH
npu nepexofe Or ¢ K B kpusas (S) onuchBaNach B NOJNOXKHTEAbLHOM
HanpaB/leHHH; 5TO BCErAa MOXHO CHeJaTb.

Torxa, cornacko dopmyne (5%) n°331,

D=§x(t)y’(t)dt
WY, ecan npuHaTh BO BHEMaHue (4) u (),

§
D= xC0, 10)[F¥ O+ F7 0] ™

*) OrmeTHM 3[€Ch Xe, YTO STH MNOMOMHUTENbHbIE NPEINONONKEHHs Hecyile-
CTBEHHHI JAA CnpaBEJ.UIHBOCTPI OKOHYaTeJIbHOI'0O pesy.rxbraTa N BBEIOEHH JAUIND HAA
obneryenna HOKasaTelbCIBa.
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ConocraBaM 5TOT HHTErpPad € KpﬂBonuﬂeﬁHmM HHTErpazioM
Sx(& ds+">’d ) ®)

B3ATHIM N0 KOHTYpPYy (L) B MOJOXUTEAbHOM Hampasaenun. Ecau
no}eAaTh CBECTH MOCAEAHHH MO OGHYHOMY NpABHIAY K OGHKHOBEHHOMY
ONpefe/eHHOMY HUHTErpany, TO NPHILIOCh GH NOACTAaBAATH CIOZA BMECTO
€ u n dyskuun §(f) u v(t) u3 napamerpuueckux ypasHeHmH kpusoi (I),
¥ MH BepHyJuch Ob K uHterpany (7).

Bnpouem, HyXHO uMETb B BHAY ewe OAHO o6crosreincTeo. IIpu
M3MEHeHUH f OT & MO ( OMUCHIBAETCS B IMOJIOKUTEJIBHOM HampaBJieHuu
KoHTyp (S)—rTak Mu BuoGpaanm stu npenean. Ho xouryp (L)
npu 5TOM MOXET ONMUCHBAaTbCs KaK B NOJOXUTEJIbHOM, Tak W B OTpH-
uaresbHOM HanpaBaeHny; TakuM o6pasom, uHrerpanst (7) u (8) moryr
Ha Jiele PasHUTbCA 3HaKamu, Bo BeakoM cayuae

D= +Sx da-g-x"ydn, ©)
(2)

npuyeM (MOMYEPKHEM 3TO €WIE Pa3) 3HAK NAINC UMEeN Mecmo, ecau
noroxcumessHoMy 06x00y Konmypa (S) omsenaem noaocumeNs oLl
sice 00x00 Konmypa (X), U 3HAK MUHYC — 8 NPOMUBHOM cAyHae.

Ocraercsd, HakoHel, npeo6pasoBaTh NOJYYEHHHH KPUBOJAMHEHHBIHR
UHTErpan B JABOHHOM. [lng 5TOro Hal/MeXUT BOCHOJB30BATHCS (PopMynoh
I'puna

Sp(e DaE+QGE n)dn__SS (R dEd
(2)
Ie THOJaraeM
a
P, n)—x ) QE D=x%2
0
Tak kax
dQ axdy
— 08 0ﬂ+ 0110&'
0P __Oxay
T on 0E+ OEdn

a CMeIlaHHee MPOM3BOAHEIE BTOPOTO NOPSAKA OT J DPAaBHHL MEXIy CO-
Goli, TO

0Q 0P __D(x,y)

& on DG’
0 Mbl OPUXOAUM K (opmy.e

N D (x, »)
b= '”S)D(e o Gan
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Mur Bugemn n°352, uto npm CHeJaHHBIX NPEANONOMKEHHAX ONpe-
eIHTEb
’ JE =29
& )
coxpaHser B oOisactiu (A) onpeleneHHmi#t 8HaK. ITOT e B8HAK HMEET
n unrerpan. Ho nepen Hum emwe crour JABoHHOH 3Hak —F; Tak Kaxk
B pesy/abTare JOMKHO NOJYUHTbCA CYLLECTBEHHO MOJIOXHTEAbHOE uncao D,
TO S$ICHO, YTO 3HAK neped UHME2PAAOM COBHAOQEM: CO 3HAKOM Onpe-
Oeaumensi. Ecnu BBECTH STOT 3HAK B MOAVHTETPAJBHYIO (YHKIHIO, TO
TaM TOJYYHTCH, OYEBHAHO, a0COMIOTHAas BEJHUUYHHA ONpPEASANTEs,
TaK YTO OKOHYATeJbHOE BHIpAX(EHME MJsi IMowagu Oyaer

D=SS II))_((Z;S;’T)IdEd*l:SSlJ(Er ) | dt dn. (10)
) A

D10 # ecTb Ta GOPMYNa, KOTOPYIO MH XKeJajH yCTaHOBHTb.
IMonunrerpansHoe BHpaXeHHe

D (x
B | dran=|76, n|didn
OOBLIYHO HAa3HIBAIOT IACMEHMOM NAOWAOU 8 KPUBOAUHEUHbX KOOPOUHA-
max. Mpl BHIEJW, HanpuMep, YTO B C/Iyyae NMepexoja K MOJSPHHM KOOp-
IuHataM (YHKLIHOHAJbHEIH oOMpejAe/uTeNs paBeH r, CJIENOBAaTeNbHO, 2Je-
MEHT IIOIaAH B NOJAPHBIX KOOpAMHATax ecTb rdrdf.

354. JonoanuTenbHsie 3ameqaunus. 1°. Ecau comocTaBuTh NpaBmio,
no KOTOpOMYy BEIGHpaJCs SHaK, mmoc wiam Munyc, B dopmyre (9), c Tem
(haKTOM, YTO STOT 3HAK HEOOXOAMMO COBMAJAeT CO B8HAKOM (YHKIHO-
HaTLHOTO ONpeNeTuTeNsd, TO NOJYYHTCA WHTEPECHOe CJAeNCTBHE: ec/l
amom onpedeaumenst COXPAHsem NOAOHCUMENAbHBLIL 3HAK, MO NOAOKCI-
mensHble Hanpasaerus o6xoda xorwmypos (S) u (X) coomsemcmsyiom
dpyz Opyay no gpopmyranm npeobpa3oBarius; ecau e onpedeiumens
uMeenm OMpUUAMEAsHul 3HAK, MO NOAONCUMENBHOMY HONPABAEHUIO HA
O0HOM KOHMype cOOmEemcmeyem OmpuyamessHoe HANPaseHue Ha
OpyzoH.

OueBniHO, 3TO Ke MMEeT MeCTO W 1O OTHOLIEHHIO K JjoGol mape
B3aUMHO COOTBETCTBYIOIIMX MPOCTHIX 3aMKHYTHX KOHTypoB (L) mu (A),
aewaunx B obaactax (S) u (X). IloayyeHuslR pesy/ibTat JErko npo-
BEPSIETCsI Ha NpuMepax, npuBelAeHHsXx B n° 352,

2°. Ilpamenss x dopmyae (10) Teopemy o cpeanem [n° 341, (9)},
NOJNYYHUM COOTHOLIEHHE

D=|JE w)|-4 1n

rie (5, ~7;) €CcTb HEeKOoTOpas Touka u3 obnactd (A), a A — miomaas 3ToH
o6aacru.
ConocraBuM 3T0 COOTHomIeHHe ¢ dopmyaoit Jlarpamxa

FO—F@=rOE—o @@<EP).
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Ecm x=f () ectb MOHOTOHHAas (PYHKHHS, TO OHA B3ANMHO ONHO3HAUHO
CBAISHIBAET MNPOMEXYTOK o=<E<CPB ¢ npomexyTkoM f(a)<<x=<f(B)
(mm f)<<x<f(a), ecin f(x)— ybupawowas ¢yuxuus). OGo3HaUUM
HJMHB 3THX NPOMEXYTKOB ueped & u d; Toraa copmyna Jlarpanxka
IPUBOAUT K DPAaBEHCTBY _

d=f"(8)]-3, (12)

cxoaHoMy ¢ pasencrsoM (11).
Ecim B opmyne (12) «cxumars» mpomexyrok [o, B] B Touky ¢,
TO B Pe3yJbTaTe MNOJYYHM COOTHOIIEHHE

1 ®=tim{,

TaK YTO a0COAIOTHAA BEJNMYNHA HPOMBBOZHON sABASETCS Kak O K03~
duguenmon pacmsasicenus npamodt § (8 LaHHOH ee TOuKe) npu mpe-
06pasoBanni €e B NpPAMYyIO X.

Touno Tax e us Qopmyan (11) nyrem «cxarus» obaactu (A)
B TOuKky (§, 7) nouyuaem

/G n)l———-lim%*),

TaK 4YTO aGCOMOTHAA BENWUMHA (YHKUHOHANBHOTO ONpENE]MTENN WrpaeT
poib Kosgguytenma pacmascenus naockoctu &v (B HaHHOM ee TOUKeE)
npu npeob6pasoBaHui ee B IJIOCKOCTb XY.

910 samedaHue MOAYEPKHMBAET €l Pas3 TAyGOKYIO aHAOTHIO MEXAY
NPOU3BOAHON M (YHKUKOHAIBHLIM ompefeauteneM [cp. raasy XIX].

3° ®opmyna (10) nokassiBaer, yTo npu GESrPAHAYHOM YMEHBLICHHH
nnomans A Takie OesrpaHMYHO yMEHbILAETCs W COOTBETCTBYIOmias eh
mnowans D, OTcloma yxe JErko yCTaHoBuTh, 4TO mpeoOpasoBaHue o6ia-
cTelt, usyueHHoe B n° 362, obnamaer u CACAYIOMMM BaXHHIM CBOHCTBOM:
kpusyto (A) ¢ naowadswo, pasrol Hyaw, 8 obaacmu (A) ono nepesodum
8 newomopyw rpusyw (L) 8 obaacrmu (D), maxoe uMmeouyn Hyieeywo
naou,ads.

4°, ®opmyna (10) BrBeneHa B MpPEANONONEHHH B3aUMHO OJHO3HAY-
HOrO COOTBETCTBHSI MexAy obGnactamu (D) m (A), HENMPepHIBHOCTH (PYHK-
un#t (1) ¥ MX YaCTHHIX NPOM3BOIHHX, a8 TAKXKe COXPAHEHHs BHaKa Onpe-
nemutenem (2). OnHako Ha npakTHKe OGHUYHO NPUXOAUTCH CTAJIKH-
BaTbCA CO CJyuasmd, KOTJA 3TH NPEANOJONKEHHA HAPYIIAOTCH B OTHE/b
HBIX TOYKAX WJIH BIOJb OTHEJbHHIX KPUBHX.

Ecan ynomsHyTEHle TOYKM M KDHMBHE Ha OGEMX IIOCKOCTSX MOTYT
OWTb 3aK/MOYEHH B IPOM3BOJBHO Majblie MO miomamu obaactd (d) u (3),
TO IO BBAENEHHH HX (ODMyJa yKe CTaHOBHUTCS NPUMEHUMOH:

D—d= |JGE | didn (10a)
A,

*¥) Mo cyru nena Mm Auddepenunpyem unrerpan (10) mo o6mactu B TOuKe
& m) [n° 342].
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IMycte dynkuuosasbHuil onpefemnrens B obaactu (A) coxpanser orpa-
HUYEHHOCTD:
VE D<M,

torja unrerpan (10a) pasuurcs or murerpana (10) ma Beamymny

SS [JE )| dtdn << M5

(@)

Tlepexons B (10a) x npemeny npu d u 8—0, BoccraHoBum ¢op-
myay (10).

Ias wumocTpannu BepHeMcs K npumepy 1) B n°352 m x durypam,
n3obpameHHsiM Ha puc. 39, HemocpeacTBeHHO K  NPAMOYTOJBHHKY
A=][0, R; 0, 2=] u k xpyry (D) pamuyca R (C uUeHTpDOM B Hauaje)
¢dopmyay (10), KoTopas AAs 3TOro Cayyas NPHHHMAET BHJ,

D— S S rdrds,
(a)

NpPUMEHUTb Heapsd. HO ecam BHIK/MIOYHTL 3alUTpHXOBaBHbE 06aacTu (mao-
HaTH KOTOPHIX BMECTE C p WM & CTPEMATCE K Hymo), TO K ROJAyyaio-
muMca 067acTaM Ty (OpMyNy NPHMEHHTb MOXHO; OCTaeTcs nepeiTn
K npeneny.

355. Teomerpnueckuit BuiBox., Popmysna (10) BoiBeneHa Hamu ¢ no-
MOLIBIO, XOTS M MPOCTHX, HO He HarJASAHH X paccyxaeHu. Mu npu-
BEleM Ipyro#t BRIBOJA 3TOH ¥
(opMyJIB, COBEpLIEHHO TIpO- 7 5
3pauHsii ¢ reoMeTpHYecKolt
CTOPOHB; OH NPUHAJJIENUT
Ocrporpanckomy [cm. HExe
n° 359). 7

PaccmoTpuM  cHoBa  mpe-
o06pasoBaHue MAOCKOCTH Eq P i
B NJIOCKOCTh XYy, KOTOpOe I3 £
samaerca gopmyaama (1). Bo- a f
IeauM Ha NAOCKocTH &vy Gec- Puc. 41.
KOHEYHO MaJblff NPSMOYroJb-
K ILILILI; co cropoHamu d m dv, napaanenbHsiMp ocaM § u 7
(puc. 41, @). V3obpaxeHueM 3TOrO NpSAMOYFOJbHHKAZ B IIOCKOCTH Xy
CTYXHT KDHBOJNUHEeHHH R ueThipexyroabnuk PiPyPyPy (puc. 41, 6),
ONpeNesuM €ro MIomaib,

BepinnHe NPAMOYTrOJbHHKA HA TVIOCKOCTH &7 UMEIOT KOOPAMHATH

I, (Er 73)» I, (E _I_ dat, ) I, (E + 5, | + dv), I, (E: 7 + d"]);

%

(=S

" :"7
*
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B TAaKOM CJyyae COOTBETCTBYIOLIME BEPIUMHBI KDMBOJIHHEHHOrO UETHIpEX-
yroapHuka OyAyT WMEThb TaKHE KOODAMHATHI:

PixE m, yGE )

Py(xEd5 m), y(E-dE ),

Py(x G~+db mdn), yE--di n--d),
Py(x & ntdn), yGE n-d).

Ecan orpannyuthcs uieHaMH IepBOro Mopsaxa oTHocuTedbHO d§, dy, TO
NpUOGAHIKEHHO MOXKHO B3STh TOUKH:

2 )
Py, 9) pg(xj'_geﬁde, y+Za&),
dx ox oy oy
P;,(x—}—é-e—di—]—a—n—dn, y+5§da+5;dn)
)
PL(er;%dn’ y—h%dn),

rie x=x& 1), y=x(§ 7) 1, BooOuie, Bce NPOU3BOMHLIC BHYHCICHHI
B Touke (5 7). Tak xak mpoexuud orpeskoB PP, u PP, Ha ofe ocu
COOTBETCTBEHHO DaBHBl, TO OTPE3KM TH pPaBHB U Mapa/jejbHB, TaK YTO
C TOYHOCTBIO JO ManbiX BHICIIErO MODPSAKA YETHIPEXYTOMbHUK PyiPaPyPy
eCTb MapaJanelorpamm,

Ero naomane paBHa yABOEHHOH miowmiaan TpeyroabHuka PyP,P; Us
aHaAUTHYECKOH K€ reoMEeTpUH HM3BECTHO, YTO YIBOEHHAs IVIOLIaAbL Tpe-
YroJIbHMKa, BEPIUMHEL KOTOPOrO HAaxoaarcst B TOukax (xy, y4), (¥ Vo)
(%3 ¥3), paBHa abCONIOTHOH BeANYKHHE ONPEISAUTEN

Xg— Xy, X3 — Xy
Yoo  Vs—e|

Ilpuvenas 3Ty Qopmyay K HaieMy caAyuaio, MOJYYHM, YTO HCKOMas
mromans (CHOBa— C TOYHOCTBIO JO MaJblX BHICIIEro MOPsAKa) pasHa
abconwTHO# BenMUUYNHE ONpeIeauTeIs

ox ox

__D{x 9 did
W g g~ DE D E
o v o 4N
Urak,
naouL. PyPyPyPy— l %‘é,’ 3 ldz an,

Pasnaras ¢urypy (A) Ha MJIOCKOCTH &0 NDAMBIMH, NMapalaeib-
HBMU OCAM, Ha OECKOHEYHO Majhie NPIMOYroabHuKHu (W npexedperas
«HENPABAWILHBIMA» 3JEMEHTaMH y KOHTypa), MBl OJHOBDEMEHHO pasJo-
wuM ¥ ¢urypy (D) Ha nAOCKOCTH Xy HA KPHUBOJAMHEHHBHE ye-
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THPEXYrONbHUKHA PACCMOTPEHHOTO Bujga. CyMMHDYH TOJAyuYeHHBIE
BHPXEHU A9 TAomanell uX, BHOBb npuxoaum kK gopmyae (10)*).
Ipusenennoe paccyxnenne Ocrporpanckoro, TakuM o6pasoM, MOA-
YEPKHBAET BANKHYI0 T'EOMETPUYECKYIO HIew: cyurocms dghopmuyast (10)
cocmoum 68 mom, 4mo 0as onpedeseHust naowadu guzyps (D) sma
uzypa passazaemcs He HQ mpaduLUOHHbE NPAMOY20ALHE SACMEHNIBL,
¢ NOMOULHIO CeMKU NPAMELX, NAPAALENLHOLX OCAM, @ HA KPUBOAUHE~
HblE ANeMEeRMbL, C NOMOWBI0 CemKl
KOOPOUHAMHBLX AUHUIE. y
B HEKOTODHIX NpOCTHX CJayyasx
MOXHO  HEMOCPENCTBEHHO HAXOAWTh
BHPAKEHAE <«JEMEHTA ILIOMAU» B =X
KPHBOJMHEHHHX KOOpDAMHATaX NOUTH ar
0e3 BhUUCIEHUH.
Hanpumep, B cayuae mepexona 46 r
K TOJAPHEIM KOOPAMHATAM  MOJXHO VJ
paccyxaarb TaK. DJEMEHTAPHOMY Npsi- g T
MOYTOJMBbHUKY €O CTOopoHamm dr u df
B MJOCKOCTH rf Ha IIOCKOCTH Xy OT- Puc. 42.
BeuaeT QUrypa, OrpaHuyeHHas Xyramu
OKPYXHOCTeHt pajiuycoB r u r--dr u AByMs JyuaMH, HCXONSIIUMH K3
nayana nox yraamu 6 w 6--db k ocu x (pmc. 42). Ilpunnmas npuGiu-
MEHHO 3Ty GUrypy 38a HPAMOYrOJbHHK €O CTOpOHamu dr u rdb, cpasy
noJyuaeM HCKOMOE BhIpaxceHue r dr df snemedrta miaoutann.
356. 3amena nepeMeHHbIX B JBOHHBIX MHTerpanax. Paccmorpum

HBOHHOU MHTerpan
§ 76 syaea, (13)
(D)

rae obnacte (D) orpaHuueHa NPOCTHM KYCOYHO-TJIAaAKHM KOHTYpom (S),
a ¢yuxums f(x, y) HenpephiBHA B 3TOH 006JacTy.
Ilpennonoxum temeps, uyro o6aacte (D) ceasasa dQopmyaamu (1)

=xE ), y=yE

¢ Hekotopolt ob6aacreio (A) na maockoctH §n ¢ cobmoneHueM Bcex
ycaoBu#, mpm KOTopeix Mbl BeBOmMAW B n° 353 dopmyay (10), Bupa-
waomyo miomans ¢urypst (D) B KpHUBOJAMHEHHKX KOOpAWHATax *¥),
TMocraBum ceGe uenbio, 3aMeHsisi TepeMeHusle B uHTerpane (13), mpen-
CTaBUTh €r0 B BHIE WMHTErpaja, pacnpocTpaHeHHoro Ha obnacte (A).

*) HeTpyZHO cHexaTh STOT BHBIBOA W COBEPIIEHHO CTPOTHM.
®¥) Mpl mpenmonaraeM, TakuM o06pasoM, TaKiKe CYILECTBOBAHHE M Henpe-
02 02
PHIBHOCTb CMEINAHHHIX NPOH3BOAHBIX BTOPOro NOpPAAKa cfg?q‘ " %%E Cp.

€HOCKY Ha cTp. 279,
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HOas sroro pasoObem oOaacTe (A) ¢ NOMOILBIO HEKOTOPOH CETKH
KYCOYHO-TIafIKUX KpuBbIX Ha vuacta (4;)) (=1, 2, ..., n);, Torma
obnacte (D) coOTBETCTBYyIOIUMH (TOXE KYCOYHO-TVIAAKMMH) KDUBBIMU
pasobwerca Ha uacrtd (D;) (puc. 43, a, 6). B kawmoht wactu (D))

¥ 7
/ (4;) }

/4] ]

BHOEpeM MNPOHM3BOJABHO 1O TOUKE (x5 ;) Haxkomen, COCTaBAM
HHTErPaJbHYl0 CymMy Has uHrerpana (13):

o= iglf(xi, Yo Dy

KOTOpas MMEET 5TOT MHTErpal CBOMM NpENeNOM IpH CTPEMJCHHH Hau-
GoJbmero u3 AuaMerpos obaactedt (D;) K Hymo,

IMpumenun k kaxao# uvactu (D;) dopmyay (11) [n°354], Gyaem
HMETD

D;=|JG» 1)|-As

rae (5, m;) ecTb HEKOTOpas omnpeleneHHas Touka obaactu (A;). 3ame-
HAl B CyMMe o Kaxaoe D); 5TUM BHpameHHEM, NOJTy4uM

°=§f(xx: Y Go )| A

B 10 Bpems kak Touka (§, ;) HAeTC TEOPEMOR O CpelHEM U B ee
BHIOOpE MBI HE BOJbHH, TOuKka (x; y;) Oeperca B obaactu (D;) coBep-
WEeHHO NPOU3BOJLHO. IMoab3ysich 5TUM TPOUSBOOM, MOJIONKM

xi=xC ) yi=yGE m)

T. €. BoibepeM B KauecTse TOuKH (X; ;) Ty TOuky obaactn (D)), xo-
Topast orseuaer Touke (§, %) oOmacte (A;). Toraa cymma ¢ mpu-
MET BuX

o= 270G Wy G WG WA
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B 3TOM BHAAE OHA, OYECBUIHO, SBJAACTCA umerpanbnoﬁ cymMmon  aaa
NHTErpana

(§ree n ye mive oidan )

(4)

CylueCcTBOBaHNE 3TOrO HHTErpaja BHITEKAET W3 TOrO, YTO MOAUHTErPalb-
pas (yHKIAS HempephBHa,

Ecan 3actaBute TENEph AMaMeTpH Bcex obaacrelt (A;) cTpeMHTbCS
K Hyamo, TO 10 HenpepuBHOCTH ¢ynxkuu#t (1) u amamerpw Bcex obJa-
creft (D;) takxe Oymyr crpemutbcs K Hymo. Torma cymma o JOMxHA
CTPEMUTBCA Kak K HuTerpaiy (13), Tax u k uurerpany (14), n6o and
000HX OJIHOBPEMEHHO CJYXKHT HHTerpaisHo# cymmol. Takum oGpasom,

SSf(x, y)dxdy—_—SSf(x(E, W, yE MIJE B|dedn  (15)

(D) (4)

dta dopMysa m pemaeT MNOCTABJCHHYIO 334aiy — O 3aMeHe Iepe-
MEeHHHX B jBoiHOM unrerpane. Popmyna (10), oueBnaHo, ABJAETCA €e
YacTHHIM CAyyaeM M noJayuaercd oTcioga mpm f(x, y)=1.

Hrak, 042 mozo, wmoOn ocyuecmsume 3amerny nepeMennox 8 060ii-
Hox unmezpanre (13), HyoCHO He moasKo nodcmasume 8 gyuxyuno f
smecmo x w y ux ewupascenus (1), HO u 3aMeHums 3MeMeRmL NAO-
wadn dxdy ez20 8uipascenuesm 8 KPUBOAUHENHbX KOOpOUHAMAX.

C nomomipio CooGpaxeHull, aHaJIOrHYHHIX NpuUBeHEHHHM B 1° 354,
4° u 3jgecp Jerko ycraHoBuTh, 4TO (hopmysa (15) coxpanser cnpasen-
JUBOCTb B pAAE CAydaeB, KOrJa YCJAOBHs, HaJOXEHHbE Ha npeobpasc-
Banue (1), HapymaroTcsi B OTAEJBHHX TOUKAX MMM BAOAb OTACJbHHX
JIMHAK,

357. AHaJOrHd ¢ DPOCTHIM HHTerpaiom. Huterpan no opHeHTHPOBAHHOM
oSaactu. PopMyna 3aMeHs NEPEMEHHHIX B JBOHHOM HHTerpaje BeCbMa CXOJHA
¢ GopMynoit 3aMeHb NEpEMEHHONH B MPOCTOM ONpPELeNeHHOM HHTErpaie:

b g
Sf(x) dx = S Fx @) % @) & (16)

Onnako B dopmyre (16) orcyTerByer 3HaK aGCONIOTHOH BENHYHHB, YTO YXe
HECKOJbKO HapyllaeT aHANOTHIO. JTO pacxoxienue oObaAcHAercs mpocrto. Ilpo-
CTO ompelieeHHbli HMHTErpan Geperca M0 OPHEHTHMPOBAHHOMY mpo-
MexyTky [n° 180]: Beas a MoxerT GbiTh M MeHbile M Gonblle b, PaBHO Kak
M a MOXeT ObiTb M MeHbwie M Goxbuie 8. B 1o 3e Bpema nBofiHoil MHTErpan
Mbl IO CMX NOp PacCMAaTpHBAIM JHIIL MO HEOPHEHTHUPOBAHHOMN 06-
TacTH

Mo3kHO, OIHAaKO, H B ciyyae JBOHHOTO HMHTErpana mepedTH K paccCMOTpPeBHIO
opueHTupoBaHHLX o6aacteit. OpHenranus 06JacTH CO3JAETCA TEM, YTO €€ KOH-
TYpY 0OpHAaeTcA ONpefeleHHOEe HaHpaBJcHHE O6GX0ia — NONOXUTENbHOS HIH
orpuuartenbHoe [n°332]; oxmHoBpeMeHHO Takoe XK€ HampaBleHHe o6xona NpH-
IacTCA M BCEM 3aMKHYTHIM NPOCTHM KpPHBHM B npenenax o6aactu. Ecam Bbi-
GupaeTca NOAOXHTENbHO® HanpaBieHHe 00Xola, TO rosopAT, uTo o6jacTb
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MOJ0¥UTENLHO OPHEHTUPOBAHA, B IPOTHBHOM e CIyYae — UTO OHA OTPUHATEAbHO
OPHEeHTHPOBaHA.

EcrectBeHHO YCNOBHTBCA JJA ODMEHTHPOBAaHHOH obnacty (D) B KayecTse
niaowans G6parb ee OOGHIKHOBEHHYIO INIOI{afb €O 3HAKOM ILIIOC, €CIn 06aacTs
OpHEHTHPOBaHA MOJOXUTENbHO, U CO 3HAKOM MHHYC-— B NPOTHBHOM cayuae. [lpu
pasnoxenun obnactu (D) Ha vyactu (D;) TH yacTH, KaK yKasbiBalI0oCb, OPUEHTH-
py!oTCa COriacHO C opHeHTauuedl BCel 061acTH; COOTBETCTBERHHIM oOfGpasoMm
CHAaGXAIOTCA 3HAKAMH M WX TLIOWafH.

Teneps, it opueHTHpoOBaHHOH obGractn (D) MoxHo no o6pasuy
n° 338 nocTpouTh NOHATHE NBOHHOIO MHTErpana

{(rennaxa,

D)

OpuYyeM 3TOT UHTErpan CoBHajaeT € ONpeNeNeHHBIM paHbHIe, ecad 06JACTh
HMeeT NONOXUTEeAbHYIO ODHEHTAaiuio, M OTAMYAeTCA OT HEro 3HaKOM B ciyuae
OTPHLIATEIbHOH OpHEHTaLuH.

d1a HOBas TOYKA 3peHWA Ha JIBOHHON HHTerpan NO3BOJAsET Npexne BCero
dopmyny (10) n° 353, BhpaxawomWyw IJOmMaxb B KPUBOIMHEMHBIX KOOPAMHATAX,
nepenucath 6e3 3HaKa aGCOMIOTHON BeXHUMHBI NPH (PYHKUMOHAALHOM ONpene-

JuTene: b
— (x, ¥) . SS

D=2 e an

”D(&, P JE ) de dn
@) @)

ecaIu TOonbKO opueHranmnpow obracret (D)u (A) npoH3BOAUTH
corxacoBaHHO, JTO NPAMO cieXyer U3 3aMeuaHns n° 354, 1°

[Ipu rom sxe ycaosum dopmyay (11) n°354 moxHo Hammcarhb Taxkie Gea
3HaKa aGCOMOTHOH BenMYMHEL

D=J(—E;7I—)'Av

H B Tako#i (opMe OHa CIYXHUT eCTeCTBEHHHM ofobmennem ¢Gopmyant Jlarpanxa.
Hakonen, Tenepb u o6uiaa ¢opmyna (15) moxer O6biTh HammcaHa 1A ¢ 0=
FrTacoBaHHO OPHEeHTHPOBaHHHNX o6aacteidl (D) u (A) B BuAE

H Flx, y)dxdy = SSf(x G yEMIE 1) ddn.
(D) (4)
Taxkum 06pa3oM, CTOHIO AULIb NOCTAaBHTH NPOCTHIE M ABOHHBIE MHTErPaisl B O I -
HaKOBB € YCAOBHSA, uToObl aHasOrMa cTana MOJHOM!

Bnpoqu, B nanbﬂeﬂmeM HU3J0XKEHHHU MBI BCe€ XK BepHeMCﬂ K 0651'{H0ﬂ
TOuKe 3peHus M OyleM pacCMATpHBaTh JBOMHbIE MHTErpPaibl, PACHPOCTPAHEHHHIE

Ha HEOPHEHTHPOBAaHHHIE 06/]aCTH.
358, Mpumepsl, 1) BoiuucauM naomans Gurypsl, OrPaHUYEHHOR AEMHUCKA-

moti (puc. 44): (5% 1) =20t (52— 39)

Hannuue nByumena x?---y® HaTaikHBaeT Ha MbICAb NEPEATH K NOMAPHBIM
KOOpAUHATAM, IojJaras
x==rcosb, y=rsinb,

M BbHIYKMCAATD HCKOMYIO ILTOaAb 1O (popMyne

D= ggrdr do. 17)
)



358) § 5. BAMEHA TEPEMEHHBIX B IBOMHHX MHTETPAJIAX 289

Tak xak Hama KpHBaAg CHMMETDHYHA OTHOCHTENLHO KOODUHHATHBHIX OCei
(310 aerko ycmoTpeTh u3 ypaBHEHHA KpHBOH, u60 OHO He MeHAET BUAA NpHU
3aMeHe X Ha ——X MIM Y Ha —Y), TO JIOCTATOYHO ONpejeNuTh INIOWANb
vact (D) durypsi, comepmaielica B NePBOM KOODAMHATHOM yIie, a 3aTeM
yYeTBepHUTh ee.

IMoanpHpM ypaBHEHHEM A€MHUCKATH CIYXUT

r*=2a* cos 26,
fpuyeM (eCA¥ OrpaHMYMTbLCA NEPBLIM KOOPIMHATHHIM YIMOM) § HAaNAEKUT H3Me-

T
HATbL Juwb oT 0 go 7 BBUAY TOrO, ¥TO COS 20 nomxeH GbITh NOJOXKHTENbHbIM.

Puc. 44.

Taknm o6pasom, o6aacts (A) Ha maockoctn rf, orsevaiowas (D), orpanuuena
KpUBOIO

r=a}/ 2cos 28
(o6pa3 neMHHCKAaTH), OTPE3KOM ocH r (KOTOpm# OTBeyaeT OTPE3Ky OCH X) H
ki
orpe3xoM ocu b, or 6=0 no O=T (o6pa3 ozHOH m¥MIb HAYAAbHOM TOYKM ——
C HapyMEHHEM B32HMHOH ONHO3HAYHOCTH COOTBETCTBHA ¥)).
MeeM
x I X
4 aVZcos20 1
a!
D=§dﬂ S rdr=a’S cos 20 df = 5
0 0

TaK 4YTO BCA MCKOMas niomans ecrs 2a

2) Ykaxem Temepb AIpyroff HOAXOX K BHGOPY CHCTEM! KPHBOAWHEHHHIX
KOOpPIMHAT, KOTOPHIH YaCTO OKa3blBAETCA MONE3HHM IPH ONPENeICHHN MAOLLANH
KPUBOMMHENHOr0 YeTHpexyronbHuka. Ecan o6e mapsl KpHBbLIX, NpPEACTaBIAOUINX
HPOTHBONOIOKHEE CTOPOHbl 9TOI0 YeTHPEXyrodbHHK2, BXONAT B COCTAaB — KaX-
asg — CBOEro CEMEHCTBA KDHBLX, 3aMOJHAIOMUX IIOCKOCTh M 3aBHCAUMX OT

*) CM. Mo STOMy moBOJy 3ameuanme 4° B n° 354.
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ONHOro napaMeTpa, TO MMEHHO STH jBa ceMeHdCTBa €CTECTBEHHO TIPHHATH 33
CeTKy KOODAMHATHLIX NHHHH. VX mapaMerpw oObIYHO M NaiOT yAO06HYIO Ins naR-

HOrO CAyYas CUCTeMY KpHBOAUHeH-
v HBIX KOODJAMHAT,

Pa3bACHAM STOT NMpPHEM Ha NpH-
Mmepe. TlycTb TpeGyercs HaliTu mio-
manb QUryphl, orpasMyeHHol napa-
Goxamu

MV=px, P =qx, x?=ay, x* = by,
rae 0 <p <qu0<<a<<b(puc. 45).
3nech yno6HO paccMOTpeTh ABa
ceMeficTBa Nnapa6ont:
Y= p<i<yq

xg=7ly (aénéb)’

Vi > KaKIOe U3 KOTOPHX 3aNOJHAeT Ha-
wmy urypy, H H3 HUX COCTaBUTh

Puc. 45. CeTKy KOOPUYHAaTHHX AuHuA. ITO

PaBHOCHAbHO TOMY, YTO NapaMeTpsl

ux € U n MH NPUHAMaEM 32 KPUBOJMHeHHble KOOpAMHArbl. Bce 3TO yxe Ham

i
3HaKOMO N0 n° 352, 2); U3 HaNUCAHHBIX YPaBHEHUH HMEEM: x_.—.)/&q’ 0 oy=
3
=7V £, TaK Y0 QYHKIHOHANLHBIY ONpeNeIUTElD
1

J=—.

3

u

Orciona cpasy noxyyaem ]
D=5@—p @®—a.

8) Haiitu o6bem V Tena, BHIDE3aHHOrO HUAMHAPOM x? - y?— Rx u3 chepu
x4y 22 << R® (puc. 46) (9TO Teno wuHOrJA Ha3HIBAETCA <TeaoM B m-
BHaHH» — N0 UMEHH HTalbsiHCKOrO Marema-
tuka XVII Bexa, KoTopbiHl BHepBHe UM 3aHH-
TepecoBanca).

Hmeem [no dopmyne (2) n° 336):

V=4 SS VR’—x”—-—y’dxdy,
P)
rie P ecTb NOAYKpyr B TEPBOM KBanpaHTe
TUIOCKOCTH XY, OTPaHHYEHHBIH JIHHHAMHA X =0
n x®+yi=Rx.

HenocpencreenHoe BHIYHCTEHHE 9TOrO
VHTerpaza NpeNCTaBAACTCA IPOMO3IKHMM; HO
OHO 3HaYUTEAbHO YNPOIAETCA NPU Iepexole Puc. 46.

K NONAPHHM KOODAHHATAM.
TMonsapHoe ypasHeHue KoHTYpa (P), T.e. MOIyOKPYXHOCTH, 6yaeT r==Rcos D

T
npu usMmenenun 8 or 0 no 5 Takum o6pasom,

T

7
— 4 . 4 2
V=4§d6 15 VR’——r*-rdr.—-_—gRatS (1 — sin*6) db = gRa(_;‘._?),
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4) IlonapHbie KOOPHMHATH YaCTO GHIBAOT MOJE3HH NPH YCTAHOBJECHHH CY-
I1eCTBOBaHUA <HECOOCTBEHHBIX» NBOMHHIX wuTerpanos [n° 344, 4) u 3ameuanuel.
Jlns npuMepa yCTaHOBHM YCNOBHA CYINECTBOBaHMA WHTerpanos (m > O)

a) S z}% (ocofas TOYKa — B Havaie);

x4yl

dxd
6) SS __exay (ocobas IHHUA — €MUHAYHAA OKDYMHOCTH BO-

—_— X2y
X2 +_vssl(l x—y%) Kpyr Havana);

(e + %)

dxd
B) S S ——-—;,L”-‘ (npoctvpapuiancs B GeCKOHEYHOCTb O6NACTH).
.
X2+ y2=1

Wmeem, B cayyae (a),

1
dx dy ___2“5' dr

x& m r2m‘-l ’
o<ensx2+yesx( +5% )
1
yto npu e—0 CTPeMHTCA K KOHEWHOMY npefeay 2wn rﬂmtl , JHmb ecay
2m—1<<1, 1. e. npu m<<1. B cayuyae (6):
. 1-s d 1
x dy rdr rdr
T=wyE = | oS = | s
x2+yﬁs(l —e)? 0
(nput & — 0),
ecmd m << 1. Haxonen, nas usrerpasa ()
dxd € 4 C d
x dy r r
S gxdy om0 (SO
2 2\m 2m—1 2m~1
l=xt+y2=< R? @+ 1 ’ r
(nmpu R — o0),

ecm 2m—1>1L . eem>1

359, Hcropnueckne sameuanus. [IBoiiHre WHTerpansl BrepBhie GLIM BBE-
nenbt Dftiepom — B pabore, nonoxenHoit Ilerep6yprckoit akagemum B 1769 r.
CHayana OH pacCMaTpHBaeT CBOEro POja HeONpeLeNeHH B i ABOHHON WuTe-
rpan SS Zdx dy Kak Takylo QyHKUHIO OT X W ¥, KOTOpas OPHBOAUT K BHIpaxe-
HHIO Zdx dy, ecin ee mociaenoBaTenbHO npoauddepeHunpoBaTh NO STHM Hepe-
MeHHBIM B TOM MAHM JApyrom nopszxe. Takum o6pa3oM, STOT IZBOHHON MHTerpau
OTOXIECTBIACTCA C OGOMMH NOBTODHBIMH MHTErpajaMu

deSZdy n deSde,

1 ofmee ero BLIPANEHHE CONEPHHUT B BHIE CHATaeMHX KaK IPOH3IBOMLHY O
(YHKUKIO TOALKO OT X, TaK K NPOM3BOALHYI0 QYHKUMIO TOZBKO OT y.
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3areM, B cBs3M C 3aiavyeil O BuiyMCHeHUM OObEMAa M TOBEPXHOCTH Tena,
Ditnep BBOAMT onpeneneHHH A NBOMHON MHTErpaN, TPAKTYA €ro OJHOBpe-
MCHHO M KaK CYMMY CBOMX 37€MEHTOB, H KaK IIOBTOPHBHIH HHTErpal-— TOro uau

npyroro Thna. Ecay mepBmM BhIYHCHAAETCH, CKaxeM, SZdy (npu NOCTOAHHOM X),

TO OH PAaCHpOCTPAHACTCA Ha BCe 3HAYEHHA y MEXIY NpeleraMy, KOTOPhie 33BH-
car, BooGule TOBOPA, OT X. B peaymbrate mnoayuaercs QYHKUHA OT ONHOTO X
(a He OT X W y, KaK B clyyae HEONPENENEHHOr0 MHTErpPana), KOTOPas M WHTe-
IPUpYeTCA yXe Mex ]y NOCTOAHHBIME NpejenaMu ¥). Bce npepensl onpefensorcs
U3 PacCMOTPEHHA CaMOTO <«OCHOBaHHA» (Tak Jinep Ha3biBaeT 0GNaCTh HUH-
TErpHpOBaHHUA OHA M B CaMOM Ielde OGLIYHO CAYHUT Y HEr0 OCHOB a-
HUeM Iis TOro Tena, 06beM HAH NOBEPXHOCTh KOTOPOrO HMUIETCH).

B ynomauyTo#l Beille paGorTe Ditnep 3aHHMaeTCa M BONPOCOM O 3aMeHe
nepeMeHHHX X, ¥y NOX 3HAKOM JBOHHOIO WHTErpana HOBHIMH Il€peMeH-
HeiMA £, u. [Ipn 3TOM Npepmoxaraercs, 4TO X, ¥ ABAAIOTCA (YHKUUAAMH OT £, u,

npuueM
dx=Rdt+Sdn, dy=Tdt-} Vda, (18)

tak yro R, S, T, V 03HayaloT cOOTBETCTBEHHbIE YA CTHH E NMPOHU3BOLHM €.
Ilpenenbl, Mexny KOTODHIMM M3MEHAIOTCA HOBble IHEDEMEHHble, ONpeReiIsnTCA
npexHUM <OocHOBaHMeM». [locne MOACTAHOBKM B MNOXMHTErpalbHYIO (YHKUMIO,
BMECTO X M ¥, HX BHDaXEHHH Yyepe3 f M U OCTAaeTCA OTKPBHITBIM JHIIbL BONPOC:
YeMm 3aMeHums Inemenm naowadu dx dy?

Diinep cpasy e OTBepraeT MhbICIb O TOM, YTOGbl IONPOCTY NOACTABMTH
BMecTo dx u dy wx BuipaxeHus (18). OH cnmpasemamBo 3aMevaer paiee, yToO
BOOGMLIE <HEM HUKAKO020 PA3YMHOZO OCHOBAHUS, novemy Ob. 8bipadicenue, 880~
ousoe 8 8viyucenue smecmo dx dy, JOANCHO Oblinb eMy pABHO»: BAXHO THHIb,
uTo6bl COBMAJaN¥ OKOHYATeNbHB € pe3yIbTaThl HHTerpmpoBaHmil. Bmecre
C TeM STO BbipaxeHHe NOMKHO COZepXaTh MHOXHUTeneM dtdu, T. €. UMeTb BHJ
Zdt du, nns TOoro yroGH HHTErpax IO HOBLIM TNEPEMEHHHIM MOXHO OHIIO TaKke
TPaKTOBaTb KakK NOBTOPHHIH.

Jlas pasbickauus MHoxutens Z Jinep npuberaer K MocAeNOBaTe b=
HOM Y BBEIEHHIO HOBHIX NMEPEMEHHBIX, TaK YTO IIPH KaXKAOM Iiare emMy HPHXO-
ZMTCA JMIIb 3aMEHATH ONHY NEPEMEHHYIO B I P OCTOM MHTerpaite (BO BHYTpeH-
HeM). B pesynnraTe OH NPUXOMUT K BHIPaXEHHIO

Z=8T —RYV,

B KOTOPOM UHTaTe]b JErKO Y3HaeT @ yHKLUHOHAaNbHB{ onpeneauTeas.
Onnako y Diaepa Bce ke BO3HUKAET <TXKOE COMHEHHE», B CBS3H C TeM, UTO,
NepecTaBUB X M ¥, MOXHO O6bui0 Obl COBEPIIEHHO aHAJNOTHYHO NOAYYHTb U Bhi-

paxeHue
Z=RV-—ST

¢ obpathbiM 3HakoM! OGDbaCHAETCA 3TO TeM, YTO Jiinep 3KeCh HATIE HE BHIIH-
cuiBaeT NpeleloB MHTErpaia H He yleidel BHUMAHWsA HX DaccrTaHoBKe. 3aTpyn-
HeHHe DaspemraeTcs ¢ NMOMOUIbIO COOGDaxeHHs, YTO INAOWANb LOMKHA BCerna
NOXYYaThCsl NOTOMUTENAbHON, a 3HAUWT ¥ Z HafJeXxuT Gparh MOJOKHUTEIbHHM.
Takum 06pa3oM, OKOHUYATEAbHO, BMeCTO dx dy CleLyeT NMOLCTABIATH BHIpaMeHHe

| ST — RV | dt du. (19)

dto BHpaxeHue Dilrep NoAyyaeT ¢ NOMOLIBIO YHCTO GOPMAAbHLHIX ONepa-
¥, OTHIONbL He NPUPABHHBaA ero 3JNEeMEHTy niowmaiad dx dy, HO U BooGuie He
BbiACHAA €O r€OMETPHUECKOro CMbCXIa.

#) B sroit pabore Diiep eule He CTaBHT NpeJelNoB NPH HHTErpanax,
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Heckonpkumu rojaMu mosxe Dfinepa x TOMY e BONPOCY O 3aMeHe mepe-
MeHHbIX, HO yXe B TPOHHOM HHTerpare, ob6parmiacs Jlarpanxk. Ecan nepedpasu-
poBaTh ero coo6paxeHHs Ha cayyalf JIBOMHOro WHTerpana, TO MOXHO CKa3arb,
uro Jlarpamxk neiTaeTca AOKa3aTh, GYNTO sneMeHTApHAA NJAO-
manb dedy NpocTo pasHa Bupaxenuo (19).

Jlume B 1836 r. B coobmennu Ilerep6yprcko#i axajemus, 03araaBaeHHOM
«[Ipeo6pasoBanre NepeMeHHHX B KPATHHIX HHTerpanaxs, OcrTporpaickuil BHecC
B BONPOC NOAHYIO scHOCTh. [lpexpue Bcero —ma mpocroM npumepe npeoGpaso-
BaHHS MEPEMEHHBIX K MOAADHHIM KOODAMHATAM — OH YCTAaHOBUI HENPAaBHIBHOCTS
coobpaxenu#t Jlarpamka. 3aTeM OH Jan OPHMIMHaJbHOE WU3NOXEHHE BONPOCA,
B CyUleCTBEHHOM BOCDpou3BeleHHOE Bhie, B n° 355. Bripawenune (19) moayunao
OTYCTAMBOE IeOMETPUYECKOe HCTOAKOBAHME, KaK IIOMaAb 3AEMEHTapHOro KpH-
BOMMHEHRHOTO YeTHIPEXYrofbHUKA *), IpUueM BNepBbie YOEIUTEAbHO MOTHBHPYeTCH
W HEOGXOIMMOCTD pPacCMAaTPHUBAHUA HMMEHHO aGCOMIOTHOH BEAHUYHUHB
onpefeautTens.

*) Koropasa BoBce He 06a3asa GblThb paBHA MIOLIANH AEMEHTAPHOLO PAMO=
yroabHUKA,



TJIABA ABAILIATH BTOPAS

NJAOMALb NMOBEPXHOCTH. MOBEPXHOCTHBHIE
HHTEIrPAJIBI

§ 1. JBYCTOPOHHHUE NOBEPXHOCTH

360. IlapameTpHueckoe npeincTaBjeHHe NOBepxHOCTH. Mul BepHeMes
X BONpocy 00 aHa/INTHYECKOM NPEACTaBJEHUH MOBEPXHOCTH B NPOCTpPaH-
cree [cp. n°213), ocTaHOBHBMIACH HA — HE3HAaKOMOM ellle YHTATEeMO —
OYeHb BaXHOM THIIE TaKOrO NPEACTABAEHWS, HA3HIBAEMOM HapaMempu-
YecKuM.

B n°212 yxe 6nia peub O NapaMeTpUuECKOM MPEACTABJIECHHH KPHBOH
B mpocrpaucrse [cM. Tam (15)]

x=¢@), y=0F), z=x(), m

TaK YTO HOJOXEHHE TOYKH Ha Hefl ONPENesioch SHAYECHHEM OIHOrO
napaMerpa #, H3MEHSIOErocs B HeKOTopoM npomexyrke. Ilpu onpene-
JIEHUN MOJIOXEHUA TOYKM Ha NOBEDXHOCTH, 3alaHHO! SBHLIM ypaBHEHHEM

craiem, =f(x 3), @

Mbl ¥MEJd JEeN0 yKe C ABYMS HapaMeTpaMH, poJib KOTOPHIX 34E€Ch UTpaiOT
abcomcca x u opiauwHata y. B ofmeM cayyae B KauecTBe NapaMeTpos
TIOSBASIOTCH JIBE MPOMBBOJbHEE NEPEMEHHEIE U U U, U napamempu-
HecKkoe npedcmagieniie NOBEPXHOCIMU OCYIIECTBIAAETCS C MOMOIILIO TPEX
ypasHeHn#

x=¢@® 1), y=9@ v), z=x(@ v)*), ©))

rie dyHKUAAd ¢, §, y ONpeAeNeHH W HENpEepHBHH B HEKOTOpo# o6aa-
¢t (A) Ha «NIOCKOCTH MapaMeTpoOB» UD.

OcHoBHEIM Aas Hac Oyner caydall, KOrAa Kaxaas TOYKAa NOBEpx-
HOCTH TOJAYYaeTcs JIMIIb NpU OAHOH nape 3HaueHuH NapaMeTpos, TaK
YT0 ypaBHeHus (3) yCTaHaBJAUBAWOT B3aUMHO-OLHO3HAay-

*) 3ananue moBepxHOCTeH C MOMOILbIO IBYX NapaMeTpoB, BIEPBLE BBELEHHOE
ltnepoM, oco6eHHO MIHPOKO M NAOKOTBOPHO GblIO MCHOAL3OBaHO B AMddepen-
nuanpHoll reometpun Iayccom,
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HO€ COOTBETCTBHE MEXAY TOYKAaMHM NOBEPXHOCTH H
TOYKaMu nAoCKOH o6Gaactu (A); Takylo nosepxHocTh Oynem
HasWBaTh mpocmoli. Ilpn sroM Mm Oyaem npeanonarate, 4T0 H 00~
nacte (A) M NOBEPXHOCTH OrPaHMYEHH NPOCTHMH BaAMKHYTHMH KOHTY-
pamu; OHu, Heo0X0JUMO, COOTBETCTBYIOT OJMH JApyromy no ¢opmy-
aam (3).

TMapamerpsl u ¥ U HOCAT HA3BAHHE KPUBOAUHEIHHX KOOpIuUHAm
cooTsercTByiomiedl Touku. Ecau B ypaBeenmsx (3) ¢mkcupoBaTb SHaYeHue
oIHOH M3 KPHBOJAMHEHHHX KOOPIMHAT, HanpuMmep, NOJOKUTh U ==, TO,
OuEBU/IHO, MOJYYaTCd YpaBHEHWS HEKOTOPOH Kpusof

X = (F (ul)’ 'v)’ y = ‘P (u()’ 'U), = X (um 1)),

KOTOpas BCEMM TOUKAMH JIEXMT Ha NoBepxHocTd. Mamenas snauenue u,,
noAyynM menoe ceMeHCTBO TaKHX <KPUBHX (4)». AHaloruyso, ¢uk-
capysi 8HaueHHe ©==7U,, NOJYYHM TaKXKE KpUBYIO HA Hamel NOBEPXHOCTH

x=0 v), y=90@ v), 2=y )

U3 TAKHX <KpHBHX (U)» Takxke CocTaBasercd nexoe cemefctso. Bee
NORKOOHBE JIMHAK Ha3HBAIOT KOOPAMHATHHMH JUHHAMH HO-
BepXHOCTH. ECau NOBEpXHOCTh fBJISETCA NPOCTOH, TO 4epes JmoOyio
€e TOUKY NPOXOAMT MO OJHOH KOODJAMHATHOR JIMHAM M3 Kawaoro ce-
melicTBa.

Bce 3TO yKe 3HaKOMO uMTarTeNio, HO Julllb JJs TOTO Cayuas, KOria
nosepxHocTh naockas! [Cm. n°3562.]

IIpeanonoxuM Tenepb, uro (yHKUMH (3) HE TOJLKO HENPEPHIBHH,
HO ¥ uMeloT B o6nacTét (A) HenpepeiBHBHIE YacTHHE NpPOM3BOAHLIE mep-
BOrO NOP#AKA, ¥ PacCMOTPUM (YHKUMOHAMBHYIO MaTpHIY

(“"f b X‘:). @
Po % Lo
Iycts Jnas  SHaveHuil 1apaMeTpoB (g, ), ONPEIGMAOUWHUX TOUKY

M, (X5, Yo, 29) TOBEDXHOCTH, OTAHMYEH OT HyJd XOTb OJMH M3 OINpeje-
autenelt BTOporo nopsfka marpuusi (4), Hanpumep, mycTb

Pu Yu
Po Yo
Torna, nmepenucas nepseie ABa M3 ypasHemult (3) B Bue

£0.

o v)—x=0, ¢ v)—y=0,

Ha ocHoBaHuu Teopemsl 3 n°317, MoxeM yTBEpHAdaTh, uYTO 3TOH Cu-
cTeMO#l A BYX YpPaBHeHHH C 4Ye THPbMS MNEPEMEHHBIMH U, 7, X, ¥y
(ecim OrpaHUMYMTHCS 3HAYEHMAMH HX, OJNHSKHMH K HHTEDECYIOIMM Hac:
Uy, Uy Xg Yo) TEPEMEHHbiE W, T ONPENENFOTCA KaK ONHO3HAUHHE
Oyuknuu o1 X, . 4=u(x, y), v==0(X, y), HENpepHBHHE CO CBOUMH
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NPOHM3BOAHKIMA. HakoHell, MOACTaBJAA STH BHPAXKEHUs &, U B TPETbE
U3 ypashenuii (3), NpuAEM K NpPEACTAaBJAEHHUI0 YAaCTH MOBEP X~
HOCTH, OKPyXawmehh TOYKY My, IBHHM YypDaBHEHHEM

2=y @ ), ol YN=rx 9
Tuna (2), npuyeM QyHKIAS f Takxke HENMpPEepbIBHA H UMEET HENPEPHIBHHE
NpPOM3BOAHKE.

Jlumb TorAa, Koraa BCe TPH onpefenuTeas Marpuus (4) oxHospe-
meHHO oOpamatorcs B 0 (cooTBercryioulas Touka M, MNOBEPXHOCTH
B STOM CJydYae Has3biBaeTcs 0CO0OGOH), Takoe MNPEICTABJIECHHE MOXKET
OKa3aTbCs HENOCTHXHMBIM.

BosbmeM Ha mpocTol nosepxHocTH (3) Kakyo-hnbyap He ocobyw
Touky M(x, y, 2). Torza, KaKk Mbl TOJbKO UTO BHIENU, B HEKOTOPOH
€e OKDEeCTHOCTH TOBEPXHOCTb NPEACTABMMA SBHBHIM YDaBHEHHWEM TOrO
WM Ipyroro suia M, cremosarenbHo [n°212}, B Touke M wuMmeer K a-
CaTeJabHYI NJAOCKOCTb. YDaBHeHHe MOCJaenHeH MOxeT ObTbh Hamu-

CaHo B BUIE
AX—=x)4+B(Y—y)+C(Z—2)=0%), ®)
rae kosthduuuente A, B, C eume noAsexar onpeieneHuo.

Ecan B ypaBHEHHSX MOBEPXHOCTH 3aKPENUTb 33 T 3HAYEHWE, OTBe-
yaioulee BHIOpaHHOH Touke M, TO NOJYyYaTcs ypaBHEHHMst <KPUBOH (v)»,
npoxofsuielt uepes 3Ty Touky. Kacatenbnas K 3ToH Kpuso# B Touxke M
BHIpasuTcs ypasHeHusmu [n° 212, (16)]

X—x_Y—y Z—z
A A
Ananornyso, GUKCHPYS 4, TIOAYYHM APYTryI0 KOOPIHHATHYIO JIMHMIO, NIPOXO-
Jsuyio uyepes Touky M («kpusywo (1)») ¥ uMeIOUy0 B Hell KacaTeabHyio
X—x_Y—y Z—z
S

Tak kxak o0e 3TH KacaTeJbHHle JOJDKHH JeXaTh B Iiockoctn (5),

TO BHINOJHSAIOTCS YCJIOBUS:

Axy—+ By, C2y, =0,
Axy~Byy -+ C2y=0.

B Taxom cayuae Kostdunmentn A, B, C poaxne OHTb mponopuuc-
HaJibHB ONPEACAUTENAM MaTpPUILh

(x; Y zé.) **)

X9 Yo 29

(4a)

*) Kak o6wiyno, uepes X, ¥, Z o6o3nayeHs TeKyu(ne KOOPAMHATH, B OTIH-
ype OT KOOPAMHAT X, ¥, Z QUKCUPOBAHHOH TOYKM HA NOBEPXHOCTH.

**) Dra marpuua aviub 0603HAUEHHAMHA OTAMYaeTcs or Marpuub (4). Hanom-
HHMM, YTO B PacCMaTpPHUBAaeMOfi TOUKe ONpeleNUTENN ee — He BCE HYIH.
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OGBIKHOBEHHO MX MOJArailoT NMPOCTO PaBHBIMA BSTAM OIPEAENTENSIM, TaK
yTO BHpEIb MBI BCerka OyJAEeM CUMTaTh

’ zl z! xr xr 1
A= 2, g T ®)
Vo 2o 2y Xy Xy Yo
OTMeTuM ellle, YTO HANpPaBAAIOLIKE KOCHHYCHl HOpMaian OyayT
A B
S A ——ee e oS p— ———————— |
iVA’—}—B”—}—C” B :L-VA"’-}-BQ-&—Cz (7)
COS v=— ———~C———‘_.___—__‘— .
+VALTBE+C

Mpl OrpaHHyHBalUCh N0 CHX MNOP pacCMOTPEHAEM MPOCTH X NO-
pepxHocTed. B obmem cayuae Mpl OygeM MpeanoJararb Kak IOBepX-
HOCTHM, OrpaHAYeHHHE KOHTYpaMH, TaK M 3aMKHYTBE IIOBEPXHOCTH CO-
CTaBJEHHBIMM ¥3 KOHEUYHOT O UYHCJAAa NPOCTBIX KYCKOB, NP HMBIK al0-
IMUX OAHMH K ApPyromy, Ho He nepecexkaromuxca Ecm
TaKYI0 IIOBEPXHOCTb «OOIIEro BUAa» M YHaeTcs NPEACTaBUTh NapaMeTpH-
YeCKAMH ypaBHeHusMM (3), TO — 3aBeIOMO C HapylleHHEM B3auMHOM
OHO3HAYHOCTH COOTBETCTBHS MEXAYy ee TOuYKaMHM U TOuUKaMM MJIOCKOH
oGaacru (A).

MprumeprH. 1) Paccmorpum cdepy pamuyca R ¢ LEHTPOM B Hayale
(puc. 47): x2+4y* 4 22=R* Xenam noayunth ee oObIYHOE IapaMeTpHYECKOE
npejcTaBaeHue, NPOBENEM «3KBaTO-
pHaabHoe» ceyenne AKA', a yepes
«nomockl» P, P’ ¥ paccMartpUBaemMyio
Toyky M — <Mepunuan» PMKP'.
TMonoxenue Touku M Ha cdepe mo-
HeT G6bTh ONpeNeneHO YrIaMH ¢ ==
=X POM u 0=<AOK. Vmeem
2=NM=Rcos¢. 3arem, ON=
== Rsin ¢, a yepe3 ON KOOpRHHATH
x uy (te xe a1 M, uto u ans
pupasarcs  Tak:  x=O0ONcos 6,
y==0Nsin 0. Oxonvareabro, napa-
MempuHeckue ypasuenus cepor no-
Ay4um 6 euode:

x=Rsin¢cos 8, y=Rsin¢sin?i, Puc. 47.
z=Rcos ¢,

npUYeM Yroa ¢ [OCTaToOYHO u3Meparh of 0 o =, a yroax 6 —or 0 no 2=

O[HaKO COOTBETCTBHE MEXIY TOYKAMH cCepHUYecKoH NOBEPXHOCTH U TOYKAMHU
npamoyronbhuka [0, =; 0, 2x] Ha nuaockoctd ¢0 He OymeT B3aHMHO ONHO3HAYHHIM:
He TOAbKO 3HaveHUs 0=0 u 6==2x npHBOJKAT X OJHMM M TEM Xe TOYKaM Mo-
BCpXHOCTH, HO IpH ¢=0(m), KakoBO Obl HH GHIIO 3HayeHue 6 — moayyaercs
OJHa AWIb TOYKA-— momioc P (P').

Jlerko BuleTh, YTO ORHO ceMefiCTBO KOOpHUHATHBIX AMHMEA Ha cdepe cocra-
BUTCA W3 MepHnuMaHoB (d=const), a umpyroe—wus mnapairaelbHHX
Kpyros (p==const).
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2) Moxuo 06061HTh NpeTsRY Ul ApUMep caexyomuM o6pasom. [1ycrs 8 mio-
CKOCTH X2 3a/1aHa KpUBas («06pasyioniasn») CBOMMHU NapaMeTPUYECKIMHU Y PABHEHHAAMH

x=09 (), 2=19 (1) (e u<B),
npuyem ¢ (u) =0. CraHem Bpamarth ee, Kak TBEpAOe TeR0, BOKPYr OCH 2

(puc. 48). Ecan uepes v 0603Hauutbh yrox MOBOPOTA2, TO ypaBHeHHs MOAyuaeMok
z NOBEPXHOCMIL BPAICHUA HAMMIIYTCA B BUAE

x=g¢(u)cosv, y=qu)sino, z=1¢ (u)
(e<Su<<d 0<<o<<2n).

Ecin B maockocTd Xz B3aTb NOXYOK-
PYXHOCTb

x=Rsinu, z=Rcosu
O<<u<n)

¥ BpaulaTh €e BOKPYr OCH 2, TO Napa-
MeTpUYecKoe NpeicTaBneHue obpasyeMoft
TaKUM NyTeM cepol Mu noayyuM (¢ Toy-
HOCTBI0 10 0603HayeHNi) B MpexHeM BHIE.

KoopinHaTHeIMH JMHMAMM U 3J1echb
Cay#aT pa3iMuHbie IIONOXKEeHHA o6pasyio-
el (MepuanaHbl) U NapajieibHbie KPYru.

361. Cropona moBepxHOCTH. Yc-

TAHOBMM BaXHOE /s jajpHeliiero

g M3JI0XEHNS TOHATHE CTOPOHH MOBEPX-~

Puc. 48. HOocTH. B psge ciayyaeB 3TO moOHsTHE

MHTYUTHBHO siCHO. EcAM NOBEpXHOCTb

3ajaercs fBHHIM YypaBHeHHWeM Buia 2z=—j(x, ¥), MOXHO TOBOPUTL O

BEpXHEeH CTODOHE WIH O HUXHeH CTopoHe moBepxHocTd *). Ecau

NOBEPXHOCTb OrPAHMYMBAET HEKOTODOE TEIO, TO TaKKe JETrKO HPEACTa-

BuTh ceOe €e NBe CTOPOHB —BHYTPEHH 00, OGpalieHHYI0 K Tely, H
BHEI HIO, OOPAlIEHHYI0 K OKPYXAIOWEMY Tel0 NPOCTPaHCTRY.

Vicxoma w3 3T0r0 MHTYHTHBHOIO NDENCTABJEHHS, IIOCTAPAEMCHA Te-
nepb faTh TOYHOE ONpefefeHHe NMOHATHS CTOPOHB MOBEPXHOCTH,

Paccmotpum mnosepxHOCTb (S), 8aMKHYTYI0 WIM HET, W NPEANoJo-
XHM, YTO B KaXNOH TOYKE IMOBEPXHOCTH WMEeTCsl OnpeneNeHHas Kaca-
TeAbHast MJIOCKOCTb, TNOJIONKEHAE KOTOPO# HENMpPEPHBHO H3MEHAETCH
BMECTE C TOYKOH -KacaHus.

Bsss Ha nosepxHOCTH oOnpeneNeHHy0 TOYKY M, mnpoBeneM B Heil
HOpMaJib, KOTOPOH NpHIMLIEM ONPEAENEHHOE HalpaBleHHe — ORHO U3
ABYX BOSMOXHHIX (OHM OT/HYAIOTCH OJZHO OT JPYroro 8HAKaMW ‘Hampa-
BISIOMIMX KocuHycoB). IIpoBeneM NO NMOBEPXHOCTH SaAMKHYTH# KOHTYD,
ucxonsmuéh u3 M, u Bosspamalomuiica B M, TUpHYEM NPELTION0KHM,
YT0 OH HEe MNEepeCeKaeT TrPaHHUB TOBEPXHOCTH (€c1M TaKoBas
umeercd). 3acraBuM TOUKY M OGOHTH BTOT KOHTYp ¥ B KaKIOM U3 MO-
C/EJOBATEJIbHEIX €€ I0J0KeHH#H OyaeM MPHIMCHBAaTh HOPMATU TO U3 ABYX

*) Mui yacTo Gynem noab3oBaThCa NOJOGHHIM BhipakenueM (MOKpPa3yMeBas
NpH 9TOM, YTO CaMa OCb 2 HampaBJeHa BEPTHKAJbHO BB e P X).
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HANpaB/ieHNHt, B KOTOPOE HENPEPHBHO MNEPEXOAUT HANPABIEHHE, BH-
OpaHHOE HaMH B HAYANbHOM MOJNOXKEHHH M, TIpu 3TOM MOXET CAYUHTbCS
0NHO u3 JBYX: AMGO mocae 06X0a KOHTYypa MH BepHeMcs B TOYKY M,
C TEM X€ HanpaBJeHHEM HOpMaid, JuG0 e — C HanpaBJeHUEM, NPOTH-
BOMOJIOXHEIM HCXOIHOMY.

Ecmu mas xako#-1u60 TOuKH M, B Kakoro-mu6o NpOXOAALIEr0 uepe3
Hee KOHTYpa MyAM, umeer MecTo moclenHee 0BCTOATENALCTBO, TO M AJA
no6oit npyro#t ToukM M; J€rKO NOCTPOHTH 3aMKHYTBI/l KOHTYp, KOTO-
puill, BuXONs u3 M; W BOSBpamaschb B Hee ke, NPUBEAET HAC B 3Ty
TOYKY € HAlPaBJCHUEM HOPMaJH, TPOTHBOMOJONKHBIM HCXOIZHOMY. Taxmm,
Hanpumep, Oyner KOHTYp MyMyAMM;, ecna non MM, pasymerp Ka-
Ky10-HuOynb NpPOXOASIIYI® 1O
NOBEPXHOCTH KPHBYIO, coenunsio- :5
myio M; ¢ M;, Ho He nepece- ¥
Kalollylo FpaHuIBl MOBEPXHOCTH, /-— N
a mox Moyl/l,—Ty He KPHBYIO % ’

B -00paTHOM HampaBJeHUH, ‘9 \J

B stomM cayyae moBepxHOCTD VA

Ha3HBAIOT 00HOCMopoHHeil. Knac- Puc. 49,

CHYECKHM IIPUMEDPOM TaKoH 1o-

BEPXHOCTH SBJAETCS TaK HasplBaeMbll nucT Meb6uwyca (puc. 49). Mo-
Aeb €€ MOJKHO MOJYYUTH, €CJH MPAMOYroMbHbii Kycok Oymaru A BCD, nepe-
KDYTUB OIMH pas, CKIEHTh TaK, uToOn Touka A cosnana ¢ C, a B ¢ D. Ecan
TNIOJIyYEHHOE NEPEKPYUYEHHOE KOJIBILO HauaTh KPacuTh B KakoH-1u6o UBET, To
MOXHO, He MEepeXOAs Yepe3 €ro rpPaHuLbl, NOKPAacHTh BCE KOJABHO STHM
usetoM. M BHpeAb NOAOGHBIE NMOBEPXHOCTH MCKJIOUAM H3 PACCMOTPEHHS.

Ipeanonoxum Temeps, yTo xakoBa 6m HHU Guaa Touka M, u
KakoB OW HU OB/ 3aMKHYTHIH -KOHTYD, npoXoAswui uepes M, u He
nepecexkaiomuil rpaHALE NOBEPXHOCTH, MOcCae 00X04a €ro Mbl HEHSMEHHO
BO3BpAllaeMCi B UCXOMHYI0 TOuKY M, C HCXORHBIM K€ HanpaBJeHHEM
HopMmaau. IIpu STEX YC/IOBHSX TOBEDXHOCTb HA3HIBAETCS 08YCHOPOHHEIH.

Ilycte xe §S— ABYCTODOHHSIS NOBEPXHOCTb. Bo3pMeM Ha Heit Jo-
Oyl Touky M, u HOpMalM B 3TOM TOUKE HPHUIHMIIEM ONpeNeieHHOe
Hanpasaenve. BagB Kakywo-mu6o Apyryio Touky M, NOBEPXHOCTH, COeH-
HuM M, u M, npoussonpHeM nytem (K), JexauluM Ha TOBEPXHOCTH M
HE TepeceKaolUM €€ I'DaHUUH, ¥ 3acTaBuM TOuYKy M mepelita us M,
B M, no sromy nyTtu. Ec/im np: 5TOM HEMpPEPHIBHO U3MEHATb HalpaBie-
HUE HODMaJH, TO TOYKa M npmier B noaoxeHue M; C BhmoaHe omnpe-
AeJIeHHEIM HanpaBjieHueM HOpMaad, HE 3aBUCAILHM OT BHOGOpa
nyrn (K). Heficteuteabno, ecau Osl, Npuxolst B TOUKY M; u3 Toukn M,
no apym pasauuneM nyTtsM (Ky) u (Ky), MH noayyaam B Touke M; pas-
AWuHBE HaNpaBJeHHs HOPMaH, TO 3aMKHYTHE nyTe M, (Ky) M, (K3)M, *)

*) Mon (K3 !) Mbl pasymeeM KpHBYK (K,), HO ONHCaHHYI0 B O6GpaTHOM Ha-
npasaenuu — or M, k M,
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npuBoAusI 66 B TOUKY M, C HanmpaB/€HHeM HOPMajiH, OTJAHYHBIM OT HCXOH~
HOTO, YTO MPOTHBOPEYHIO Obl ONpEeleNeHUI0 NBYCTODOHHEH NOBEPXHOCTH.

Takum 00pa3oM, Ha ABYCTOPOHHEH MOBEpXHOCTH BHOOD Hanpas/eHUs
HOpMaau B OJHOM TOUKE ONHO3HAYHO ompelesseT BHOOP HampaBJieHUs
HOpMald BO BCE€X TOUYKAX NOBEpXHOCTU. COBOKYMHOCMb BCeX MOUEK
NOBepXHOCMIL ¢ NPUNUCAHHBLMI HOPMAASM 6 HUX NO YKA3QHHOMY
npasuny HAnpasAeHugMu U HQ3bL8aemcs OnpedeseKHOl ¢ M OPOHOE
nogepxHocmu.

Meumerw. 1) INpocrefimyum n HanGoldee BaXHHM NPHMEPOM JIBYCTOPOHHEH
NOBEPXHOCTH ABAAETCA HOBEDXHOCTb, BbIPaaeMas sIBHbIM YDaBHEHHEM 2 ==
=2z (X, ¥), B IPEANONOXEHNH, YTO (YHKIUA 2 HeNpephiBHA B HEKOTOPOH IIO-
cko#t obaactu (D) u HomycKaeT B Hell HeNpepuiBHHE YACTHbIE NPOM3BOIHbLIE

0z u _ oz
P=5c q——@.

B sToM cnyyae HampaBiasiouie KOCHHYCH HOPMalM K MOBEPXHOCTH HMeiOT
supaxenre [n° 213, (24)]:

—P —q
COS)\—'_*___:, N
2V T+ +¢ = Vi+pr+¢
cos\,—___.l__._.* (8)
=VIitPr+¢

Bui6pas nmepen palukazoM ONpejiefeBHHH 3HAK, Mbl TeM CaMBIM YCTaHABAHMBAEM
BO BCEX TOYKAX IIOBEPXHOCTH ONpejleleHHOE HampaBieHHe Hopmamd. Tak Kak
HaNpaBiAILKE KOCHHYChl, B CHIY CHEAAHHHX [IPeANOJOKeHMH, OYyAyT HEMpepsis-
HbIMH (YHKUMAMH KOODIMHAT TOYKH, TO M YCTaHOBIEHHOE HaMPABAEHHWE HOPMAIH
6y11e'r Tak¥e€ HEeNpPEPhLIBHO 3aBHCETb OT IIOJOXEHHA TOYKH. OTC[Olla ACHO, YTO
85L00p 3naKa neped paoduKarom 6 Popuyrax O0as cosk, cosp, cos v onpedersem
CMOpOHY nNOSEPXKOCMU B TOM HMEHHO CMbICHE, KAKOH Boilie MPUIHCaH
sroug MNOHATHIO.

CIIH BblﬁepCM nepen paavKajgOM  3HaK NJAKC, TO BO BCE€X TOYKax Io-
BEPXHOCTH .

T Vitrte

GyAeT NMONOMUTENbHBIM, T. €. YO, COCTaBIECHHHH C OCbI 2z HOPMANbI, COOT-
BeTCTBYIOMmER BLIOpaHHOM cTOpoHe, 6yAeTr ocTp b M. Takum 06pa3oM, CTOpPOHA
TI0BEPXHOCTH, ONPEAENACMAA YKa3aHHHIM BHIGOPOM 3HAaKa, OKa3bIBAaeTci B e p X-
Hei#t cropoHo#t. Hamporus, BbI6Op 3HaKa MHHYC B BHPAaXEHHAX HANPABAAIOMHKX
KOCHHYCOB HOPManH XapaKTepU3yeT HH X H IO 10 CTOPOHY IIOBEDXHOCTH: HOpMAiu
COCTABJAAT C OCbLI0 Z TYNH € Yrias.

2) PaccmoTpuM Tenepb Gonee OO0 NPOHM3BOJABHYI0O HPOCTY IO NOBEPX-
HOCTh (S), 3aaHHYI0 NapaMeTPUYECKHMH YDaBHEHHAMHU

cos v

x=x(u v), y=yuv), z=z(, v), (3a)

fpuYeM NapaMeTphl U, v H3MEHAITCA B HEKOTOPOiH orpanuyenHoft oGmacty (A)
Ha MIOCKOCTH uv. Mul NpeNnoONOXHM INOBEPXHOCTb 24080KO0l: 9TO O3HAYaer, YTo
tdyHkuny (32a) HenpepnBHH B (A) BMeCT€ CO CBOMMH YaCTHH MU
NPOM3BONHBMHK H YTO HAa NOBEPXHOCTHHET OCOGHX TOYECK,
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Jasa HanmpaBAAOLIAX KOCHHYCOB HOPMaau K IIOBEPXHOCTH Mbl HMeau Qopmy-
au (7). 1 B sTOM cayuae 6u00p 3naKa neped paduKarosx Xapaxmepusyem
cmop ogy nogepxXHOCMmU, TaK YTO MOBEPXHOCTh OKa3bIBAETCA ABY CT O-
pPOHHEe

Henicreutensno, pas 3sak BHOpaH, popMyan (7) KaxkioH TOYKe MOBEPXHOCTH
(Tak Kak eii oTseyaeT O AHa JHIib Napa 3HAUEHHH u, ©!) COMOCTABASIOT OLHO
onpekeneHHOe HAaNpaBIeRHE HOPMAlH, KOTOpOe NPU NepefBHIKEHMM TOYKH H3Me-
HsieTCH HeNpephiBHbIM 006pa3oM.

Tpu BapymeHHH NPEANONOXEHHA O MPOCTOTE NOBEPXHOCTH YKe Helah3s
6e30roBOPOYHO YTBEPXKIATh, YTO OHA ABYCTOPOHHAA. B 3toM cayuae Hafimercs
TOYKa M, NOBEPXHOCTH, KOTOPOH OTBEYAIOT IBe pAa3AMYHHE MNaphl UyUy U U0,
3HaYeHHUMH NapaMeTPOB, i MOXET CIYUYWTHCH, UTO NPH 9THX 3HavyeHHuAx Gpopmyurn (7),
Jaxe ecJ¥ 3HaK Nepel pajuKaaoM BhiOpaH OAMHAKOBO, ONpeNesidloT HPOTHUB O~
1O JOHb e HaNpaBieHus HOpMaan B Toyke M, Ecam sto meficTurenbHo Tak,
TO NMOBEPXHOCTb GYyNeT OXHOCTOPOHHEH.

3aMeuyanue Ecam nosepxHocTs (S) oxasbiBaeTcss 3aMKHYTOM ¥ OrpaHu-
YyHBaeT HeKoTOpoe Tedno, To [n° 360}, x0TA OHAa ¥ MOXET BHIPAXaThCA YPaBHEHH-
AMH (3a), HO Ha 9STOT pa3 NpeNNONOXEHHE O B3aMMHO OJHO3HAYHOM COOTBET-
CTBHM MEXIy TOYKaMH NOBEPXHOCTH M TOYKaMM MIOCKOH obmactd (4) He ocy-
mecTBHMO B NMoXHo Mepe. Tem He MeHee, Tak KaK Hajuyue y HOBEPXHOCTH
IBYX CTOpOH—BHeHMHeH M BHYTpeHHeEeH —ACHO HEIOCPENCTBEHHO, H B
3TOM cayvae 6u.60p 3Haxa 8 gopmyrax (1) 6ce e onpedeisiem c¢mopoHY
nosepxHocmu.

362. Opuentanus nopepxHocTH W BbiGOp ee cropoHbl. Ilycrte (S)
Gyner npocTas riajKas TNOBEPXHOCTb, OIDaHHYEHHAd KPOCTHIM KOHTY-
pom (L); BubepemM onpededeHHYIO CTOPOHY 3To# no-
BepxHocTH Ilpunuuem Tteneps Koutypy (L) ompeleieHHoe Hampa-
BaeHne 06x0Na B KayecTse MOJOXKUTEAbHOT O MO CJACAYIOMEMY Npa-
Buy: OOX0A JHOJKEH KasaThCs NPOUCXOAAIIAM NPOTHB 4YacoOBOH
cTpesKHu Habmojaremo, ABHXYLIEMYCS B 3TOM HaNpaBJCHHH 110 KOH-
TYpY TaK, YTO HOpMalb K IOBEDXHOCTH, OTBeuapmas BHOpaH-
HOH CTOpOHE NPOHM3BIBAET €ro OT Hor Kk rojose. CloBa «mpoTHRB
YdCOBOH CTPEJAKM» O03HAYalOT, TOYHEE TOBOPSA, 4TO HAGMIOAATENb HOJKEH
BUIETb HEMOCPEICTBEHHO NPWIETAIOMIYI0 K HEMY 4YacTb IOBEPXHOCTH
caepa or ceba. Ilo ToMy ke mpaBuiay OAHOBPEMEHHO YCTaHaBJMBAETCA
NONOMHUTENAbHOE HanpaBleHue oO0XoJa I8 KaxAOr0 INPOCTOrO
3aMKHYTOTO KOHTYDa, JIEXKAILEro Ha IOBEPXHOCTH K OrPAHHYHMBAIOLLErO
nekotopyio ee yactp *). HanpasneHue o6xofa, oOpaTHOE NOJOKHTE]b=
HOMY, Ha30BeM OTDHIAaTeJbHB M.

B COBOKYNHOCTM BCE 3TO W COCTABJAAET COACPKAHHE MOHATHS OpUEH-
TaU¥d NMOBEPXHOCTH.

Ecam uCX0ZuTh M3 APYrof CTODOHH [OBEPXHOCTH, TO HOpMajd u3-
MEHAT CBOE HanpasjeHue Ha OOpPAaTHOE, HBMEHUTCS IOJOMEHMe Habaoaa-
Teas, B CBASH C YEM IO HAIIEMY NpaBUay NPUAETCA MEPECTaBUTb M0JO-
KUTENLHOE W OTpHIlaTeNbHOE HampasiaeHus obxola Koutypa (L) m apyrux
KOHTYpOB, JIeXalluX Ha TOBEDXHOCTH: MOBEPXHOCTb M3MEHHT CBOIO O p U~
entanuio. Takum oOpasoMm, ecad Bcerfla AEpKaThCd YCTaHOBJIEHHOTO

*) ToabKO C 3TOH YacThlo W HaJJAEXHT CYATATbCA NPH ONpejeneHHH MOAC-
MUTENbHOTO HANPABAECHUA Ha KOHTYPe.
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NIpaBuia, 85.00p CMOPOHB NOBEPXHOCHU oOnpedessiem ee OpUeHMAUHI)
H, 06paTHO, 8500p MNONONHCUMEABHO20 HANPABACHUSL 06X000 KOHMypa
nosepxHocmil OOHO3HAUHO oOnpedessem ee CHLOPOHY.

3AMEUYAHUE. B ocHoBe 3sTOro mpaBusa JMEKHT BpalleHue
NPpOTHB YaCOBOH CTPEAKYH, M 80 uU306EIHCQHUE RYMAHULL Mbi
8cez20a 6ydex u3 Hezo ucxodums.

C stum Mbl OyzneM CBSHBaTh M CaMOE PACHOJOXEHHWE KOODAMHATHHIX
oceft B npocTpascrse. VimMeHHO, BO BCeX BONpoOCax, AAS KOTODHX 3TO
UMEET 3HaueHue, Mb Oyder NOAb308AM6CA MAK HA3bL6AEMOL NpPaso i

2 z roopdunamnol cucmemoli
(puc. 50, a): B He#t ocu pacno-
JaraoTcd TaK, YTO BPAILEHHE OT

oci X K ocu y (Ha yron—{—%),

(/\ e (\‘ €CJI1 HAa HEro CMOTPETH CO CTO-

/ A ¥ a4 Z pOHH  MONOXUTENBHOH  YacTH

@ o OCH 2, KXETCd NPOUCXOAAIINM

/ NpoTHUB 4YaCOBOH cTpeda-
z 4 Kku *). (Ha puc. 50, 6 usobpa-
Puc. 50. XeHa CHCTeMa ocel, 119 KOTo-

po#t ynomsHyTO€ BpalleHue npo-
MCXONUT MO 4acOBOH cTpeaxe *): Takas CHUCTEMa HA3HBAETCH JEB O H.)

Cefluac Mbl JafuM NPUIOKEHHE H3/O0NEHHOH BHlIE WAEH O CBSI3H
Mexay BHOODOM CTODOHH NOBEPXHOCTH M CO3NAHMEM Ha Heli ompee-
JIEHHOH OpHEHTaluMM K BONPOCY o Bebope 3Haka B dopmynax (7) mna
HaNpaBJsIOMUUX KOCHHYCOB HODMaJ# K MOBEPXHOCTH.

BepHemca K paccMOTpeHHOR B Hauanze Homepa nosepxHoctn (S),
cuMTas, 4Yro Ha Hell BHOpaHa onpene/ieHHas CTOPOHA, a C Heo —
H opueHTauwnsa Kouryp (L) HameR noBepXHOCTH COOTBETCTBYET
KoHTypy (A) obanactu (A) Ha «maoCKOCTH mapameTpoB» uv. [omycrum
(310 Bcerlla Jerk0 OCYHIECTBHTb), YTO HOJOXKHUTEJBHOMY o06xo0ny
KoHTypa (A) oTBeyaeT NMONOXUTEJNbHHH ke 00X0d KOH-
Typa (L) Toraa u o moOHX COOTBETCTBYIOUHMX JDYT APYTY KOHTYypOB
() B obnactu (A) u (/) Ha nosepxHOCTU (S) MMEET MECTO TO XKe CAMOE;
noJjoxurensHaH 06xoa (M) Breuer sa co6oR NOMOKHTENBHBIR 0O6XOX (£) *¥),

Ilpu smux ycaosusx 048 Xapaxmepucmuri Bb.0pAHHOL CIMOPOHYH
nosepxrocmu 8 gopuysrax (7) 048 HanpaBaROUUX KOCURYCOE HOpMAIL
neped paduKQiOM HYNHCHO 83AMb 3HAK NAKC.

Ilng noKasaTenbcTBa 3TOrO JOCTATOYHO YCTAaHOBUTH, YTO XOTbh B
ONHOR TOYKE HalpaBJeHHe, ONpeJeNseMOe STHMH (OPMyJdaMH Co

*) 370 COXpaHAETCA M NPH KPYrOBHIX IEPECTAHOBKAX OYKB XYz

*¥) Tak Kax O HanpaBJeHHH 06XOa KOHTYPa MOXHO CYAMTb IO Hanpasie-
HHIO, B KOTOPOM ONUCHIBAETCA no6as ero Yactb, TO BBHICKAa3aHHOE€ YTIBEPXIACHHE
OUeBHIHO 1117 KOHTypa (X), HMeiiero ofmyio yactb ¢ (A), a 3aTeM JAerko ne-
PEHOCHTCA ¥ Ha OOmuH ciyvaf,
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3HaKOM MJIOC, COBNAJACT C HYXHHM HanpapjeHueM HopMamu. Bosbmem
Ha MOBEPXHOCTH KaKylo-HuGYI» BHYTPEHHIOH TOuKy M, efl oOTBeuaer
TOUKa my (&g, ve) B o6aactu (A). Ilycre B 3TO# TOUKE OTAHMYEH OT HyJs,
CKaXeM, ONnpeneuTeNs

Xz Yu
X3 Yo
Torna Haflmercd CTONb Majaf OKPECTHOCTb TOUKM 7, Ha INIOCKOCTH Uy,
OrpaHuYeHHas KOHTYpoM (A), YTO COOTBETCTBYIOWIas €H OKPECTHOCTDb
TouKe M, Ha nosepxuocrd (S§), orpannuenHas Koutypom (/), mpencra-
BUMa SBHBIM YpaBHEHueM BuiIa z==f(x, y) [n° 860] u, cregoBarensHo,
NpPOEKTHPYETCA HA  IWIOC- 2 ’

KOCTh Xy BBAaHWMHO @
oaHo3HauHo. OGosHa- 77

yuM KOHTYp STOH npoeK- 751 M S
MY Ha IVIOCKOCTb Xy ue- et

pe3 (&) (puc. 51).

Ecim B paccmatpusae-
MOH TOUKE H B ee OKpe- e
CTHOCTH onpeeanTeNb
C>0, 10 noJjoKUTENLHO- @
My ofxony xoHrypa () /z
OTBEYAET IOJOKUTENbHBIH =
xe o6xon (1. e —npu Puc. 51.

BHIOPaHHOM DACMONONKERUU

oceft — 06X0 MPOTHB YacCoBOH cTpeaku) Kourypa (k) [cm.
n° 354, 1)]. Kak BuaHo u3 yeprexa, s TOro yTtoGbn COOTBETCTBYIOLIHH
sToMy o0O6xo04 KOHTypa (/) Ha MOBEPXHOCTH TOXKE Kas3aics INPOHCXOMA-
mUM NPOTHB 4YacOBOHR CTPENKH, Ha HEr0o HYXHO CMOTDETb
CBEpXy, TdK UTO HOpMakbL B TOouke M, B 3TOM ciyyae NOMKHA OHTb
Hampas/eHa BBEPX, T. € JONMKHAa COCTABAATh C OCBIO 2 OCTPH i
yroi. DT0 BMEHHO H uMeeT Mecto mo dopmynam (7), ecam B HBX B3ITb
anak mimoc, u6o mpu C >0 Toraa u cos v > 0. Haobopor, npu C < 0 Hop-
Manb HOJKHA COCTABJATH C OCbI0O 2 TYMOH YrOJ, YTO TAaKKE OCYIlecT-
BASIETCH Ha [eJie NP yKazaHHOM BhGope sHaka, u6o npu C< 0 u cos v < 0.

363. Cayuaii xycouno-raankoli mnoeepxHocTd. Passuthie B n° 362
WEER JAIOT Takxe yAoOHOE €pENCTBO NI/ DPacHPOCTDAHEHHs MOHATUS
CTOPOHH MOBEPXHOCTH Ha OOmMH CJIydYall NMOBEPXHOCTH, COCTOsileH u3
HECKOMNBKMX MPOCTHX M IAaAKMX KyCKOB; TaKylo MOBEDXHOCTh I
KpaTKOCTH MH GyleM HasmBaTh KycouHo-zaadxod. CoobpaxeHus, usio-
wendpie B n° 361,, B 3TOM Ciy4yae HENOCPEACTBEHHO HENPUAOKHME,
TaK KaK BAOJAb «pebep», COENUHSIOUIMX HA3BaHHHIE KYCKH TNOBEDXHOCTH,
ONpENe/NEHHOR KacaTenbHON NAOCKOCTH BOOOME HE CYymecIByeT, u npu
nepexoje Yepes HUX O HeNpepHBHOM H3MEHEHWM HANpaBJECHMA HOPMaaH
rOBOpUTb HE NPUXOIATCH.

C=
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Ilycrp mana mnoBepxHOCTh (S), cOCTOswas M3 MNPOCTHX TJaAKHUX
kyckoB (Sy), (Sg), ..., NPHMBHKAIOMKX OAHH K JApYroMy mo pebpy —
obueft yacTé BX KOHTYpOB. IIpennosoxum, nmpemae BCero, Y10 Kaxcoul us
3Mmux KYcKos 8 omoesbHOCIMU A8AsemCS 08YCMOPORHE NOBEPXHOCNLLIO,
Ho srtoro, pasymeercd, HEIOCTaTOYHO JJIs TOrO, YTOOB BCIO MOBEPX-
HocTh (S§) MOXHO OBIJIO pacCMaTpUBaTh, KaK JHBYCTOPOHHIONW; Belb K

_— NOBEPXHOCTh Mebnyca JIerko cocTas-
JS€TCA W3 IBYX HPOCTHX IJaiKux
IBYCTODOHHHX KYCKOB.

Ha xontype (K;) KaxIOro Kycka
(S) (=1, 2, ..) Bubepem B Kaue-
CTBE MOJIOXKHTENBHOTO OIHO M3 JBYX
HanmpaBJeHHH; STHM, KaK MHl BHAENH,
(UKCHUPYETCS CTOPOHA TNOBEPXHOCTH
(S;). Eciu sroT BHGOD MOXHO MpO-

Puc. 52. U3BECTH Tak, uToOBl BCeraa obuwas

Hacms KOHmMypos *) 08YX NPUMIKQIO-

WX KYCcKo8 ORUCH8AAacs 0Af SMUX KYCKO8 8 MPOMUBONOLO M-
Ko x Hanpasaewusx (puc. 52), 1O /ML TOrAa NOBEPXHOCTh (S) #B-
asercss aByctopoHHeld. Cropona mnosepxHocta (S) ompeneaurcs,
KaK COBOKYIHOCTb CTOPOH €e 4Yacrel, BHODaHHBIX YKa3aHHHM OGpasoM.

Ecau X0Tb B OXHOM Ciyuae HanpasjieHue o6X0Za KOHTYpDA 3aMEHHTH
Ha MPOTUBONOJOXHOE, TO JJif COGMONEHHS Hallero YCJAOBHS IPHAETCS
TO Ke CHeNMaThb W CO BCEMHM KOHTypaMmu. Torza ¥ BHODaHHBE CTOPOHH
BCEX KYCKOB (S;) 3aMeHATCA MPOTHBOMOJIOKHBIMH UM, MX COBOKYIHOCTb
COCTAaBAT BTOPYK CTOPOHY MOBEPXHOCTH.

Coo6paxeHust n° 362 OTHOCHTE/BHO CBSI3K CTODOHH MOBEPXHOCTH H ee
OpUEHTALMH OCTAIOTCS B CWJe W B OOIIEM CAyuae MOBEPXHOCTH, MMEOIEH
KOHTYD.

§ 2. NOMAL KPUBOH MOBEPXHOCTH

364. TMNpumep HIsapua. IMonsrue naowamy XpPHBOK MOBEPXHOCTH
MMEET H3BECTHYIO aHAJIOTUI0 C MOHATHEM IJMHH KpuBo# JjmHud. [Launy
(HesaMKHYTOH) Ayru MH OIpPEdCJs/M KaK Opene] NepuMerpa BIMCaHHOH
B Iyry JIOMaHOH — IPH YCJOBUH, UTO IJIMHH BCEX €€ CTOPOH CTPeMATcH
K Hymo. B cayuae e KpuBO# NOBEDXHOCTH (TOXeE, CKaXeM, HE3aMKHY-
TOH) ecTecTBEHHO OblJIO Obl paccMaTpUBaTh BINHCAHHYI0 B HEE MHOTO-
FPaHHyl0 NOBEPXHOCTb M ONpPEJENdTh IVIOIAAb KPUBOH MOBEPXHOCTH Kak
npefes MAOIAAY 3TOH MHOrOrpaHHOH NOBEPXHOCTH — NPH YCJIOBHM, 4TO
JMaMeTPH BCEX T'paHel CTpeMsTcAs K HyJIo.

B ronye npowsozo cmosemus, 0IHaKo, 0640 OORApYICeHa Henp u-
200 HOCmb amozo onpedeaerus. Vimenno, Illpapu B 1883 r. mokasan, uro
YOOMAHYTHH Npenea He CymecTByeT Jaxue JJsd IPOCTOro CayUas HOBEPXHOCTH
NPAMOro Kpyrosoro uuausapa! Mut npaBeseM 9TOT NMOYYHTEAbHBI OpUMED.

¥) J1a 4yacTb MOXET COCTOATh H 3 OTACIbHBIX KYCKOB.
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[Tycts nan Takoit uuMAHHAp paamyca R W BhicoTht ff. Bnmiem B Hero MHo-
rorpaHHy10 NOBEPXHOCTb CHENYIOIVM 00pa3om. Pa3feins BLICOTY LMAHHIPA Ha m
PaBHHIX yacTel, MPOBEAEM yepes TOUKM JENeHHA INOCKOCTH, HepHeHIUKYAAPHbIe
K OCH UMIMHAPA, TaK YTO HA €r0 NOBEPXHOCTH NOAyyuTcs M -- 1 OKpYXHOCTel
(BKAOYAA CIOIAa M OKPYXHOCTH OOOMX OCHOBaHMi LMAKHApa). KamAylo U3 9THX
OKpYXHOCTell pasnen¥M Ha # DaBHBHIX YacTel TakK, YTOGH TOYKH Je-
JeHUud Bolmenexamein OKDpYy X~
HOCTH HaXOJHIHNCb Haj cepe-
ArHaMH Iyr HHXenemawed
OKPYXHOCTH.

Bosbmewm, nanee, TpeyroabHUKH, 06pa-~
30BaHHBIE XOPJAAaMU BCeX 3TMX IYI M OTpe3-
KaMH, COeIHMHAIINMY KOHILI XODA C TEMH
TOYKAMH JeNeHus Bblllle- Y HIKelexalux

Puc. 53.

OKPYXHOCTEH, KOTOpHE DPAcNONOXEHBl KaK Pa3 Haf WIM NOA cepelHHaM¥u COOT-
BeTCTBYIOWHX Ayr (puc. 53). B cBOell COBOKYNHOCTH 9TH 2mn pPaBHLIX TPEYroib-
HUKOB M 00pasyloT HYXHYI0 HAaM MHOrOTDAaHHYI0 NOBEPXHOCTh (L, »); MOAEAD
ee NpejicTaBIeHa Ha puc. 54.

[logcuutaem Teflepb MIOIAJb ¢ KaXIOr0 H3 TPEYroALHHMKOB. 3a OCHOBaHHe
nprMeM XOpAY, AIHHA KOTOpPOH paBHa

. T
2R sin 7.
s HaxowpmeHNa BuicOTH AB TpeyroabHuka (cM. uepTex) 3aMeTeM, 4to AB =
=}/ AC® + BC?, rze
AC:OC-—OA:R(l—cos—"-), Bc=1,
n m
Takum o6pa3omM, MIOWAAb OXHOIO TPEYroabHHKA pPaBHa
— Psin = 2(1 — cos =) 4+ [V
c__Rsmnl/R(l cosn) +(m)’

a AAoMafb Beeli MHOrorpauHo#t moBepxHocTH OyIer

1 m\2
}3,,,,,,=2mnc=2R-nsm7- ]/R’m’(l—cos;) + HY,

Korga m ¥ n HeOrpaHHYeHHO BO3PAcTaidT, TO NHAMETPH BCEX TPEYrodb-
HUKOB CTDEMATCA K HYJIO, HO NNOWAAb Yy, » penena He umeer. B camom nmese,
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m
AOOYCTHM, YTO M ¥ 1 BO3PACTAIOT TaK, UTO OTHOWIEHNE —5 CTPEMHTCA K ompe-
JeJeHHOMY mpeneay g:

lim ™ —

im 'ﬁg =dq.
Hmeen

. .. T
limnsin —=nm,
n
a ¢ IpYroi CTOPOHH, B CHIY CICNaHHOFO NOMYLIEHHSA

i —cos =) =lim m - 2sin® - = lim = 7 %
hmm(l cos n)-—llmm 2 sin 2n—-hm =g

CaenoBatensHo,

vy
lim I, , =2zR —‘/% @+ H?,

H MH BHIMM, YTO Dpejed 3TOT CYMECTBEHHO 3aBHCHT OT BEJNUYHHH ¢, T. €. OT
crnoco6a ofHOBpeMeHHOro BospacTanws m W n. [lpn ¢=0, u TOIbKO B 3TOM
cnyyae, HasBaHHbH mpelen paBeH 2zRH (BeaMyuHe NUIOWANH, BHBEAECHHON B
IIKOJNbLHOM KypCe FeOMEeTPHM), HO BMeCTe € § OH MOXET DaBHAThCA jaxe Gec-
KOHeyHoCTR. TaKuM o6pasoM, NpH HE3aBHCHMOM JDYr OT Ipyra BO3pacCTaHHMH
Yncel m U n J0 GeCKOReYHOCTH As IIOWAMH Y, , ONPelereHHOro npelena,
JIeHCTBUTENbHO, HE CYLIECTBYeT, H IOBEPXHOCTh LMANHIpA, €CAH CTOATH Ha TOYKe
3peHua YNOMAHYTOIO ONpeXeNeHHs, OKA3HBACTCA JNHIUEHHON IIOWANH.

Baxno nathb ce6e OTYeT B TOM, YeM OTIMYAeTCA NOJOXEHHE BeumieH B Cay-
Yae JOMaHO#, BIHCAHHOH B KpHBYIO, M B CIyyYae MHOFOIPaHHOH NOBEPXHOCTH,
BAHCaHHOH B KPUBYIO MOBEPXHOCTb. BymeM Jna NpPOCTOTH CYHTAaTh KPHBYIO H
KPHBYIO NOBEPXHOCTb, O KOTOPHIX HIeT peub, rRaikuMu. Torma, 1umb TOABKO
XOpJbl, COCTaBAAIOHIME JOMaHYI0, NOCTATOYHO Majnl, HanpaBieHWe KaXIoH u3
HUX CKOXb YrOAHO Mal0 PA3HHUTCA OT HaNpaBNeHHs KacaTeabHOR B mOGOH TOouke
cooTBercTBylomel Ayru. [losToMy Takas GeCKOHEYHO Mainasd XOpAA M MOXET CO
BCE BO3paCTawIled TOYHOCTHIO CHNYXKHMTL 3aMEHOH COOTBETCTBYIOMIEIO SHeMeHTa
ayry. Hamportus, ckoab yrogHo Malas MHOTOYTOTbHas TIOIMANKA, BEPIUMHE! KO-
TOpOH Nexar Ha KPHBOH NMOBEPXHOCTH, MOXKeT OKa3aThCA BOBCE He OXU3KOH No
CBOEMY DaclONOXEHHI0O B NMPOCTPAHCTBE K KacaTedbHOH IMIOCKOCTH K HOBEPXHO-
CTH; B TaKOM ClIyyae 3aMEHATh 9JEMEHT IOBEDPXHOCTH OHA, MOHATHO, HE MOXeT.
310 06CTOATEAbCTBO NPEKPACHO HIMOCTPHAPYETCA TOALKO YTO PACCMOTPEHHBIM
NpHMEPOM: KacaTelbHbE IIOCKOCTH K URINHAPHYECKO! TOBEPXHOCTH BCE B e P T H-
KaabHH, & TPEYrONbHHE IPaHA BNHCAHHOH NOBEPXHOCTY NpPH GOAbHIOM ¢ CTa-
HOBATCA NMOYTH FOPHU3OHTANbHB MH, 06pasys Meaxue CKIAIKHU.

365. Maomans nOBEpXHOCTH, 3afaHHON ABHBIM ypaBHeHHeM. Beuny
YKa3aHHOTO B NPEAHLIAYIUEM HOMepe OOCTONTENbCTBA, NPUXOAUTCH HCKATh
ApYyrux HyTe# Aas oGOCHOBaHHS MOHSTHS TJIOIIaAH KPHBOH NOBEPXHOCTHU.
Mu ykaxeM OAWH M3 TakuX NyTeHd, XOT9 NPOCTOHl, HO HEe JHMIEHHBIH
HCKYCCTBEHHOCTH, NIPUYEM HAuHEM €O caydas noeepxnoctu (S), sagaHHOMH

ABHEIM YDPaBHEHHEM
2=f(x, y). 1)

Hyctp X, y namensiorca B kBaapupyeMoft obaactn (D) Ha IIIOCKOCTH XY,
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1 Z B 3TO# 06/MAacCTH MMEET HENPEPHBHHE YaCTHHE TPOU3BOJHHIE
0z 0z
= —_——
P=5z "4 oy’
Pasnoxum o6aactb (D) ¢ noMomplo CeTKH KpuBHX (C MJIOMAAbIO,
paBHOH HYJI0) Ha BJIEMEHTHI

(D), (Dy), ..., (Dy)

U DacCMOTPUM OJMH W3 3TuX 3JeMenToB, (D;). Ecim mocrpouth Ha KOH-
Type aTOH# uyacTmuHO# 06aacTH (KaK Ha HanpasJsomel) WMIRHIPHYECKYIO
NOBEPXHOCTb C 00PasyiomiuMH, NAPA/VICHbHBIMA OCH 2, TO OHa BBIPENET
Ha nosepxsoctu (S) saement (S;). Baas

mobylo Touky P;(x; y;) B npemenax z
(D;), nposeleM B COOTBEICIBYIOLICH TOY-

Ke M;(x;, vy 2p), Tae

2i=f(%; ¥), ¢

nosepxHoct (§) KacaTenAbHY O
NAOCKOCTH  YNOMSHyTas  BbiHe
IWIMHAPUYECKAsA TOBEPXHOCTh M Ha STOH
MJIOCKOCTH BBHIPERET 3JEMEHTapHylo (-

rypy (7T;) (puc. 55), maomams KOTO- 0 y
4

poit T; Kak OH CaAyXuT npubnankeHneM

T
K mowanu saeMenta (S;). Takum oOpa- )
30M, CyMMy BCeX TaKHX MJomaneH ;
n
Puc. 55.
== T,

MOXHO CUNTATh NpuO/MKeHHeM K niowmanu mosepxHocTH (S). Me: onpe-
Oeauns naowads S 3mof nosepxrocmu Kax npedea

n
S=limo=1im Y, 7}
=1

npu YCA0BUL, MO CHMPEMAMCS K HYAI0 OUQMemps. 8cex JNCMEHMO8
(S;) wne —uTO TO XK€ — JMAMETPHl BCeX MJIOCKHX sieMeHToB (D).
Jlerko mnokasarb Tenepsh, yTO S BHIPAXAETCA ABOHHBLIM HMHTEIPATOM

1

rJie, KaK BCEra, v 03HayaeT yroJ HOPMaJu K NOBEDPXHOCTH C OCbio 2 ¥).

*) O6pamaeM BHUMaHHe YHTaTeJsd Ha NOJHYIO aHAJIOTHI0 9TOTO BHDAXeEHHs
(2) ana maoplanu KPMBOH NMOBEPXHOCTH, 3alaHHON AABH B M ypaBHe-
nueM (1), n Buipaxkenna (7) n° 328 gnd AAMHL OYyry KPUBOH AHHUHN—
TOWE B ClyYyae €€ ABHOL O 3alaHHA yPaBHEHHEM y==f (x).
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DeficTBuTenbHO, €CAN ¥; €CTh SHAYEHHME V, OTBEYAIOLlEE HMMEHHO TOY-
Ke M; 1o Jna naomaned maockux ¢uryp (7;) u (D;), M3 KOTOpHX
BTOpas CJAYXHUT OPTOrOHaJbHOH mpoekuuefl neppolt, OyAeM HMeTb COOT-

HOleHHe
D;=T;-|cosv;],
OTKyHa

1
T Jeosv[

Ti Dit

Cymma

n n 1
g == T4= _—-'D‘
i§l i i§l | cos v; i t
ABJAETCA MHTErpaibHOA CyMMOH Haa [HBOHHOro wuurerpana (2) u, caeno-
BAaTe/NbHO, CTPEMUTCS K HEMY KaK K Npeldeny TpH YKa3aHHOM Npelenb-
HOM repexole, 4T0 # TpeboBaNOCh JOKa3arh.
Ecin Bcnomuuts dopmyast (8) n° 361, umeHHO TpETbHIO H3 HUX,
TO MOJYYEHHHH PpE3y/bTaT MOXHO MEPENucaTh Tak:

s=\{ vITrFaasay @2)

(D)

camoe CyIecTBOBaHMe uHTerpana (2) wau (2a) BHTEKaeT U3 DPElnoJo-
EHHOH HEMPEpHIBHOCTH YaCTHHIX NPOHM3BOAHEIX p W g.

3amMEuAHUE CymecTBEeHHBIME HEAOCTaTKaMM STOr0 NPOCTOFO Onpe-
JieleHns maouagy S SBJISIOTCH, BO-NIEPBBIX, NPUJIOKUMOCTh €r0 TOJLKO
K TOBEPXHOCTSIM, NpPEACTaBUMBIM SIBHBEIMH YDaBHEHHSIMH, M, BO-BTODHX,
KaXymascs B3aBUCHMOCTb €ro OT BHOOpa KOODAMHATHOH CHUCTEMHI.
MBl BEpHEMCA K 3STOMY B CJEAYIOEM HOMeEpE.

366. Ilnomane nosepxHocTH B oGmeM ciyuae. Paccmorpum Tenepn
NpOCTYI0 FJIaAKYI0 TOBEPXHOCTb (S), 3a/laHHYI0 NapaMeTPUYECKHU.

ITycte M — moGas ee Touka, u B HeHl, ckaweM, C == 0. Torga, onu-
pasch Ha ckasanHoe B n° 360, MOXHO yTBEpKHAATh  CJAEAYIOLIEE: Cyuie-
CTBYET yacThb (S) moBepxHocTH (§), OKpyxkaiomas TOYKy M u oGaanaro-
mas CBOHCTBaMu:

1°. noBepxHOCTb (S) MOXET OHTh NpPENCTaBAEHa SBHBHIM YpaBHEHHEM
suga (1)

2° ecan uepes (3) 0603HAayMTL COOTBETCTBYIOLIYIO YacTb OGaacTu (A)
Ha MJI0CKocTH uv, To B (3) onpenenurens C = 0.

ITO CNpaBelsIUBO I/ KaxAo# TOukM M NOBEPXHOCTH C TEM JHIlb,
4To OT/MYHEIM OT O B Hefi MOXer oOKasaTbCs M Kakoi-nuGo apyro#i us
onpepenurenei, A uiam B, Toria W sBHOe ypasHeHue Buna (1) same-
HUTCH, COOTBETCTBEHHO, SIBHHIM )K€ YpaBHEHHEM APYroro THHA

x=h(y, ) nm y=g(z Xx)

Orcrona creayet (Ha mOKa3aTeNbCTBE YEro OCTaHABAMBATHCH He Gyaem),
YTO B Csl MOBEpPXHOCTL (§) pasnaraerci HA KOHEYHOE YHCAO KYCKOB
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pponte (s). OcraHoBUMCA Ha BLIYHCJIEHHH MJOMAAM Kycka (S§) B Coryacum
¢ onpefeseHUeM NPEAbAYINEro HOMEpa.
Ecmu (d) ects mpoeknus (S) H2 MNAOCKOCT Xy, TO, KaK Mbl 3HaeM

[em. (2)], ee maomans dxdy
S= 5(;5 I_CT)S—V—I . (3)

Tak kak Touku oOnactu (d) cBf3aHH ¢ TOYKame oGaactu (3) B3aUMHO
OIHOBHAYHLIM COOTBETCTBMEM, W BHINOJHEHH Apyrae tpebosanms n° 352
n 366, To moxHO mepeiitn B unTerpane (3), mo Qopmyne (15) n° 356,
K NEPEMEHHBIM U, U. YUHTHBAf, YTO (PYHKUMOHAABLHEIA ONpeNenTeNb

D(x,y) __
D (s, v) =G
a
S L) N
o =y T o
{cm. n° 360, (7)], B pesyabraTe mojayyum
s=SSVA*+B?+C@ du dv. 4

@)

3aMeuareabHO, YTO STO BRIPAXKEHUE OKa3aJoCh CHMMETPHUHBIM OTHO-
cuteqbHo A, B, C, u Ha HeM HHKAaK He OTpasuyIoch TO OGCTOATENBbCTBO,
YTO MBI TPEANOJOXWIN HMEHHO onpelesuteas C OTANYHHIM OT HYyJs
B (3), a moBepXHOCTb (§) — MpeACTaBJIeHHOH SIBHBIM ypaBHeHueM Buaa (1):
TOT JKE pesyabTaT HOJNYYHTCS M IIPM JAPYTHX BO3MOXHHX IPEANOJO-
weHusx!

Onpedeaur meneps niowads S ecel nosepxnocmu (S) Kax cy mny
naowadeii s omoensnnx ee 4acmel (s). CknanpiBas BCe PABEHCTBA
Buja (4), npuieM K OKOHYaTe/JbHOH (opmyiie

S= Sj' VAL BFLC dudy, ©)
(8)

OUEBHIHO, HE 3ABHCAUIEH OT TOro, Ha KaKWe YacTH pas/jaranach MoBepx-
Hoctb (S).

3aMEYAHUE [lokaweM, yto sesuyuna (5) naowadu Ha Oese He 3agucum
om aud%pa napamempudecK020 npPeOCMAsAeHUs pPaccMampusaemoli  nosepx-
nocmu (S).

[Tycts oT napaMeTpoB #, ¥, 06JaCTbl0 M3MEHEHHA KOTOPHIX CRYXHT (A), MM

nepexoiyM K lapamerpaM &, U ¢ 06JaCThl0 H3MEHEHHA (K), no ¢Gopmyaam
u=U(g 7), v=V (g ),
YCTaHABAMBAOIIAM MEXIY 3THMH 06JacCTAMH B3aMMHO OJHO3HAYHOE COOTBETCTBHE

(pynxuuu U B V mpennonaralorcs HempephiBHHIMM CO CBOMMHM ITPOM3BOXHLIMH).
Torpa nOBEPXHOCTb BHIPASHTCA HOBHIMHM YPaBHEHHAMHU

X=Xx@ ?), y=3(@7), z2=Z(g v)
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BYCTb B B 9TOM HPEACTABICHMU OHA HE UMEeT ocobGenHocrell, Tlonaras

j=D( v
~ D, v)’
umeem ¥) _ _ _
A=AJ, B=BJ, C=CJ

[n° 325]. Otciona, Mexny npoyum, scHo, uto J B (A) oramyHo ot myns, u6o
BHave NOBEPXHOCTh B HOBOM IIPEACTaBMeHHM UMexa 6u ocobennoctu. Teneph no
(dopMyne 3aMeHBl NePeMeHHBIX CpPas3y MOXyyaeM

S=SS Va B e ]Jldﬁdz7=SS VA - B +C® dadv,
@ ®
YTO ¥ TPeGOBANOCh ROKA3aTh.
XKenas npunate Qopmyae () Apyrofi Bua (B Koropom oHa oOHuHo
n ynotpebasercs), BOSBEAEM B KBaipaT MaTpHLY

’ ’
("e s 2'3)
X2 Vo Rn

U COCT3aBUM ONpele/HTENb
’ U . ' ’ ’ ’ ’
Xa +Yu+ 22 XuXo + YuYs -1 2u |,
XuXo+ YuYo—+ 2u2s X3 +Y5+25 |
no wuseecTHo#t Teopeme aare6pw [cp. n° 326] oH oOKaxercs paBRHM
umenno A% B C% OGriuHo monaraior

Xz +Yi-+2d =E, XuXo—~+Yuyo-+ 2u2s=F,
X5+ y5 27 =

— 3TO TaK Ha3HBaEMHE 2aYCco8y KoIPguyuenms. NOBEPXHOCTH, Wrpa-
ome BaXHYIO poab B AuddepeHunansHol reomerpun. B sTux o6osha-

YeHHAxX
A*4-B* |- C*=EQG—F},
Tak yrto dopmyna (5) moxer GOblTh HANHCAHA W TaK:

S= S('A)S VEG—P du dv. (52)

VA B C dudv=yEG— Fdudv (6)

HasHIBAIOT AEMEHIMOM NAOWAdU 8 KPUBOAUHEAHBX KOOpOUHAMAX.

Bripaxenne

3ameyanue C nomompio QopMmyss (a), mpHBleKas 9AEMEHTapHHE CO-
ofpaxenns M3 OGIACTH BEKTOPHOrO aHalH3a, JErKo IOKa3aTh, YTO BWPAdCEHUE
028 naowadu S ne 3asucum om u6Opa KOOPOUHGMHOG CUCIEMb, TAK KAK Bbi-
paxenun E, F, G cOXpaHAIOT CBOI Bei{YHHy NPH NPeo6pPa30BAHHM KOOPAMHAT.

#) O6osnayenna AcHnl camu coboil.
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Mu orpanuyuBaZuCh IO CHX NOP CJlyyaeM INPOCTOR TIJaiKo# mo-
pepxHocTd. EcIu NOBEPXHOCTb He MOAXOmAT NOX STOT CJAyuad, Ho
pasnaraeTcs Ha KOHEYHOE YHCIO NPOCTHX IVIaAKHX KYCKOB, TO €€
IVIOMAAbI0 HA30BEM CyMMY IIomlade#l orAenbHHMX Kyckos. Ilpu 3rom
JIETKO 1OKas3aTh, YTO TaK ONpeleJeHHas IJIONlag» Ha Jejleé HE 3aBHCHAT
OT TOrO, KaK JaHHA{ MOBEPXHOCTb DasfiOXeHa Ha KyCKU HYKHOro THIIA.
Ecim BCa JaHHas MOBEPXHOCTh XapaKTEDH3YETCss NapamMeTpHueCKuMu
ypaBHenusaiMd, X074 Ob M C HapyIICHHEM B3aUMHOH ONHOSHAYHOCTH
COOTBETCTBHMS B OTHAEJBHHX TOUKAX WM BHOJL OTAEAbHHIX JHHUH, TO
niomasp ee u B ofuleM CiIyvae Io-npexHeMy Brpaxaercs gopmyiolt (5)
nan (6a) [cp. 3564, 4°].

IlosepxHocTs, uMelOmas MmIomans, HasHBAETCH Keadpupyemol.

367. Ipumepst. 1) Hafitu naomane vacredt cq;epnqecxoﬂ nosepxHocTn x? -
-+ 9% 4+ 22=R®?, Bhipe3aHHBHIX M3 HEe UHIMHIPOM x?+y*=Rx (BepxHero n
HHKHEro OCHOBaHMI «Tena Busmanu», cM. n° 358, 3); uepr. 46).

PemEHuE Vimeem AnA BEepXHEro OCHOBAHHA

s X
z=VRz—x2_y2: p='—21 q=—-_v_

z’
o R
1 2 2
VIitr+a TR

_ dxdy
S=2R S
by V===’

npuyeM 06JACTbI0 MHTCTPHPOBAHHA CHYKHT KPYr, OrPaHHUYEHHBI! OKPYKHOCThIO
x2+y*=Rx.
[lepexona K mOiAPHBIM KOOPAMHATAM, moayyum [cp. n° 358, 3)]

1!_
2 Rcos®
rdr

sminfa | R

Buimonnss HHTETPHPOBAHHE, OKOHYaTeNbHO HadfeM S=4R? (72._1),

Tak xax naomwamp HOBEPXHOCTH moaycdepsl pasHa 2xR2 TO MIowab IOBEPX-
HOCTH TO¥ yYacTd moaycdepss, KOTOpass OCTaeTcs IO BHIAEAEHHH «Tejlla B¥BHaHH>»,
Gymer pasHa 4R® W, cnefoBaTeabHO, BupaxaercA uepes pammyc R Ge3 npusieve-
HUA Kakux-an6o uMppauuoHaibHocTed, C 3TUM 06CTOATENHCTBOM, KOTOpPOE INpH-
BIEKJIO BHMMaHue Bupnauu, nocaenuuit ¥ cBA3an 3alavy, NpelIOXeHHYI0 HM CBOHM
COBpPEMEHHUKaM. 3aMeTHM, YTO 06beM YMOMAHYTOH yacTH moaycepbl Takme Bhi-

H, CIef0BaTeAbHO,

paxaercs Ge3 MPpaLUOHAJLHOCTEH: OH paBeH -—R’ [n® 358, 3)].

3aMEYAHHE [IpoBerenHas BoiKAalKa Ha nene Tpe6yeT HEKOTOPHX Oro-
BOPOK B CBA3M C TeM, uT0 B T0YKe (R, 0, 0) mpousBonHele p n g, a C HUMH H
NOAHHTErpaibHOE BhIpAaXeHHe TEPNAT PaspuiB; CM. 2).

2) Pemnts 3amauy 1), ucmoab3ya NapaMerpuyeckoe InpejcTaBienue chepu-
YE€CKOH NOBEPXHOCTH:

Xx=Rsin¢gcosb, y=R singsinf, z=~Rcosy
O<oxtm 0O 2n)
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Mo Matpune NPOH3BOLHEIX
( Rcosgcosf Rcosgsind — Rsin <p)
— Rsin¢sin® Rsingcost 0

nerxo HafiT rayccoBn Kospduumentnt chepe: E=R% F=0, G=R?sin? ¢, 1ax
yro VEG— F*=R*sin ¢

OrpapHyuMcd pacCMOTPEHHEM YETBEPTH M3yyaeMoOH IOBEPXHOCTH, Jnewmameit
B nepBoM okraHTe. [lus TOoueK «KpuUBOH BuBHanu», T. e. KPHBOH nepeceyenus

T
cdreps W nuaMHIpa (B NMpejlenax NepBOro OKTaHTa), Gymer <p+6=—2—.
JejicTBuTENbHO, NTONCTABAAA BHIPANEHUS X M ¥ uepes ¢ u 0 B ypasHenue

wannapa x2 -+ y? = Rx, noxyyum sin¢=cos 6, 1 TaK KaK Qa1 paccMaTpuBae-
T
MBbIX TOUEK, OueBHIHO, 0<CO< -, 0o <<

k]
¢F+0=-7.

YcTaHOBMB, HA OCHOBAaHWM CKa3aHHOTO, Npelelsl W3MEHEHHs NapaMeTpoB ¢
u 9, noayyum no ¢opmyae (5a)

T
?’ TO oOTCloa H Chaeayer, 4TO

T T _
2 2

S=4R? S d8 S sin ¢ dp = 4R (%_1),
0 0

Mb npuman K TOMY e pesyabTaty, HO H3GemaB Ha 3STOT pa3 pa3pHIBOB
TONUHTErpaibHoOi QyHKIHH.
3) Haiitn Bhipaxenne pias naowadu nosepxHocmu 8pauenus

x=¢(u)cosv, y=¢(u)sinv, z=1{ (v)
e<u<p 0<o<2n)
[n° 360, 2)]. ITo maTpHue YaCIHHIX JIPOM3BONHBIX
( ¢ (u)ycosv ¢ (u)sinv ¢ (u))
— o (u)sinv ¢ (u)cosv 0
COCT2BIAEM BhIPAWEHHUE
VEG—F=¢@ Vi @F+1¥ @F

TaK YTO NIOMalb NOBEPXHOCTH NPEACTaBHICA (HOpPMYJIOH
g
s=2 | s VF@F T ¥ @F o
o

{Cp. ¢ dopmyaott (6a) n° 205.]
§ 3. NOBEPXHOCTHbBIE HHTEI'PAJIbl NEPBOI'O THIIA

368. OnpemeneHne NOBePXHOCTHOTO HHTErpaja NepBOro THIA.
TloBepXHOCTHEE HHTErpanbl NEPBOrO THNA MPEACTaBAMOT Cco0OH Takoe
We ecrecTBeHHOe 00o6nieHue ABOHHEIX HMHTErpajoB, KaKuM KPUBOJMHeH-
Hbl€ MHTErPajsl NEPBOr0 THMA #ABAAIOTCA J10 OTHOMIEHMIO K MNPOCTHIM
ONpEJE/IEHHEIM HHTErpaiaM.
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Crpourcs sto o6obmenne rtak. Ilycth B TOYKax HEKOTOpOH JMmy-
CTOpOHHER rIanKko# (WM KyCOuHO-raamkoi) mosepxHoctH (S), orpanu-
YEHHOH KYCOYHO-T/JIaAKMM KOHTYpOM, ompeleieda @yukuus [(M)=
=f(x, y, 2). Pa3oGbem nOBepXHOCTb (S) C NOMOMBIO CETH NPOUSBOALHO
NIPOBEJEHHHX KYCOYHO-TMafkuX KpUBHX Ha uactu (Sy), (Sa), ..., (Sp)-
Baap B kawpo#t uactn (§;) (i=1, 2, ..., n) 1o npOU3BOJAY TOUKY
M;(x;, ¥;, 2;), BHIUNCAUM B STOH TOUYKE 3HAYEHHE QPYHKIUW

fF M)=Ff(x, y1 2)

W, YMHOXHB €r0 Ha MJIOmaAb S; COOTBETCTBYIOI{EH YacTH NOBEPXHOCTH,
COCTaBUM CYMMY BCEX TaKHX NpOUSBEIEHUH:

°=i§lf(Mi) S;= iglf(xi’ Yo 2) Sp

KOoTOpylo Mbl OyleM HaskBaTh —II0 CXOACTBY CO MHOTMMH paHee pac-
CMOTPEHHHIMH CYMMaMH —HHTETrpaJbHON CyMMOH.

Kowneunsli npedea smoll cyMMo. npu cmpemieHun 0uamempos
scex wacmeil (S;) K HYAI0 HA3BL8AEMCS NOBEPXHOCM KL M UHNMe-
2pasrom (nepsozo muna¥*)) om gywkyuu f(M)y=f(x, y, 2) no
nosepxrocmu (S) u 0603HaYaETC CHMBOJIOM

ng(/m dS= SSf(x, 3, 2)dS, )

(S (]

rie dS nanoMuHaeT o0 3/JEMEHTAapHHX mAoWAAax S;.

369. Crenénue ¥ OObLIKHOBEHHOMY JABOHHOMY uHTerpaay. Orpa-
HBEYUMCA CAy4aeM NPOCTOH TJIajiko# MoBepxHOCTH (S).

Kakopa Gm Hu Omsa ¢yHxkuus f(x, ¥, 2), HenpepslBHas B TOuUKax
nosepxHocTH (), uHTerpan (1) CymecTBYeT, H MMEET MECTO pAaBEHCTBO

ng(x, y, )dS=

)

=®) S 5' Flx@ ), y( v), z(u v) YEG—F dudo. ©

(8)

Takum 00pa3oM, 047 CB€0EHUS NOBEPXHOCHIHO20 UKMEPAAL NEPBO20
muna K OOCLUCHOBEHRHOMY OBOLHOMY HYINHCHO AUWs 3AMEHUMb Koopiu-
Hamol X, Y, 2 UX BHPANHCEHUAMU “epe3 Napamempsi, a 3/eMEHm nio-
wadu dS— e20 8upaccenuesm 8 KpusoAUHelHuXx Koopdurnamax.,

OGparuMca K JOKa3aTeIbCTBY BBICKA3aHHOIO YTBEPMIEHUS.

*) B orauyue OT MOBEPXHOCTHLIX MHTErPANOB BTOPOrO THAA, PaCCMAaTPHBa-
€MBIX HHME.
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Kak yxe ormeuanoch, pasioxenuio nosepxHoctd (S) Ha yacTh ¢ 10~
MOJIBIO KyCOUHO-TIAAKHMX KPHUBBIX OTBEYaeT NOAOOHOE XKE pasjomKeHue
obaactu (A), n o6parHo. TOUHO Tak e, €CnM K HY/MO CTPEMATCH Aua-
meTpul yacte#l (S), TO 310 CNpaBelIMBO M MO OTHOWIEHHUIO K JHAMET-
pam uacrel (A), u obpatHo.

Paznoxum e COOTBETCTBEHHBIM 00pas3oM noBepXHocTh (S) Ha wacTa
Sy (S9), ..., (Sp), a obnacte (A)—mna wactu (4,), (Ag), ..., (A,) u
BriOepeM B Kawaoht wactu (S;) mo Touke (X, y;, 2;), a B uacru (A;) —
no touxe (1; v;), KOTOpHE TaKxke oTseyasn Ob OAHa JADYro#, TaK uro

xp=x(, v;), yi=y@ v), 2=z, v;). 3

CocTaBuM Temeph MHTErpaibHyI0 CymMmy AJas aHrerpana (1):

n
“=i§1f(xi» Yo 2) Si
ITo obuie#t gopmyae (5a) n° 366 Gyaer

S= S S VEG—F du dv.
@y
IlpuMenuB ke TeopeMy O CpelHeM, NOJyYUM
8= IVEG—PF'luziy,- A
'I)=;Ji
rae (#; U;) ectb Hexoropas Touka obGaactu (4;).

C momouipio sTOrO BhipaweHust AAdA (S;) u BcoMuHas (3), MB MOMNEM
nepenucaTb CyMMy o TaK:

°=i§1f(x (p v), y@a v, 2@, Ui»[]/EG'—Fg]H=Ei'Ai'

B 3ToM BUAE OHA HANOMWHAET WHTErPAaAbHYI CYMMY JJs BTOPOrO W3
unTerpanos (2):

of =D f(x @y v) ¥y v) 2@ 0 [VEG—Flimu- A
‘0=1Ji

Pasnuune MexAy CyMMaMu ¢ M o¥ B8aK/IOyaeTcs B TOM, YTO B IOCJIexR-
Helt u caowHas ¢yHxuus f(..) ¥ KOpeHb 1/ ... BCcaku#i pa3 BbiyHC-
ASIOTCA A ONHOR M TOR 3Ke NpOusBOJBLHO B3ATOH TOUKM (; v;), a
B. nepeoit — dyukuua f(,..) Oepercs B TOouke (u;, v;), a BhIpaxeHne

...—B TOuKe (&; T;) (KOTOpaa HaBA3BIBAETCA TEOPEMOH O CpeAHeM H
He NPOUBBOAbHA).
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PaccMoTpuM PasHOCTb MEXY OGeHMM CyMMaMu:

o—a*=3/(.) {VEG=Flucs, — [VEG—Fluzu) As

‘U=’0£ 7.!-—-'!'

Tlycts & >0 — npon3sonsHO Maioe uucio. B cuay (pasmomepHoii) He-

npepusHocte dynxunn Y EG— F%, npu AOCTaTONHO Maimx ABaMeTpax
obaacreit (A;), Gynmer

[VEG—Flici,—[VEO— e, | <e.

V=TV,
1
YuuTHBag OTPAHUYEHHOCTH HENPEPHBHOA QyHKImHM f:
1fee v <L,
JIETKO HpYJXOIlHM K OIEeHKe
|o—o*| < oL,
TaK 4To
lim (¢ — o*) =0,

Orciofa ACHO, 4TO M3 CYUIECTBOBaHHs Npejena Jas BTOPOH H3 BTUX
CyMM CJedyeT CYIIeCTBOBAHHE pPABHOIO €My Iipeiena W JJs JApyrofl.
DM ¥ HKOKa3aHO Halle YTBepKAEHHE.

Ecmu mosepxHocTh (S) 33jlaHa fIBHEIM YpaBHEHUEM:

=z(x y)
TO (opmyia (2) npuHMMaET BUML

(§rep 2as=0 ({76 5 20 MVTFFPFPaxay, @
(S) D)

rae (D) osuayaer NpOEKUMI0 noBepXHOCTH (S) Ha IJIOCKOCTb X.
Tak kax

Vitpr+¢= ,COSV,

(re v, KaK ORBIYHO, €CTb YroJA MEXAY HODMaiblo K MNOBEPXHOCTH H
ocblo 2), TO Gopmyay (4) MOXHO HamKcaThb U Tak:
dx d
(§7 3 2as=@ ([7ea 20 EZ. @

(8) (D)

Mu mpeanonaraai A0 CHX mop moBepxHOCTh (S), Ha KOTOpyw Owa
pacnpocTpaHeH MHTErpan, mpocro#t u raaaxoit. Haww pesyapratsr Jerxo
nepeHocaTcss W Ha oOmuit ciayualt MOBEPXHOCTH, COCTOSIIEH M3 KOHEUHOro
Ynucaa TaKHX KYCKOB.
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370. MexaHHYECKHE NPHIOKEHHSA NOBEPXHOCTHLIX HHTErpaloB MepBOro
THHa. 1°. C moMOUbIO HAa3BaHHLIX HMHTErPaNoB MOXHO ONpPENeasiTb MAaccel, Mo~
MEHTbI, KOOPIAWHATE LEHTPOB TAXECTH M T. Il BEJAUYUHB I MATEePHAAAbH B X
MOBEPXHOCTEH, BAOAL KOTOPBHIX pacnpeleneHbl MAacchl C ONpENENeHHON B Kaxo#
TOYKE MOBEPXHOCTHOH NIOTHOCTBIO.

Ha pene spech HeT HHMYEro HOBOrO IO CPaBHEHMIO CO ClyyaeM IIOCKOro
pacnpefienieHHa MacCC, pacCCMOTPEHHLIM Bhle,

2°. [pumsscenue npocmozo cAos. IloBepxHOCTHBIE MHTETPalbl NEPBOro THNA
€CTEeCTBEHHO BXOJAT B PaCCMOTPEHHE NPH U3YYEHHWH MPUTANKEHHA Macc, pacupe-
JeNeBHBIX Ha MOBEPXHOCTH.

IMycts mo nosepxuoctn (S) HempephHBHHIM 06pasoM paclpefeneHbl MacChl
C 3ajaHHOk B KawJoii Touke M (X, y, 2z) MOBEPXHOCTH MIOTHOCTHIO p (M)=
=p(x, ¥, 2) *¥). lycrts, nanee, B Touke A (& 4, {) (B H e NOBEPXHOCTH) HAXONUTCA
enununa maccel. TpeGyercss onpeneinTb, € KaKOH 1O BeJWuHHE W 10 Hanpasie-
HE0 cHI0H F IpHTArHBaeTcA Touka A MOBEPXHOCTbIO (S), €Ca¥ B OCHOBY mono-
¥eH HbIOTOHOB 3aKOH NPUTAXEHHA (33KOH BCEMUDHOIO TATOTEHHUs).

Ecmn 6ur Toyka A npatAruBa’lach ONHOX JMIUb MaTePUANbHOM TOYKOM
M(x, y, 2) ¢ cocpenoTOYeHHOH! B Belt Maccolt m, TO BeAHMYUHA CHIBl NIPUTAKE-
HHA Gpina Gl paBHa

m
F=— = i),

rie r ects paccroanne AM, 1. e.

r=yY &—0*+0—+ -0 (6)

Tax xak sta cuia vanpasiena or A x M, To ee HampaBasoWUe KOCHHYCH
6yayr

xX—§ y—yq z—tC
r ? r ’ r

B, CAICHOBATENAbHO, NPOCKIMH CUIBI IPHUTAXEHUA 75 Ha OCH KOOpAWHAT BbIpa-
SATCA TaK:

z—{

x—8 y—n F,=m o )

Fx=m—;3—, Fy=m =)

B caywae c¥ cTe M bl NPUTATMBALILKX MAaTePHATbHLIX TOUEK 3TH BhIpaAXEHHA
3aMEHMMNCh Gbl CyMMaMu NOJZOGHHIX BHIDAXEHWH; HAKOHeU, NPH HeNpepsBHOM
pacnpenesieHi Macc No IMOBEPXHOCTH TOABATCA BMECTO CYMM MHTErpalsi.

Ilpumensas O6bIYHbIN TPHEM M3NOMXEHHS, MOXHO GblIO Gbl PaCCMOTPETh 9 1 e-
MeHT dS NOBEPXHOCTH ¢ Maccolt p dS, Kak 6bl COCPEIOTOYEHHOH B ONHON W3
ero Touek M (x, y, z). OxasbiBaeMoe MM Ha TOYKY A NPHTMHEHHE GyAeT MMeTh
npoexuuy Ha ocu [cp. (7)]

x—E
r3

z—¢
r3

dezp ds, dFy=p)_,-’-’Ts—1]dS, sz=p dS,

*) B saToM cayuae roBopaTr 0 MPOCTOM CcAoe (B OTIMYHE OT ABOfi-
HOT O CIOA, KOTOPOro Mbl HE paccMaTpuBaem).

**) Kak 06biyHO, ¢[IOCTOAHHYI0 TATOTERUA», T. €. MHOXHTENb MPOMOPIHUO~
HanbHOCTH B Qhopmyiae HoloToHa (3aBHCAmMA OT BhGOPA €JHHHL), MBI 3aMeHAEM
euHuIeR, YTOGB YyNPOCTHTL 3aNHCh.



370] § 3. IOBEPXHOCTHHIE MHTETPAJIH NEPBOTO THIA 317

rie r osHavaer paccroshue AM, Bhpaxkaemoe dopmynoi (6). Temeps ocraerca
JUiilb <«NIPDOCYMMMPOBATH> 3TH BBIPAXKCHUSA, UTO NpHUBEAET K CIEAYIOLUM (popuy-

naM IS Mpoexuui cuast F NPHTAKEHHUA NPOCTOro CAOA HA OCH:
x—& —_ z2—¢
re={(o5as, m=( {2500, r=({F e @
(S) ) (]

druM cuna F onmpemeneHa MOXHOCTHIO KAaK MO BeNTHYHHE, T4K M 1O Hanpa-
BICHHIO.

Ecau 6u1 npursArnBaeMas TOYKa A M caMa Jexala Ha NOBEPXHOCTH (S), TO
NpoeKUMH NPATAKEHUA Ha OCH MO-TIpeXHEeMY Bhpamanuch Gu uHTerpanamu (8),
HO Ha 9TOT Da3 MHTErpansl 9TH Oblay Gbl ReCOGCTB € HHB MU, HOCKOTbKY
B6IM3W TOYKH A INOAWHTErpanbHbie (YHKIMM BCe MNEPecTaiT GbTh OrpaHi-
YeHHbIMH.

3° MMomenyuaa npocmozo caos. B cayvae onHOM npuTaruBaioumiefl TOUKH
M(x, ¥, 2), Kak Mbl BHIedH, NPOEKNUN TPUTATUBAIOMIEH CHABI HA OCH HMEWT
poipaxennsn (7). Jlerko ycMoTpeTh, YTO 3TH NPOEKIMH ABIAIOTCA YacTHBIMA NPO-
U3BOAHLIMY N0 & 7 ¥ { oT PyHKuum

W, 0, C)=%’

KoTopas HA3bIBACTCA HHIOMOHOBCKUM NOMEHYUAAOM HE TOUKY A nons toyku M.
{Cp. n° 351, 1)].

B ciydae 110is, CO31MaHHOIO cucreMoit MaTepualbHbIX TOYEK, IIOTEHUMAA BbI-
pasuiacs Obl cymmoll IpoGei#t 3Toro BHMAa, MpUueM IPOU3BONHbIE NOTEHUUana No
g m, { Do-mpexHeMy NaBaAn Obl MPOEKIUH CHIAbl MPHTAKEHHA HA OCH.

Orciona ecrecTBeHHO NPpUXOAHM K TAaKOMY BBIDAXECHHIO I nomeHyuaisa
npocmoz20 CA0f, PAacHONOMEHHOr0 IO MOBEPXHOCTH (S), € NAOTHOCTBLIO p, Ha
TOYKy A:

we o= {2 ©)
(S)

Bosnukaer auiib BOMPOC, COXPAHAETCA AM AAs 9TOro MoTeHnHana GyHaamen-
TajbHOE CBOHCTBO:
ow oW oW

-d—E‘=Fx’ T);= » —6E= 2 (10)

rne Fy Fy F, cyTb Npoexuu# cHabl F NPUTAKEHHA NPOCTOTO CAOA HA OCH M
onpeneasotca dopmynamu (8).

Ecan Toyka A He JEXMT Ha MNOBEPXHOCTH, TAK YTO HHKAKUX HADPYHICHHH He-
NPEPLIBHOCTH HET, TO JErKO NOKasaTb, YTO K MHTerpany (9) npu auddepennupo-
Banuu ero mo § 7 uau { NpuMeHuMo mMpaBuno JlefG6Huna (aid sToro no-
Hafo6uaoch Obl IMIIb MNOBTOPEHHE YXE€ 3HAKOMBIX HaM paccyxaeHni). Takum
nyreM ONpPAaBRBIBAIOTCA H JAAA PacCMaTPUBAEMOro ciayyas paclipeleleHus Macc
cootHomenHs (10).

MpumEeEPH. 1) Halitu cuny npursxenns TOUKH OJNHOPORHHIM (p==const)
c(PepPHYECKUM CIOEM.

Pepmenue IlycTs uentp chepwl dexur B Hayase KOODAMHAT, & NPUTALH-
BaeMasi Touka A (Maccel 1) HaXOAMTCA Ha MOJNOXHTENLHON OCH Z Ha PAaCCTORHUM
a or uentpa. Ilpoekunu Fy u F, cunu NPATAXEHHA HA OCH X ¥y, OYEBHIHO,

paBub Hymo. Haxee, umeem
F,= S S pilas

©)
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(r — paccrosHue MexJay TOYKOM A W npou3BoisHOH TouKo# M cdepn). Ecau
nepeiiTH K chepuyeCKHM KOOPAMHATAM:

x=R singcosh, y=R sing sinb, z= R cosq,
TO

dS=R® singdedd, r=) REF+a® —2Racosg

ki
F,=2nR?% S (R cos o —a) smcpdf/ .
P (R®+a*—2Ra cos ) /2

Toncranosxko#t R? - a? — 2Ra cos ¢ =1* npeo6pasyem 5TO BhipaweHHe
a

R

D2 __ 8 2 __ 8

=R, S (R—._tf —1) dt= — ’7‘159(212 -—R—-R__‘Z!« IR——a{).
1R"a|

PaccMOTpUM Temephb JBa NPEnNONOXEHHSA.

(1) Myecrb a << R; B TakoM cayuae | R— a|= R— @, B CkoGKax CTOUT Hylb H
F,=0.

Wrak, modka, Haxodswascs 8RYmMp U OOHOPOOHO2O cfepuiecKo20 cA0R,
HE UCTLOLMBIBACT CO CMOPONbL NOCACOHE20 HUKAKO020 MPUMSIHCEHU.

(2) Ecan e a >R, 10 | R—a|=— (R—a), TaK 410
4nR2
Fy=— "agf’,

TosToMy mouka, Haxo0suasncss 8He 0OHOPOOKO20 cleputeck020 CA0S, ucnbl-
moi8aem cO cMOPOHbL NOCAEONE20 MAKOE e NPUMSIHCEHUE, KAKOE UCNLINbEaLd
6ui, ecau cocpedomodums 6cro macey m=—4nR%p=_Sp cr01 8 e20 yenmpe.

2) Haiity moTeHunax ONHOPOXHOTO CPEPHUECKOro ClIOA B NMPOMU3BOABHO B3fi-
TOH TOYKE.

PeEmEH ¥ E. [Ipn npexHux 0603HAYEHUAX HMeeM

. as _ s S sin ¢ deo —
W) SSP F =2k V R¥4-a®—2Ra cos ¢
(8) 0
R+4-a
2%
=ZRe | a=2B,R+a—|R—a).
[R—a]
Ecmn a<< R, 10
W(a):‘lan,

TaK UTO 8 HY M p U OOHOPOOHO20 cPepudecKo20 cA0S €20 NOMEHYUAL NOCIMOAHEH.
Hanporus, npu @ > R Oyxner

W (@ =2Re,

T. €. NOMEHYUAN, CO30QHHLLL CHEPUHECKUM CA0EM 80 BHEULHE M npocmpau-
cmee, HE UBMEHUMCS, eCAll 8CI0 MACCY €20 COCpesomo4ums 8 yermpe.

3AMEYAHUE B cayvae ¢=R B o6enx 3ajauax NPHILIOCH OBl MMETb
7eNo ¢ TaK Ha3blBAGMHIM HECO 6 CTB e HH K M TIOBEPXHOCTHHM MHTErPaioM, No-
CKOABKY MORMHTErpanbHas (PYHKHUA O6pamlaerca B GECKOHEYHOCTh.
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§ 4. NOBEPXHOCTHBIE HHTEIPAJIBI BTOPOI'O THIIA

3871. OnpepgencHre NOBEPXHOCTHEIX HHTErpajioB ETOPOro THHA. ITO
HOBOE MHTErpaJbHOe 00pa3oBaHME CTPOUTCA MO 06pasily KpUBOJWHEHHOro
HHTerpaja BTOPOro THIia.

Tam MB MCXONMAHM 43S HaNpaBJeHHO (OpHEHTMPOBaHHOH) Kpu-
BOH W, pasJOXHB €€ Ha SJAEMEHTH, KaXAmH Takod 31€¢MEHT, COOTBET-
CTBEHHO HaNpaBJAEHHHH, MPOEKTHPOBANM HA KOOPAMHATHYIO OCh.
ITpoexnus noxyuanach TOXE HanpasiCHHOH, u Mb Opanu ee MIMHY €O
3HAKOM IVIIOC MJIM MHHYC B 3aBHCHMOCTM OT TOrO, COBNajano Jau €e
HaNpaBJeHHe C HAMpPaBJEHHEM OCH WM HeT.

AHanornunsiM  06pa3oM  pacCMOTPUM Telleph ABYCTOPOHHIO
noBepXHOCTh (§), TMIaIKYI0 WM KYCOUHO-TAAAKYo, U (HUKCHDYEM KaKyio-
anbo U3 IBYX ee CTOpPOH; Kak Mb Bumenn [n° 362}, smo pasrocussno
86L00pY HQ NOBEPXHOCMIL ONPEOECACHHOR OpuerRmayu .

It onpeieNeHHOCTH INPERMOJNOXUM CHadanda, YTO NOBEPXHOCTbL 3a-
JlaHa fBHLIM ypaBHEHUEM

z=2z(x, y)

npuyeM Touka (X, y) uaMmenserca B ob6nactu (D) Ha miockocTa Xy,
OrpaHHYeHHOH KycouHo-r/afikuM KontypoM. Torma BrOOp BO3MOMEH
MexAy BepxHe# #@ HuxHe# cTopoHamu nopepxHocTd ¥). B nepsom cay-
yae 3AMKHYTOM KpHUBOH Ha NOBEPXHOCTH NPUNKMCHIBAETCA HaNpasJieHue
HPOTHB YaCOBOH CTPeNKH, €CIM CMOTpET> CBEpXY, BO BTO-
pom — o6paTHOE HanpasJeHue.

Ecau noBepxHOCTh pa30bmTa Ha 3JEMEHTH M KaXMAm# Takol, coort-
BETCTBEHHO OPHMEHTMPOBAHHEIH, 3JEMEHT CHPOEKTHPOBaTb HAa INVIOCKOCTH
Xy, TO HampaeJeHue oOXolla KOHTypa npoekTupyemoi ¢urypsl onpene-
JAuT ¥ Hanpasjienue o0Xofia KOHTYpa npoekuud. D710 HanpasneHue Gyner
COBNaliaTh C BpaluleHUEM TPOTUB YaCOBOH CTpesKH, T. € OTBEYATh OpHEH-
TauMM camMoff TWIOCKOCTH XV, ecin (ukcupoBaHa Owsa BepXAds CTo-
poHa nosepxHocTu (S); B 3TOM C/aydYae MH IJIOMafb TpOeKuuH Oyaem
Gpath €O 3HakoM moc. B ciyuae HuxHeH cropoHs BpameHme Oyzer
ofpaTHbM, M mIOmaAb TNpoekuun Oydem OpaTb CO 3HAKOM MHHYC
[cp. n° 357].

Tlycrb Temeph B TOYKaX JaHHOH nopepxHoctn (S) onpeneneHa Heko-
topas ¢ynxkums f(M)=f(x, y, 2). Pa3noxuB NOBEPXHOCTb CETHIO
KYCOYHO-I'JIaAKNX KPUBBIX HAa S/EMEHTH

(Sl): (Si): eeed (Sn)’

BoGepeM B KawioM 3xemente (S;) mo Touke M;(x;, ¥y, 2;). 3arem
puiuncauM sHavenuwe Qyukuun f(M)=Ff(x; Vi 2;) ¥ YMHOXKHM ero
Ha naomanxs D; mpoexuun Ha IMOCKOCTL Xy 3aeMedta (S;),

¥) Cm. cHOCKY Ha crp. 298,
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CHabeHHYI0 3HAKOM 10 YKasaHHOMY Buiine npasuay. CocTaBuM, HaKOHEW,
cymmy (TOXe, CBOEro POJA3, MHTET PAJBLHYIO CYMMY)

0= i§l F M) Di=i§1f(xi» Yo 2) D, )

Koneunoiil npedesr 3moii cymmot npu cmpesienuu ¥ Hyawo Oua-
Mempog 6cex wacmeil (S;), Ha3b.6a10M NOBEPXHOCMHB M UHM e
2pasom (6mopozo muna) om

SfMydxdy=f(x, y, 2)dxdy,
PACHPOCMPAHERKHBIM KA 86LOPAHHYI0 cmopoNRy nosepxHocmu (S),
# 0003HAYalT CHMBOJIOM

1={{rmiray={{re 5 Ddray @

(5) (5)

(3rech dx dy HanOMMHAET O IVIOWAfM NPOEKI MU SJIEMEHTAa IOBEpX-
HOCTH Ha MJIOCKOCTb X¥).

Bnpouem, B 3TOM CHMBOJE He COBEPKHTCH KaK pa3 YKasaHus Ha
TO, KaKyl0 HMEHHO CTOPDOHYy IIOBEPXHOCTH MMEKT B BHLY, TaK 4TO yKa-
3aHMe NPUXOAMTCA JeNaTb BCsAKHH pas oco-
60. V3 camoro ompemeneHus ClAedyeT, uTo
npu 3aMEHE paccMarpuBaeMoift CTOPOHH IO-
BEPXHOCTH  NPOTHBOMOJOXHOH  CTOPOHOH
UHTErpaj MEHET 3HaK.

Ecin noBepxXHOCT HE HMEeT YKasaH-
HOrO CIENMaJbHOTO BHAA, TO MBI BCeria
Bnpens OyAeM mpeanoJjararb, YTO0 OHa CO-
CTOMT M3 KOHEYHOrO YuC/ia KYCKOB, Orpa-
HWYEHHHX KYCOYHO-T/JIaIKHMH KOHTYypaMH H
aub0 uMelomwux 23ToT BHA, JuOO NpencTa-
BHIOMKX COOOH yacTh WMAMHAPUUECKOH MO-
BEPXHOCTH C 00pasylomuMy, apalieabHEMU
OCH 2z (HanpapJsomias KOTOpOH Ha IIOCKO-

Puc. 56. CTH Xy HMEeT HyJeBYO Iomais). B cayuae
DAEMEHTa, JIEXKAmlero Ha KYyCKe NepBoro

THIa, MBl YK€ 3HAEM, KaK IPUNHUCHIBATL SHAK ILIOMARM €ro NpPOEKLHH;
5TH 3HAKM MOFYT OKa3arbCsl M DAsJMUHBIMH JJI DA3HHIX 9JEMEHTOB, €Cad
OJIHM SJIEMEHTH MOBEPXHOCTH OKA3BIBAIOTCH JIEKAILUMU CBEPXy, a Apyrue
cxugdy (puc. 56). Uro ke KacaeTcs S/EMEHT3, JEKAUIEr0 Ha YNOMSHYTOH
HWIMHADUYECKOA MNOBEPXHOCTH, TO NPOEKUUs €ro, CTATHBAIOLIAACA B Jd-
HHUIO, UMEET HYJEBYI0 IJIOmladb, U O 3HaKe ee rOBOPUTh HE MPUXOAUTCH *).

Z

*) «Henpasmabnux» S1eMeHTOB, NPUHANLIEKAUMX PASTUUHBIM KYCKAM, U3 KO-
TOPHX COCTOMT HMOBEPXHOCTb, M OyieM M306erarb (a MOKHO Gbi10 6ul UMH TIO-
npocry npese6peyn!),
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B ocranbHOM onpeleseHue TOBEPXHOCTHOTO MHTErpaia CTPOUTCH M JJs
ouiero cayuas Tak xe, KaK U BbIue.

WMamenss poan ocefi (COOTBETCTBEHHO UeMy H3MEHAIOTCSA
u HaWu Tpe6OBaHUA K NOBEPXHOCTH), MOXHO Obl10 OH mpo-
€KTUPOBATb SJEMEHTEl MOBEPXHOCTH, BMECTO MAOCKOCTH Xy, Ha IIOCKOCTb
yz wam zx. Tak mnoayyaioTcs JApyrue J[Ba TOBEPXHOCTHBIX WHTErpania
BTOPOTO THIA:

S Sf(x, ¥, 2)dydz wm S Sf(x, ¥, 2)dzdx. (2%
(S)

(S)

B NPUIOKEHUSX Yalle BCEro BCTPEYAIOTCH COCAVHCHHS HHTErpajoB BCEX
3THX BHUJIOB!:

SSdedz—]— Qdzdx4-Rdxdy,
(S)

rie P, Q, R cyrb dyskmua or (X, y, 2), ONpeleJeHHbe B TOUKax Io-
sepxHocTH (S).

Euie pas noluepkHeM, 4TO 80 8cex cayuasx nosepxuocms (S) npeo-
noaazaemcss 08y CMOPOHRHEN U 4MO UHME2PAL PACIPOCIMPARIEMCS
HQ onpedeseHHyI0 ee CMOPOHY.

872. Ceenénne K OGbLIKHOBEHHOMY HNBOHHOMY HHTerpany. Mm Gy-
AeM mpeAnosaraTh QyHkunio f HenmpepHBHOH B TOUKax INOBEPX-
nocta (8).

1° PaccmorpmM cHayana OCHOBHOH cayva#l, Koria nosepxHOCTb (S)
3a/laHa SIBHRIM YDaBHEHUEM

2=2(x, y) (% ) ms (D)),

npuyeM (GYHKUMA 2 HENpepHBHa BMECT€ CO CBOMMH YaCTHBIME IIPOM3-

BOJAHBIMA
=% 0
P=gx+ 1= g

Eciu unterpan (2) Gepercs mo BepXHel CTOpPOHE MOBEPXHOCTH, TO
B mHTerpanbHO cymme (1) Bce D; nonoxwutenshsl. Iloicrasnsia B 3Ty
CYMMY BMECTO 2; €ro 3HaueHue Z(x; V;), MpHBEAEM €€ K BHAY

o= é T, yo 2(x5 y)) Dy,

i=1

B KOTOPOM JIETKO Y3HaTb WHTEIPaAbHYI0 CYMMY AJ9 OOBIKHOBEHHOro
ABOMHOIO HHTErpana

® ({700 9 260 myaxay.

D)
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Iepexons Kk npedeny, yCTaHOBMM H CyumieCTBOBaHHe HHTerpana (2)
H PaBEHCTBO

(§re s pardy=@ ({10 3 20 paxey. @

) (D)

Ecan pacnpocTpaHuTh HMHTErpaj Ha HHMXKHIOIO CTOPOHY MOBEPXHO-
cru (S), To OyAeM WMETb, OUEBHMIHO,

§J76 0 atety——@ ({7605 20 maxar @0
(S)

)

Jlerko Temepp ycTraHoBuTH (A PacCMATPHUBAaeMOro ciy-
4asn) cea3b MeHCOy NMOBEPXHOCMHHMU UHMe2paiamu o0oUX MUNOSE,
ITycTs cHauana peusb mier (A4S UHTErpaia BTOPOrO TWNA) O BepXHel
cropoxe nosepxHoctd. Ecmu B ¢opmyne (5) n° 869, cuurtas yroda
¥ OCTpPHM, saMenuts dymiumio f(x, y, 2) uepes f(x, y, 2)cosv, T0
MOXHO OyJeT Hamucarhb:

@ (765 5, 206 maxay={ {705 5 2 cosvas.

(D) (S)
Orciona — ¢ yuerom (3) — noayuaercs uckomas Qopmyina:

S§f ¥, 2) dedy= S S f(x, y, 2)cosvdS. )
(

()

3aMeHsas BEDXHIOIO CTOPOHY MOBEPXHOCTH HHUKHeH, MH TEM CaMhM
MEHsieM 3HaK AeBOoH uacTH pasencTBa (4). Ecam OZHOBDEMEHHO € TeM
MOA v PasyMeThb Ha STOT Pa3 TYMOH yros C OChIO 2 HOpMaiaW, Hampa-
BJIEHHO# BHM3 XK€, TO KOCHHYC, @ C HHM M HHTErpaJ, TaKKe U3MEHHT
8HAaK, TaK YTO DABEHCTBO COXPaHHUTCA.

2° Ecmn (S) ecTb yacTh DUJAMHADWYECKOH NOBEPXHOCTH C 06pasyio-
INWUMH, [3apa/VIelbHBIMA OCH 2, TO BCE €€ DSJEMEHTH HMEIOT HyJeBHe
NPOEKIMY, TaK YTO B STOM CaAy4ae

SSf(x, ¥, 2)dxdy=0. ()
)

OueBHmHO 8iech TaKxe HMeeT MeCTo ¢gopMynaa (4): Tak Kak cos v==0,
TO W NpaBas 4acTh 5TOH GOpPMyJan GyAeT HyJeM.

3°. Hakonen, ecau noBepxHocTh (S) COCTOMT M3 KOHEYHOTO YHCJA
KYCKOB, paccMOTpeHHBX B 1° mau 2°, To, ckaaamBas GopMyas sufa (4),
OTHOCSIMECS K OTAGAbHHIM KyckaM, yOeZumcs B TOM, uto Qopmyiaa (4)
ciipaBefiuBa U B oOmeM chaydae.

4°% Amanornuusie GOPMYAH MOFYT OHITh NOMyYeHH M AJS NOBEPXHO-
CTHHX uHTerpanos (2%). Cxnamsisast Bce TPH (POPMYJIH, HANUCAaHHBIE, CO-
OTBETCTBEHHO, /9 TNpPOW3BOJBHLHIX HempepsiBHHIX ¢yHkuud P, Q, R,
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npugeM K ofule#i ¢opMmyse, CBASHBaOUIEl NOBEPXHOCTHHE HHTErPain
BTOPOTO ¥ NEpBOrO THMA:

HP@&+QWW+RM@=
)

-—_=SS(Pcosl—|—Qcosg+RCOSV)dS- ©)

S)

ITonuepkuem, uT0 cnpasa 3decs uzypupyiom Hanpagasiowle KOCUHYCH
Hopmaau, coomsemcmsyueld mol cmopoHe NOBEpXHOCMU, NO KOMO-
poil 83am unmezpanr caesa.

5° Ecau nosepxHocTs (S) 3afaHa napameTpUuecKW, TO MOXHO CBe-
CTH MHTerpan B npaBolt uactm dQopmyan (6)—a ¢ HUM © HHTerpan
B N1€BOH 4acTH — K OOLIKHOBEHHOMY JBOHHOMY HHTErpaxy, pacnpocrpa-
HeHHOMY Ha obzacte (A) u3menenus napamerpoB. IIpeamonoxum cHa-
Yyajaa MOBEPXHOCTE MpPOCTOH M rAafkoH; NMyCcTh OHA OrpaHMYeHa KyCOUHO-
rnagkaM kourypom (L).

BuGepeM oOnpefe/eHHYlO CTOPOHY MOBEPXHOCTH # TEM CaMbM
yCTaHOoBHM Ha He#t onpeflenennylo opueHTanuo. Ecau nonoxu-
TeaAbHOoMy o6xony kKounrypa (A) o6racru (A) orBeuaer
nonoxutenbHHR ke 06xon koHTypa (L), To, Kak Mb 3HaeM
[n°862], nanpasasiomue KOCHHYCH HOPMaJH, XapaKTEPHIYIOWHE HMEHHO
BHODaHHYI0 CTOPOHY TOBEPXHOCTH, ONpEAENATC (OpMyIaMu

COS)~=——Am, COSP=——'———"§——“—,
+VALB+C +VALBE+C
CO8 V== ¢

FVEIBLC
co sHakoM (-}-) nmepea kopuem. C JApyro#hi CTOPOHH, NpPu mnepexone

K [BOHHOMY HHTErpajy no HapaMeTpaM 4, v, SJeMeHT miomanu dS
HaJUVIeKUT SAMEHHTH BRIPANKEHHEM

+V AFBFF Cdudv

[n°869). OxoHyaTeanHO, MOJYYHM PaBEHCTBO

“S Pdydz - Ddzdx 4 Rdxdy= S S (AP4-BQ--CR) dudv. (7)
(s) @

B npaso#t wactm noppasymeBaercs, 4To B (QyHknuMm P, Q R BMecro
X, ¥, 2 NOACTaBJACHH HX BHPAXKEHUS YEPE3s U U .

3AMEYAHHE. IJTOT pesyabTaT pacnpocrpassercs 4 Ha Goaee
ofmuit = cayyait MOBEPXHOCTH, COCTAaBJEHHOH W8 MNPOCTHX TF/AaAKHX
NoBepxXHOCTeH, NpuMBKaWwux oauwa K Apyro#. Ho mnepea uHTerpanom
CnpaBa MOXET IMOSABHTLCA KaKk 3HAK MJAKC, TAK M 3HAK MHUHYC
[cm. n°361, sameuanue].
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873. dopmyna Crokca. OOparnmca Tenepb K BHBOAY (OPMYAH,
CBSI3bIBAIOLIEH MOBEPXHOCTHHIH MHTErpas ¢ KPUBOJMHEHHBIM ¥ Cayauieh
o6oGutennen yxe ussecTHofl Ham opmyant [puxa [n°346).

Mu coxpaHseM MOHadaly OTHOCHTENbHO MoOBepxHocTH (S) Te ke
NpeAno/oKeHns, YTo B mMyHKTe 5° npeAslAymiero HoMepa.

Ilycte B HekoTOpOH npocTpancTeeHsofl 006JacTd, cofepKaieit
BHYTpH ce0s moBepxHocTh S, 3ajmaHa ¢ymkuws P(x, y, 2), Henpe-
pHiBHAas B 3TOH 00/aCTH BMECTE CO CBOMMH YaCTHBIMH IIPOHSBOJHBIMH.
Torpa umeer Mecro QopmyJa

§de—SS‘1I-)d dx——-%gdxdy, ®)
(S)
IpuYeM HampaeieHue o06xoda KOHTypa (L) COOTBETCTBYET TOH CTOpDOHE
nosepxHocTd (§), Ha KOTOPYIO PacHpOCTDaHEH HHTErpaj Crpasa.
Ilpexne Bcero npeoGpasyeM KpHBOJAMHEHHHH HHTErpax HO KPHBOH
(L), samenuB ero uurerpajsoM no Kpuso# (A):

Sde-——SP (St ) ©)

@)
PaBeHCTBO 3TO JIErKO NpPOBEPHUTb, €C/A¥ BBECTH NapaMeTpuyeckoe npel-
crabieHue Kpusoi (A):

u=u(t), v=0(t) (<t<p)
a yepe3 Hero —u Kpusoit (L):

x=x@®), 0®), y=y@®), v®), =2, vH).

Torma o6a uuTerpana cBeAyTcss K OJHOMY U TOMY e OOBIKHO-
BEHHOMY HHTErpajJy Io mnapamerpy

g

S‘ (gx du dx dv)dt
u

o

Teneps k unterpany s (9) cnpasa mpumenuM ¢opmyay [puua:

Sp(axdu+0 d«u) SS 3 60) oZK 2} du o,

Tak xax nmociaenuee NOAUHTErPA/NIbHOC BBIPAXEHUE B PA3BEPHYTOM BUAEC JA€T
0Pox | 0Pdy | 0P dz\odx 0%x
Gatsrtan s tremm—
0POx | OPdy |, OPdz\dx Fx
(oxau T dy a*v+o_zov>a7“‘Pouov“
0P (Oz d0x 0z Ox) oP <0x dy Ox d_v)

dudv  dvdu
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TO MB!I IPUXOAUM K ABOHHOMY umerpany

” P 5 Cdudo.

TTo dopmyne xe (7) ero nerko 1mpeo6pasoBaTh B NOBEPXHOCTHBIMH

MHTErpa .
5 S P azax—axay,
s “ Y

B3ATHH HMEHHO NO BHOPAaHHOH CTOPOHE IOBEPXHOCTH. DTUM M 3aBep-
IN3eTCsl JAOKasaTelbCTBO pasencTsa (8) *).

dta opmyaa ycTaHoBjeHa HaMi /s NPOCTOH M TaAKo# nosepxHo-
cru. Ho ee aerko pacmpocrpanuts u Ha oOmu#t cayuyat XycouHo-
raagko# MOBEPXHOCTH, OrPaHHYEHHOH KYCOUHO-IVIaAIKUM KOHTYpOM:
CTOMT JWINb HANMCaTh e€e A KawJIOro npocToro W rJaaiKoro Kycka
B OTAEJbHOCTH K MOYJIEHHO CJOXHUTb MOJY4YEHHHE DPaBEHCTBA.

Ilyrem xpyroBofi nepectaHoBkM OYKB X, y, 2 MOJY4alOTCs euwie ABa
aHaJOTMYHBIX PABEHCTBA:

S Qdy = ” X gxdy—Raya,

(L S

§R dz = \ S‘ aRdydz————alzdx, ®2)
(L)

rie Q u R — HOBHE tpymamn 0T X, J, 2, YHOBJETBODAMOIIME TeM xie
ycjaoBaaM, uto u P.

CknaneiBass Bce Tpu paeeHctBa (8) m (8a), moayuyuM HCKOMBIH
pesyabTar B HamboJsee ofweH Qopme:

\ Pdx+Qdy+Rdz=

v =§S<l‘;§c’ dp)d dy+(-——‘39)dyd +(‘1’3———)dzdx. (10)
(s

310 paBeHCTBO W HaswBaercs gpopmysoli Cmoxca. Ewe pa3 noo-
UePKHEM, UIMO CMOP OHQ NOBEPXHOCMU U HanpasseHue o6xoda
KORMYpa 83QUMHO ONpedeAsI0MmesL N NPABUAY, YCManosAeHHOMY 8 1° 362,

Eciu B KayecTBe Kycka nosepxHoctd (S) B3iTh IIOCKylo 004acTh
(D) na naockoctu xy, tak yto 2==0, 10 nonqucn dopmyna

Sde—{—Qdy-SS( dxdy,

(L)
¥) CnefyeT OTMETHTb, YTO NMPH BHIBOJE HAMHU MCHOMb30BAHHI CYINECTBOBAHME
0 #2x  0x
dx' Ouov’ dvou’
pesyapTaTe He yyactByior. Ha xeme Qpopmyia mmeeT MeCTO W 6€3 THX NpEAno~
JHOMEHNH.

N HeNpepsBHOCTb NMPOH3BOJHLIX KOTOpbi€¢ B OKOHYATEJbHOM
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B KOTOpo#f uwrateab Yy3Haer ¢opmyay I'puna; takum o6pa3oM, mocjen-
Hi SIBJSETCR YacTHRIM cayuaeMm dopmyas Crokca *).

OTMeTHy, HaKOHeHw, YTO NOBEPXHOCTHRIH HHTErpaa BTOPOrO THNA
B dopmyne Crokca MOmeT OHTb 3aMEHEH NOBEPXHOCTHHIM BHTErPaioM
nepsoro Tuna. Toraa sTa ¢opmyna npuMer BHA

§pu+@@+Ra=
(L)

= S S [(%5“%%) cos l+(‘-’£—§§) cosp. -+ (%%—%’) cos v]ds, an
S

npuyeM cos A, COS, COSY O3HAYAIOT HANPaBARIOUIME KOCHHYCH HOpMaiW,
omeeqanuell UMERHO BLOPAHRON CIMOPOHE NOBEPXHOCMU,

Bns npumepa «nposepum» dopmyay Croxca, nonoxms
P=y'+2, Q=2+ R=x'4y
¥ BaaB B KauectBe (S) NOBEPXHOCTb, BHIPE3EAHHYIO UHUNKHIPOM
X% yP==2rx U3 chepu x*4y* 4 22=2Rx (R>r, 2> 0).
Tpr6ernys k MapaMeTpHUECKOMY NpPEACTABAEHHI0 KPUBOH

x=r(14cost), y=rsint, z=V & (R—r) Y 1F cost (0<t << 2n)**),

Al KPHBOAHUHEHHOrO HHTErpaaa HalileM IIOBONBLHO CHIOXHOE BupaXeHUEe B BHIEC
OOGLIKHOBEHHOIO HHTErpana:

2%

S {[r’ sin® ¢+ 2r (R—r) (1 4+ cos 1)) (— r sin £) +

[}
+2r (R—r)(14 cost)+r* (1 4 cost)*] r cos ¢ -
(4 costy 41 sin’t]--—;— 2;51-—“‘%??(“ sint)}dt.

Ho nepsoe u tperse cnmaraeMwe B QHIypHWX CKOGKAX, YMHOXeHHbe Ha df,

nMeT BUR f(Cos ) d oS/, M MHTErpaXnl OT HHX, BBHAY NEePHORMYHOCTH KOCH-

Hyca, paBHH Hymo. Bunonsue ocralomyiocs BKIaKy, moayyum 2nRre.
[ToBepxHOCTHHY e MHTErpa’ BTOPOro THIA

2 SS (9 —2) dy dz+ (z— x) dz dx 4 (x —y) dx dy,
(S,

*¥) Haa obneruenus sanomunamus dopmyas CTOKCa yKkaxeM, uTo neppoe
craraeMoe B WHTerpaie CnpaBa— TO e, YT0 M B gopmyre I'puna, a ocTambHhe
NoAy4aloTCA H3 Hero Kpyrosoi nepecranoskoit 6yxB X, y, z 4 P, Q, R.

*#) Ecam noxoxuth xX-—r==r cost, y=r sin ¢, 10 reoMeTpHYecKnii CMuCa
napaMeTpa ¢ scen; NMONCTaBIAA STH BHIPAXKEHHS B ypaBHeHme cdiepw, HafiieM
SaBHCHMOCTb 2z or f. [Ipn wmamenenmw £ or 0 no 2n KkpuBas ONHCHIBaeTCA
NPOTHBYACOBOH CTPEAKHY, €CIH CMOTPETh CBEPX Y.
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PacnpocTpaHeRHHY Ha B e P X H 0 10 CTOPOHY yNOMAHYTOH MOBEPXHOCTH, Tpeolpa-
3yeM CHayama B MHTerpan mepBoro THNa:

ZSS [(y —2) cos A+ (2 — x) cos 4 (x —y) cosv] 4S.

(8)
Tax kax

*—R =3 =2
7’ cosy....R, cosv_.R,

70, MOACTABAAA 3TH BHIPAKEHHA, NPOU3BEAEM YNPOICHHE M CBeleM HckoMsift

MHTErpas K CAeNyoLieMy:
2 S S (z —y) dS.

B CHIYy CHMMETDHH NOBEPXHOCTM OTHOCHTEIbHO INIOCKOCTH X2, HHTErpax

CoS A==

y dS okassiBaerca HyneM. Ocraomuiica ke HHTErpan CHOBa mpeoGpasyem

¢
(S)
K MHTErpany BTOPOro THNa:

z
2SS 2dS =2 ngdxdy=2R SS dx dy=2n Rr.
& & i)

874. Npunoxenne dopmyan Croxca K MCCACKOBAHHIO KPUBONM~
HeliHbiX MHTErpasoB B mpoctpancrse. Ilycts B otkpuroft o6aacra (7)
safiaHn ¢ynkumr P, Q, R, HenpepHBHHE €O CBOHMH MPOU3BOJAHHMH

P 9P 0Q 3Q OR OR

dy’ 0z’ 0z’ ox’ ox’ dy’
C noMowsio ¢opmyan CTOKCa NErKO YCTaHOBHTb YCAO8UR, HEOOXO-
dumbsie U docmamoyunsie a8 Mo20, umobn. OCPAUWAACT 8 HYAb UKMESPOA

§PM+Q@+R& (12)
{

83aAmulil no AWOOMY Npocmomy 3amKHymosmy xonmypy (L), seaca-
weny 6 (7).

BnpoueM, mas TOro 4ToOH BO3MOXHO OHIIO MCHONL30BaTH (GOPMYAY
Croxca, HyXHO HamepeJ HaIOXKATh Ha TpexMepHyio obnacts (T),
K KOTOPOH OTHOCATCA HAaWIH PAcCMOTPEHHs, €CTECTBEHHOE OrpaHHYEHUeE.
Vimenno HyxHo mnortpeGoBath, 4roOwl, Karwoga 6o Hu Obaa npocmasn
Kycouno-zaadxan 3amxnyman wpusas (L) B obaactu (7), Ha Hee
MONCHO OBIAC <HAMSAKYMbY KYCOUHO-2Aa0KVI0 (CAMORENEPECEKAIOULYIOCS)
nosepxnocms (S), umerouyio (L) csoum Kormypox u maxice yeAuKomM
codepycawywcn 8 (T). IT0 CBOHCTBO aHAJNOrMYHO CBOMCTBY O A HO-
CBASHOCTH MJIOCKOH o6sacTi; MPH HAJAAYHH €r0 NPOCTPAHCTBEH-
Hylo o6aacts (T) Takxe HasHBAOT (<NOBEPXHOCTHO» ¥)) OAHO-
CBA3HOMH. YnomsaHemM Ajas mpHUMEpPa, UTO TeJAO, OrpaHHyeHHoe

*) B oTaMYHE OT KPYroro THNA ONHOCBASHOCTH MPOCTPaHCTBeHHOH obmaacrh,
o KoTopoM peub Gyier mmxke [n° 381].
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IBYMsl KOHIEHTPUYECKUMH C(PEPUYSCKHMH NMOBEPXHOCTAMH, OYIET B 5TOM
CMBIC/IE OJHOCBSI3HHIM, a4 TOD — HeT.

Iycrs xe obaacts (T) Oymer (noBEpPXHOCTHO) oAHOCBs3HOH. Hars-
HyB Ha KouTyp (L), KaK ckasaHo, moBepxHocTb (S), 3amenum mno ¢op-
myne Crokca KpHBOJMHeHHBH uHTerpan (12) NOBEPXHOCTHHIM HHTE-
rpajoM

S(‘S‘)S‘ (g_g_%>dx‘iy+(%?‘*%§>dydz+(g—;—-g—i)dzdx.

Ilng oOpailenus ero B HyJb, OYEBHAHO, JOCTATOYHB YCJIOBUT

0Q__9P OR_0Q 9P _0R 5)
ox~ gy’ oy~ 0z’ 0z  o0x'
OTH yCHOBMS B TO Xe BpeMa M HeoOGXOAMMBI, B UeM Jerko yOeauThcs
(nanogobue n°348), ecan paccmatpusate naockue duryps  (S),
JIeKaKe B IIOCKOCTAX, Napa/lieJbHBIX MOOYepefHO TOH uaIM HHOH u3
KOODAMHATHHIX TIOCKOCTEH.

YuraTenp BUAWT, YTO MBI MCOOJB30BaXd 31aeck ¢opmyay Crokca
COBEDIIEHHO TaK e, Kak B n°348 ¢ adaioruuHeiMu uenasmu Obtaa
ucHoab30BaHa Qopmysaa puna.

Jlerko nokasate, uto T€ XWe ycaogus (B) 6yoym neobxodumsimu u
docmamotHuMu 04T mo20, 4Ho0s UKMEPAN

S Pdx--Qdy-Rdz (13)

(AB)

ne 3agucea om opmu wpusoli (AB), coedunswweli .awbse 08e
mouxu A u B o6aacmu (T), B NpEANONONKEHHAH, KOHEUHO, UTO 5Ta
06s1acTb (IOBEPXHOCTHO) OJHOCBSI3HA.

Heo6x0oAuMOCTb YCTaHaBJMBAETCA TaK e, KaK M B INIOCKOM

cayuae [n°349]. Yro xe KacaeTcs AOCTAaTOYHOCTH, TO, KaK U TaM, JIETKO

HCUepnbIBAaeTCA CJayuyall, xorja Aase

kpussie (AIB) u (AllB), coenuns-

fomue Toukd A # B, xpome HHX

@ ofmux Touek He mmeioT. Ecan xe

3TO He TaK, W B3ATHE KpHMBHE Iie-

Puc. 57. peceKkalTcds, TO 3A€Chb BONPOC

OKaseBaercs 0ojiee NPOCTHM, YeM

B IVIOCKOM CJydae: B CBA3HOM mnpocrpaHcTBenHo#t obaactu (T) Bceraa

MOXHO B3%Tb TaKylo Tperbio KpuByio (A/lIB), KoTopas yxe He nepece-
Kanach Gul HM ¢ OAHOH u3 mpexHux *). Torma

&)

’
(AIB) (A']IIB) (A§1"B) (AIIIB)

b4

*) !Kax MOKa3uiBaeT puc. 57, 370 He BCErAa MOXeT GHTb CRENaHO B MIOCKOM
cayyae



374) § 4. MOBEPXHOCTHHE UHTETPAJIM BTOPOI'O THIA 329

OTKyJa W CJeldyeT, 4TO BCeria

(A1B)  (AlIB)

C aTUM wmCCAeNOBaHMEM MOXHO CBf3aThb U B0MPOC O MOM, Gydem au
dugpghepenyuassroe 8uipacerue

Pdx-+Qdy--Rdz (14)

(nonueiM) AuddepeHnuasoM OT HEKOTOPOR (YHKUMH TpEX NepeMEHHBIX.
Heo6xonumocts ycaosut (B) ans Toro, uro6m 510 OHLIO TaK,
TPOBEpPSIETCA HENoCpeAcTBeHHo, Kak # B 1n°850. JJoCTaTO4YHOCTD
JIOK43BIBAETCs, TOME KaK B IVIOCKOM CJIy4ae, HENOCPEACTBEHHEIM IO-
CTpOeHHeM nepBoobpasHoOit — B BuAE KPUBOJIMHEHHOTO MHTErpana

x, 3, 2)
F(x, y, )= S Pdx-}-Qdy-+4Rdz
(*0, Yo, 20)
[cp. (8) B n°350}, xoropmit — npu cobmofenun ycaosu#t (B) — He sa-
sucut OT nyrd. Wrak, nas obaactu (7T) ykasaHHoro tuna ycaogus (B)

OKa3bL8AIOMCH HeOOX00UMBMU U QOCMAMOUHBLMI 04 mM020, 4Mmo0st
sopaxcenue (14) Oono mounsim Ougbgbepenyuanor.



TJIABA IBAIUATh TPETBS
TPOAHBIE MHTETPAJIbI

§ 1. TPOAHOA MHTETPAJ H EI'0 BBIYHCJIEHHE

375. 3anaua o BwuucaeHdH Maccs Te;a. ITycTb maHO HekoTopoe
teno (V), samonHenHoe Maccamu, B B KaxmoR ero Touke M(x, ¥, 2)
H3BECTHA MJOTHOCTb

p=pM=p(x, » 2)

pacnipenenenus STuXx Macc. Tpebyerca onpeleauTs BCIO Maccy m Tena.
IOas pewenns stolh samauu pasnoxum teno (V) Ha psan vacrel:

V), (Vo) ..os (V)
B BhGepeM B Mpeenax KawaoR W3 HHX MO TOUKe
M; Gy )

Ipumem npuGamxenso, uro B npeaenax uacte (V;) NAOTHOCTH MOCTO-
SIHHA ¥ paBHa Kak pas miaorHocrd p(§, v, {;) B BwOpaHHOH TOuKe.
Toraa Macca m; 3TOR 4acTH MPHGAUIKEHHO BHIPABUTCHA TaK:

mi=pE m L)V,
Macca ae BCero Tema Gymer

n
miigl!’ Gy L) Vi

Ecnn nuaMerpel BceX 4acTeR CTpeMsarcs K HYJAIO, TO B Npefene 310
NpRO/IMKEHHOE PABEHCTBO CTAHOBUTCH TOYHBIM, TaK YTO

n
m=tim o G, 1 0) Vi W
n 3ajava peueHa.

Mp BuAuM, yTO pellleHde 3afayd W 84ECh INPHBEAO K PaCCMOTPEHHIO
npefena CBoeo0pasHO# CyMMbl— THNA MHTErPaAbHBX CYMM pas-
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JIMYHOTO BHA3, ¢ KOTODHMH MBl MHOFOKDaTHO HMMEAH JENO Ha MpOTaxe-
HUR BCEro Kypca.

TonoGuoro pona mpefens! NPUXOAWTCA YaCTO PACCMaTPHUBATL B MeXa-
HUKE W (uUSHKE, OHM TOJYUMIH HasBaHHE mMPOUKLX UHME2PAA0S.
B npuHATHX AA% HUX OCO3HAYEHHAX NOJNYYEHHHH BHUIE pPEesYAbTaT

3amMMIeTCs TaK:
m= S *S,)S p(x, y, 2)dV. @)
{

Teopun TPOHHEIX HHTErpajioB ¥ MX BAKHHM NPUIOXKEHHAM TNOCBs-
IIEHa, B OCHOBHOM, HAacTOSmias raasa. Tak Kak meam#l psf npeanoxe-
Hu#, YCTaHOBJAEHHHX JJd JABOHHHX HHTErpajoB, MNEPEHOCHTCH BMECTE
C WX AOKasaTeAbCTBaMH Ha CAyyall TPOHHMX HHTErpajioB, TO MH OOHYHO
GyleM [OBOJBCTBOBATbCA Juiib (GOPMYAHPOBKOH STHX NpeAoOxeHu#,
NPefoCTaB/sis wuTaTeMo nepedpasupoBaTh NpexHue AOKa3aTeabCTBA.

876. Tpoiino#ft wHTErpan W ycCHOBHe ero cymectTBoBaHug. Ilpu
nocTpoeHuu ofmero ompenesieHHs HOBOrO HHTErpajbHOro o6GpasoBaHus —
TPOKHOrO HHTErpana — OCHOBHYIO POJb MIDaeT NOHATHE OODbeMa Teaa,
HanmoaoGue TOrO KaK MNOHATHE NJAOMAAM NJAOCKOR Qurypw Jaexano
B OCHOBE ONpElNeNCHHs ABOHHOTO HHTErpajna.

C nonstheM o6beMa MBI yXe SHAKOMH I[O NEPBOMY TOMy M CTal-
KHBAaJHCh C HHM HE pa3. YCJAOBHE CYWMIECTBOBAaHMA 00DbEMA AN HaHHOTO
TeJa SaKJOYaeTcd B TOM, YTOOH OrpaHHYHMBaloulas €ro HOBEpX-
HOCTh uMena ofbeM, pasHn#t Hymo [n° 197]. Toabko Takue NOBEPXHOCTH
Mu i GyleM paccMaTpuBaTh, TaK YTO CYIleCTBOBaHHE OOGDBEMOB BO BCEX
HYXHHX HaM CAyYasx TeM caMuM o6ecneuuBaerca. OrmernM, uto, B
YaCTHOCTH, K STOMY KJaccy TNOBEPXHOCTeH OTHOCATCA rJAajAKHe W
KYCOUHO-TMaAKHE€ NOBEPXHOCTH.

Tlycts Temeph B HekoTopo#f mpocrpaHcteenHo#t obaacta (V) samana
dyukuus f(x, y, 2). Paso6beM 3Ty 06/4acTh € NOMOMIBIO CETH NOBEPX-
Hocre#t Ha Komeynoe uucno uvacred (Vy), (Vy), ..., (V,), wumelomux
coorBercTBeHHo o6veMn Vi, Vi, ..., V, B npemenax I-ro azeMenrta
(V;) BosbMem mno mpoussoay Touky (§;, W {;), SHauenue QyHKuuHA
B sroit touke f(§;, v, {;) yMHOXuM Ha o6beM V; M COCTaBHM HHTeE-
rpaibHYIO CYMMY

0=i§1f(5i, 'ni, Ci) V'.

Ipedea 1 smoli cymmbi, npu cmpemaieHun K Ky HauboAbwezo0
u3 Ouamempos ecex obracmeii (V;), u Ha3ssaemcst mpoliins s
unmezpasroxn gywkyun f(x, y, 2) 8 obaacmu (V). On oGosna-
YaeTCsi CHMBOJIOM

I= S(g) Sf(x, 9 z)dV=S(&Sf(x, y, 2)dxdyde.
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Koneunmit npemen noaoGHOrO BHAA MOXET CYLIECTBOBATH TOJBKO
Ji OrpaHMueHHOH (PYHKUMM; [AA9 Tako# (YHKIUE BBOASATCH, Kpome
MHTErPaJbHOH CyMMH o, eme cyMmu Hap6y:

n
s= 3 m;V, S= 2 MV,
i=1

rue

my=inf{f},  M;=sup|f}.
vy 12)

OGLIYHBIM TIyTeM YCTaHaBAMBAETCH, YTO ARJAA CYUIECTBOBAHUA HHTE-
rpaza HeoGXOAMMO M JOCTATOYHO YCJIOBUE

lim (S — ) =0
HiIn

n
lim Y} w;V;==0,
i=1

roe w;=M;—m; ectb konebGanue ¢yuxumn f B obaactu (V).
[3ameTum, uTO mpHM CymecTBOBaHMM HHTerpaia o0e CyMMH S, S TaKxke
VMEIOT €70 CBOUM IPEeAeJoM.]

Otciona  HEMOCDENCTBEHHO  CJAEAYET, 4YTO BCAKAS Henpepsienas
dynxyun f unmezpupyena.

MoXHO HECKOJNBKO pPacWIMpHTh STH YCJAOBHS, a HMEHHO: UHmMe2pu-
pyemMa BCAKQS OPAHUUEHHAR PYHKYUS, 8ce Pa3pbi8s. KOMOPOU aexcam
HQ KOHeuHoM Hucae nogepxnocmel, ¢ Hyiesvim obsemon. {Cp. n° 339
u 340.]

877. CroiicTBa MHTErpupyeMuiX ¢yHKuuii ¥ TpolHMX HHTErpaios.
JlocTaTouno mepeuyuc/nTb STH CBOMCTBA [AOKASHBAIOTCA OHM AHAJIOTHYHO
usoxeHHomy B n° 841].

1°. Cymecmsoganue u geAuduna mpoiiHo20 UHMEZPALG He 3QBUCAM
om  3HAWeHuy, nNpuHuMaeMslx (QPYHKUUL 80046 KOHEHH020 HUCAQ
nosepxrocmeil ¢ Hyae8viM 06BEMOM.

2°. Ecau (V)= (V)4 (V"), mo

S“g) Sde: 5(§)Sfdv+ S(‘&)S fav,

npuuesm U3 CYu,eCmE08AHUS UHME2PAAQ CACBA BbMeKaem Yice Cyuje-
CMBoBaHUe UHMe2PAA08 cnpasa, u 00pamHo.
3°% Ecau k==const, mo

S(fs) S RfdV=F S (SV)S fdv,

npudeM U3 cyuecmsosarus uHmezpasq cnpasa cneayem u cyuwecmso-
8aHue uUHmezpasa caesa.
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4°. Ecau 8 obracmu (V) unmezpupyens dse ¢pynwyun f u g mo
unmezpupyema u @ynxyus g, npusen

{{§ozxpav= S(‘S) {rav= swi { gav.

7]
5° Ecauw 0asm unmezpupyessx 8 obaacmu (V) ynxyuii f u g
sunoansemes Hepaserncmso << g, mo

S(é; Sde< S(,S) S gdV.

6°% B caywae unmezpupyemocmu Gynxyun [ unmezpupyema u
dynrygus |f|, u umeem mecmo Hepasercmgo

IS(§) Sfdv|<5'(§) {1171av.

7° Ecau unmezpupyeman 8 (V) gynxyus f ydosaemeopsem nepa-
8excmey
n<f<M,

mo

mv< SWS)' Sde<MV.

VIHpiM#  ci10BaMH, HMEET MeCTO TéopemMa O CpelAHeM 3Ha-
YEeHHUH

SS Sfdv=w m<p<M).
V)

B cayvae nenpepnBHOCTH (yHKmud f 5Ty OPMyAy MOXHO Hamucare
B Buie

jiSfdw:ﬂzﬂavc ®
(

rae (%, 7, Z) ecrs Hekoropas Ttouka obaacta (V).

Ilanee Jnerko pacmpoCTpaHseTcs Ha TpexXMepHmft caydait u conep-
sanne n° 842 Tak XKe, KaK M TaM, yCTaHABJMBAETCA NMOHATHE PYHKUUH
ot (rpexmepHOH) 06/macTH, B YaCTHOCTH, a XAUTHUBHOH QYHKUHU.
BaxHpM npuMepoM Tako#t ¢yskumu (cM. 2°) ABJMETCS HMHTErpan 1o
nepemeHHO# obaactu (v).

o@)=\{ { s )

(@)
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BBofnATCS, aHANOTAYHO TPEXKHEMY, NOHATHE MPOUSBOAHOH PyHKIUEH
®((v)) no o6aacTu B faHHOH TOuKe M; Tak HaswBaeTcs npenen

lim 2@
@M 7

Npu CTArUBaHuM B TOYKY M conmepxameli ee obaactu (v).

8°. Ecau nodunme2passhas (yRKYUS HENPepuoRA, Mo Npou3soorol
no obaacmu 8 mouxe M(x, y, 2) om unmezpasa (4) O6ydem rax pa3
3nauerue nodunmezpassroli Gywxyun 8 smoii mouke, m. e. f(M)=
=f(x, ¥, 2)

Takum -~ o6pasom, TpH CAENaHHOM npeanocJoxeHun uurerpanx (4)
caywur pas GyHkuuu £ B HEKOTOPOM CMBICJE <«TEPBOOGPAasHOH>.

378. Boiuncaenue tpoitHoro wunrterpana. M sgecy ZAeno cmommrcH
K BBIYUCHECHMIO NMOBTOPHH X HMHTErpPajoB, COCTABJSIONUXCA H3 HHTe-
rpanos Huswel kparsocrd. [lpeanonoxum oyuxumio f(x, y, 2) He-
npepuBHO# B paccmarpusaemofft obxactd, uem obecneuyeHo cymie-
CTBOBAHHE BCEX BCTPEUBIOHMIMXCH HIKe MHTerpanos. (OCTaHOBUMMCA CHauana
Ha cnhydae, Korga Teno, o KOTOPOMY uHTerpupyercs dyukuus f(x, y, 2),
npeacTaBaseT co6o# NPAMOYTONLHNA Napaienenunes

(N=la, b ¢, d; ¢, f},
NPOEKTHPYOUIMHACA HA NAOCKOCTb JZ B MPAMOYTOJBHHK

R)=le, d; ¢, [}
Torna mMeem, npexiae BCEro, ,
55) Sf(x, 3, z)dT.—_.—S dx 5 fx v, 2)dR. ©)
( e R)

BameHsan ABOHHOH HHTErpas NOBTOPHHM, OKOHYATENLHO NDUBEAEM Bhi-
UHCAEHHE TPOHHOTO HHTErpada K MOCAEAOBATENLHOMY BHIYHC/IEHHIO Tpe X
NPOCTHX HHTErPajIos:

b d
Sds; S fix z)dT=§ dch dy Sf(x, ¥, 2)dz. (6)

HaoGopot, ecas nepsme nABa uHTerpa’a OODBEAHHUTL B JBOHHOU
HHTErpal, TO MNOJYy4uM

!
S i Sf(x, 9, z)dT:::S S'dxdy Sf(x, y, 2)dz, @
( Q@ e

rie (Q==[a, b; ¢, d]. Bo Bcex sTux cayuasx, Kak camo co6oio pasy-
MEETCH, POJIM MEPEMEHHHIX X, V¥, Z MOXHO NepecTaB/sTh.

[Ipeanonoxum Tenepb, uTo Tpo#HOH uuTerpan Geperca mo reay (V),
OT/IWYHOMY OT NpPSMOYrOJBHOTO Hapaaienenunesa. Ilycts sTo Teno
CONEPKUTCA MENAY IVIOCKOCTAMH X==X, H X==X M Kamlow napai-
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JCAbHOK UM IUIOCKOCTHIO, OTBEYAWIE (PUKCUPOBAHHOMY BSHAYEHHMIO
X (Xy<<X¥<CX), TepeceKkaercs mO HEKOTOpOH urype, uwmeromeh
naomais; uepes (P,) o6o3maunm
ee MNPOEKIUI0 Ha MJIOCKOCTb Y2
(puc. 58). Torna

S(& Sf(x, 3, 2)dV=
X

_—.S dx 5 S f(% , 2)dydz. (5a)
X0 Px)
9to — anaxor dopmyan (5).
Ilycrs, panee, Teno (V) mpen-
cTaBiasieT COOOH <HHAMHADHUECKUH
Opyc», OFpaHHueHHHH CHUMSY M CBEpXY, COOTBETCTBEHHO, NOBEPXHOCTAMM
z=2z(x%y) u z2=172(x% )

NIPOEKTAPYIOIKMHCS Ha IJIOCKOCTp Xy B Hekoropyio dmrypy D, orpa-
Huuennyio Kkpusolo (K) ¢ nuomaaeio, pasHo#t Hymo; ¢ Gokos Teno (V)

z b4
=1
w
'L ________ _
e
) -
7 7 & w g
b ) 4

Puc. 59. Puc. 60.

OrPaHMYEHO UNMJIUHADHYECKOH IOBEPXHOCTBIO ¢ OOpasylomuMy, mnapan-
JenbHHMY Ocu 2, U C Kpusow (K) B poian Hanpasasiomedt (puc. 59).
Toraa, ananoruuHo dopmyae (7), umeem
Z(x, »
S iSf(x,y, z)dV..—_-S dedy fx, y 2dz. (T3
( (D) 2o (%, 3)
Ecau obaacte (D) npeacraeaseT co60# KpHBOIMHEHHYIO Tpanemuio,
orpaHuueHHyo AByMa KpuBmmd (pruc. 60)

Y= n y=Y(x) Fe<x<<X)
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H NpIMBIME X=X, X=X, T0 Teao (V) noaxoamr mnoxa oba Tuna,
PAacCMOTpEHHBX BHINIE. 3aMendAs MBOHHONH uHTErpal— 10 Jad B Hopmyie
(ba), o i B ¢dopmyae (7a) — NOBTOPHBIM, NOJYYUM

Y(x) Z(x, »)

S&Sf(x, Y 2)dV= §dx S dy S f(x, v, 2)dz.  (6a)
)

0 Yo (x) 20(x, )

Sra dopmyna obobumaer dopmyay (6).

Kak u B mpocrefiuiem ciy4yae, KOTOpHH GBI PacCMOTPEH BHILIE,
M 31€Ch, HapALy C YKa3aHHEIMH (QOpMyJaMy, MMEIOT MeCTO U uM moxoG-
Hple, TNOJYYalomMeCs W3 HUX MepecTaHOBKOR
NepeMEHHbX X, Y, 2.

[Npumeps. 1) Buuyncaurs uurerpan

I— S S S‘ dx dy dz
TFxtyFo0°
pacnpocrpaHenHbid Ha Tetpaeip (V), orpamnuHuu-
paeMbil  maockoctaMu  x =0, y=0, z==0wu
x+y+4z=1 (puc. 61).
Prmenue [Ipoekuuefl Tesa Ha MIOCKOCTD
Xy CIYKHUT TPEYTONbHWK, OGPa30BaHHBI MPAMBIMU
x=0, y=0u x-+y=1 ScHo, uro rpanunamu
Puc. 61. H3MeHeHHA x crywar yucaa O ¥ 1, a npu mocrosH-
HOM X B STHX FPaHHLaX MlepeMEHHas y W3MEHAETCH
or 0 o 1 — x. Ecau ke ¢uUKCHpOBaHH ¥ X, # Y,
TO TOYKA MOXET IepeMeIaThCa IO BePTHKaIM oT mioekoctd z2=—0 mo maoc-
KOCTH Xx+-y--2z==1; Takum o6pasom, npeleramu wusMeHenus 2z Oynyr O u
—x—y.
ITo ¢dopmyne (6a) nmeem

1 l—x l1—x—y
dz
’"ZS"" § v\ T

[MocnegoBaTenbHo BHIYUCHAsAEM UHTEerpanei, HaYuHasg C BHYTPEHHEro:

l—x—y d
2

1 1 17,
<1+x+y+z>3*7l(1 +x+y>*“TJ'

g o (52,

HaKOHel,



379] § 1. TPOMHOH WHTETPAN U ETO BHUYMC/IEHUE 337
2) Buyncaurs muTerpan Jupuxne
= S S S XPye-12r1 dx dy dz,

*+y+z=l
npennoxaras p, ¢, r =1 (sepr. 61).
Econ Bocnoab3zoBatbca (opMynolt suma (Da), MOCTaBUB WHTerpHpoBaHHE IO
2 Ha MECTO HHTEIPHPOBAHMA MO X, TO MONYUMM:

1

D= S 2r1dz S S xP~t yat dx dy.
0 , y=0
x-ij-: yys>l —z
3ameno#i mepemenHnx x==(1—2)§ y=(1—2)7n cseneM nBoHHOH mMHTErpaul
K yxe wu3sectHomy [n°344, 3)]

S I(p) T(g)
1 —z)ptq p-1yq1 gz dn=(1 —2)P¥q . P D
a—zpra § § oo == D
En=0
Et+n=<l
TaK Y10

TTerq+D)

HakoHel, BOCHONb30BABIMKCh W3BECTHHIM BbipaxenueM dyHuxuun B yepes T
[n° 311, (12)], okonuareabHo Hakiem:

pe IO T@ T
T(p+qg+r+1
— pesynbTar, COBEPUIEHHO aHANOIWYHBIH MonyyeHHoMy B n° 344, 3). Ha nene on
MMeeT MeCTO ¥ NpH Gonee o6uieM NIpPENNONOKeHHH, HMeHHO: p>0,¢>0,r >0,
Ho npu ofpauieHud HOXMHTErpaibHOH (QYHKUMH B GECKOHEYHOCTb (HanmpHuMep,
npy 0<<p<<! sro nposoimer na miaockoctH x==0) uHTerpaa yxe OKa3bi-
BaeTCA <HECOGCTBEHHbIM» M TpeGyeT NOMNONHUTENbHOro MpefedbHOro Nepexofa.
Onpenenenye Takoro HHTerpana CTPOMTCA TaK ke, KaK M B Cayyae ABOHHOro
unTerpana [cM. n° 344, 4), sameyanue).

379. MexaHMuyeckHe NpHJOKeHHs. EcrecTBeHHO, YTO BCe reoMeTpuyeckue
M MeXaHHYeCKHE BeJHYHHBI, CBA3AHHbHIE C DacnpeicieHveM MacC B lpeaenax
Hekotoporo Tena (V) B npocTpaHcTBe, B INpPHHLMIE BHPAXKAOTCA HA 3TOT pas
TPOMHBIMH MHTErpaiaMy, pacnpocTpanendniMd Ha rteno (V). 3mece Takxe
npoue BCero TNOAb30BATHCS NPHHIMIOM CYMMHDOBaHHA GECKOHEYHO Mafblx
s;eMeHTOB [cp. n° 204—208 u 345].

OG6o3nayuM yYepe3 p NIOTHOCTb PaclpefeseHHs Macc B NIPOU3BOIBHOH TOUKe
tena (V); oma sBagerca ¢GbyHKUMeH OT KOOPAMHAT TOUKH; 3Ty (QYHKUHIO MBI
6yaeM Bcerja npexmonaratbh HenpepbiBHOH. CyMMMpYs 31€MEHTHL Macchl
dm=pdV=pdx dydz, xna BeIMINHE BCefi Maccu OyieM HMETb

m=S(§)SpdV=S§V)Spdx dy dz (8)
[cp. n° 375].

Hcxopa U3 91€MEHTAPHHIX CTATHYECKHX MOMEHTOB

dez=x dm=uxpdV, dK,x=ydm=ypdV,
dKyy=2 dm=zp dV,

1
T(p)T(q) s‘ 2t (1 —2)PHY dz.
0
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HalileM caMmbie CTaTHYECKHE MOMEHTHI:

Kyz=S‘§)S.xpdV, sz=S"$SypdV, ny=S‘SS29dV, ®
( ( V)

a N0 HHM ~— N KOODIHMHATH LEHTPa TAXECTH:

Y
£= — . (19)

B ciryvae OAHOPOAHOTr O Tena, p= const, HOJAyyaeM Npome:
1R T T

(
)V - (V)V . = (i’)v .

Camu  coGo#t MOHATHH ¥ QOPMYJAH AJS MOMEHTOB MHEPUMH OTHOCHTENLHO

oceft KoopAuHaT:
1= “ O edv, = S,S @+ ) pa,
9 , \9)

fe

I= S(&S 3t pav a1

HAH OTHOCHTEAbHO KOOPAMHATHHIX MIOCKOCTeR:

Iy,= g(i)g BpdV, L= S(S;)s Yo av, N
Iy = S(S,S 2% dV.
)

Hakonen, nycts Macch, sanoanawomue teno (V), nNPUTATHBAOT TOYKY
A ¢ 1, §) (maccw 1) no sakony Hoiotona (puc. 62).
CHna MpHTAXEHHA CO CTOPOHH SneMeHTa din==p dV
MacChl HMMeeT Ha OCH KOODAMHAT NPOEKUHH ¥*)
x—§
dFy="—0=pdV,

aFy =T 0y,

z—{

dF, = +8

pdV,

> rne
Puc. 62. r=Y @ —8F+Q—1F+E—0p

€CTb PpACCTOSHHE SJEMEeHTa (MJH TOYKH, B KOTO-
poit Mbl cuuTaeM cocpenotoyeHHolt ero wmaccy) or Toukn A. Cymmupys, aas

*) Cu. BTOPYI0 CHOCKY Ha crp. 316,
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npoeluum MIONHOA CHAB Tr NMPUTHAXKEHHA Ha OCH KOOPAHHAT TMOAYYUM

_— n — -t
Fx=S§Sx,,epdV- Fy=S§S¥—;;ﬂPdV. FZ=S&S%—-MV- (13
17 19 (

AHanoruyso onpenendaeTcas U MOTCHUHAA HAMIEro Tena B TOYKeE:

W= S(&)S"—‘;‘i (14)

Ecau Toyka A newur BHE Tesa, TO BCe STH MHTErpainl OKa3bBAIOTCA COG-
cTBeHHbIMH. B 9TOM cayuae momHo nuddepenuuposarb mmrerpan W no moGok
U3 mnepeMeHHHX § W, { NOX SHaKOM HHTErpana Ha OCHOBAHMH COOGpaweHufl,
CXOAHBLIX C TEMH, KOTOPHMH Mbl NOJb30BANHCb B OTHOWIEHHH NPOCTHX HHTE-
rpanos [n® 207). B pesyabrare Mbl M NOAYYHM, YTO

ow ow ow
-o—e—--—-Fx, d—"‘—F

» —o—c— == F, Fy (]5)
B cnyuae xe, worma Touka A cama npunapzexur texy (V), B stoft TOuKe
r=01un nonnmerganbnue Oynxuuy 8 (13) u (14) B6au3n Hee nepecraioT GHTH
OrpaHHuEHHHMH. BrpoueM, STH MHHTErpaiH, Kak <HeCOOCTBEHHLE», BCe e
CYWECTBYIOT, M JIA HUX BHITIONHAOTCA OCHOBHHE cooTHomenns (15).
3AMEBYAHHE B n° 345 naa cratmyeckMx MOMEHTOB OXHOPORHOTO LHMIHHL-
pHueckoro Gpyca (npu p==1) Mu HMedH Qopmyasl:

Ky, = S S zxdxdy, K,.,=— S S zy dx dy, ny=% S S 2 dx dy.
P (P) (P)

OHy, KOHEYHO, BHTEKAT H3 ofwux dopmyxn (9).
Vimeewn, Hanpusep,

z(x,5)
ny=s S‘ Sde:: s‘ S dx dy § zdz
1)) ()
HO
z(x, ¥) 1 z==z(%, y)
y zdz -—-?zz ,
[ z2=0

uTO M MPHBOXUT K TPeGyEeMOMy pesyibraty.

B n B3aMEH BLIYHCICHHA NOCAENHEr0 WHTErpasa OHWNM NpHBAEYEHH
COoOGpaxceHHs. M3 OGNAaCTH MEXaHWKH (OTHOCHTENbHO = CTaTHYECKOIO MOMENTa
3NEMEHTAPHOTO CTOAGHKa).

§ 2. POPMYJIA OCTPOI'PAJICKOI'O

380. ®opmyna Ocrporpamckoro. B Teopus HBOHHHX uHTErpanoB
MBI OBHaKOMHANCH C (opmyaolt I'puna, ceasmBaomell ABOHHOK unTerpan
N0 NJ0CKO# 00JaCTA C KPUBOJHMHEHHBIM MHTErpPajJOM MO KOHTYDY 0G/macTH.
Ee ananorom B Teopuu TPOHHHX MHTErpanoB CayxuT ¢opmyaa Ocrpo-
FPaACKOro, CBA3HBAIONLAA TPOMHOH MHTErpal N0 NPOCTPaHCTBEHHOR
00aacTH ¢ NOBEPXHOCTHBIM WMHTErpajoM MO rpaHuue 06JacTd.
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Paccmorpum teno (V) (puc. 59), orpaHuyeHHOE T[IaZAKUMU TIOBEPX-
HOCTAMU
(S) z2=2,(x, y)}
H<<Z
(&) 2=2(x, y) | @=2)

¥ LUJIMHAPUYECKOR noBepxuocThio (Sy), o6pasyiouiye KOTOpoH mapan-
JeabHE OCH 2. Hanpapagiomefi 31ech CJAyKuT KyCOUHO-FJIafKas 3aMKHyTas
xpusas (K) (c HyneBoH MJIOMIAAbIO) Ha IVIOCKOCTH XY, OFPaHHUMBAIOMLIAs
obaacts (D) — npoexkuuto Tema (V) Ha 5Ty NAOCKOCTb.

Honyctum, uro B obaacts (V) onpeleieHa HekoTopas (yHKuHs

R(x, v, 2), HempephBHas BMECTe CO CBOeH NpOM3BOAHON oR BO Bce#

0z
obnacru (V), Bx/ouas ee rpammy Torna nmeer mecro dopmyna
SS dxdydz—gstxdy, (1)
(S)

npuueM (S) €CTb TOBEPXHOCTh, OrpaHMUMBAIONIAS TEJNO, M HHTErpal
cnpasa pacnpOCTPaHeH HA BHELIHIOIO €€ CTOPOHY.
HelcTBUTENBHO, 1O q)opmyne (7a) n° 378

S ” aRdxdydz._Sde dy S "Rdz =

20 (¥, ¥)

_SSR(x, Y, Z(x, y)dxdy— SSR(x 9, 2 (% y)dxdy.
(D)

Ecan  BBeCTH B PaCCMOTPEHME TOBEPXHOCTHHIE MHTErpads, TO,
B cuiy ¢opmya (3) u (3a) n° 372,

S”oRdxdydz—SSR(x v, ddxdy+ ((R(s 3, Ddxay,

(S1)

npuYeM IEPBLIH K3 MHTErPaJOB CNpaBa PAcIpPOCTPAHEH Ha BEePXHIO IO
CTOpOHY NOBEepXHOCTH (S3), a BTOPO# —Ha HHUXKHIOW CTOPOHY HO-
BepxHocTd (S;). PaBeHCTBO He HapywiuTCcs, ecau Me npuGaBuM K npasoit
€ro 4YacTH HHTErpan

SS;S; R(x, y, 2)dx dy,

pacnpoCTpaHEHHHH Ha BHEIIHIOIO CTOPOHY mnoBepxHocTd (S8), Tak
KaK 3TOT MHTerpal paseH Hymo [n° 372, (5)]. O6Gbvemuuss Bce TpH
NOBEPXHOCTHLIX HHTErpaJa B OAMH, MBl M mnpuieM Kk dopmyre (1),
KOTOpas npencrasaser cobofi dacTHwil cayua#h copmyas OcTporpan-
cKoro.

Jlerko mouats, uyro d¢opmyna (1) BepHa jas  Gosee LIMPOKOro
KJacca TeJd, KOTOpHe MOTyr OHITh pa3/iOXEHH Ha 4YacTé H3YYEHHOTO
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Tuna. Moxno nokasaTe Takxke, urTo dopmyaa (1) cnpasennusa BooGme
s TeN, OTrPAaHMYEHHBHIX MPOMSBOJBLHBIME KYCOYHO-TVIaAKHMH IOBEpXx-
HOCTAMH,

Ananornyo gopmyne (1) umeroT Mecto u GOPMYyJbL:

SS‘S ?—;dxdydzzggpdydz, 2)
\3 )
S”%’dx@@:“dedx, 3)
W )
ecam ¢ynkups P 0 Q HempepniBHR B ob6aacti (V) BMecTe CO CBOUMH
UPOH3BOMHIME G0 W 0.

Crowus Bce Tpu dopmyan (1), (2), (3), Mn u mpuiemw K oCweh
gopmyse Ocmpozpadckozo:

S(S/}S (%’—;‘i‘gg + %é)dxdydz:

=SSdedz—!—dedx—l—Rdxdy. )
()

Ona pupaxaer ofuiero BWIa NOBEPXHOCTHHIH HMHTErpajl BTOPOrO THMA,
pacnpoCTpaHeHHbIi Ha BHEIUHIOW CTOPOHY 3aMKHYTOH NOBEPXHOCTH,
yepes TPOHHOR MHTerpaj, B3sTHH O Teay, OrpaHUYEHHOMY BSTOH no-
BEPXHOCTRIO.

Ecau npusieybp K PacCMOTPEHUIO NOBEPXHOCTHHIE HHTErpajbi NEPBOro
THIA, TO MOJYYUM J[APYro#, BecbMa ynoTpeOGHTENbHBIH ¥ JIErKO 3amoMu-
Haemul#t BuA opMyasl OcTpPorpaickoro:

S(S,)S (‘%g—[—gg—{—‘;—]j)dxdydz:

—_—SS(Pcos).—{—Qcosp.—l—Rcosv)dS, ()

(S)

rie A, p, vV CyTb YIJIH, COCTaBJEHHHE BHeNIHe# HOpMaAbld K 1O-
BepxHOCTH (S) € KOODAMHATHHIMU OCSMH,

3ameyanue 1. Uuorna dopmyny OcTporpaickoro CBAsbiBalOT C UMEHEM
laycca. ¥ TFaycca BecrpevaloTcsa JHIb OYeHb YacTHEIE Cyyau STOH Qopmyas,
npUYeM KaWIh#t Da3 HaHOBO JaeTcs HX BhBOA. B ofme#t dopme (4) sra dop-
myna Bnepsnie Obima gana B 1828 r. OcTporpaickuM, KOTOpHI NPHMEHHJ ee
K BOHmpPOCY O PacHpoCTpaHEeHHH Tenfia B TBEPAOM Tele.

3ameuanue 1. dopmyrn TIpuna, Crokca m Octporpanckoro
oObejuHeHsl ONHOH wWpaeefi: OHH BHPAXAT HHTErpans, pacnpocTpa-
HEHHBIH Ha HEKOTOPHH reomerpuueckuit o6pas, uepes uHTerpas, B3ATHH
mo rpauuue 5Toro o6pasa, Ilpu stom ¢opmyaa Ipuna ortHOCUTCH
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K Cayuyai0o JABYMEPHOTO NPOCTPaHCTBA, opMyna CToKca — Takxe K Cay-
Yal0 [JBYMEDHOrO, HO <«KPHBOrO» mnpoCTpaHcTBa, a ¢QopMyaa Ocrpo-
FPafcKoro — K CJAYy4al0 TPEXMEPHOTO NPOCTPaHCTBA,

Ha ocHOBHYIO (ODMYJY MHTErpaibHOro WCUHCACHUSA

b
{reac=ro—f@

MB TOXE MOXKEM CMOTPETb, KaK HA HEKOTODHH aHaaor 3TEX (GopMyn —
AJSl ONHOMEPHOTO NPOCTPAHCTBA.

381. Hexotopble npuMepbl NpHIOWKeHHs Gopuyani OCTporpaackoro.
1) Ilpedcmasaenue 06veMa mesa NOBEPXHOCMHBMU UHMEZPAAGMY. AHaNOTHYHO
n° 347, n B dopmyse (4) MOXHO Pa3THUHKIMH COCOGaMM MOROGPaThH (QYHKUHH
P, Q, R rax, 4ToGH NOXMHTErpaibHOEe BHPaXeHWe B TPOHHOM HHTErpane OKa3a-
I40Ch PaBHHIM €XHHMILe, TaK YTO STOT MHTErpax cBeierca K o6neMy V Tena
(V). Takmnm oGpazoM, o6beM V npeicTaBHTCA B BHEE NOBEPXHOCTHOIO WHTe-
rpaja, pacHpPOCTPAHEHHOro Ha orpanuyHBapmyio Ttexo (V) nosepxHocth (S).
Tax, nonarasz B (4) noovepenro

P=x, Q::O, R=0; P=0, Q==y, R"-::O; P=0, Q=0, R—_—.z,

npujeM K Qopmynam:

=SSxdydz=5;S§ydzdx=S;s§za’xdy, 6)

(8)

npuyeM BCe MHTErpaihbl B3aTH 1O BHe miH e # cropowe nosepxuocts (S). YaoG-
nO#t aABaseTca Gonee CHMMeTpHYHas GopMyaa, OTBeyaIas

1 1 1
P=—3"X, Q=_3"y1 ="3_Z;

OHa HMEET BHA

V=—;— S S xdydz+4ydzdx4-zdx dy
)
HIN — eCIH MepefiTH K MHTErpany nepsoro Tuma —

1
V=? SS (xcos A - ycosp-}-2cos v) dS
[&)]
(smecb cos}, cosp, COSV O3HAYAOT HANPABAAIONMEE KOCHHYCH DHeEmMHE#R

HOPMaJi# n K NOBEPXHOCTH).
MoxHo npencraButh 9Ty (OpMyAy emie HHAaye: eCIH PacCMOTPeTb BEKTOD

-
7, COCNMHAIOMWMA Bayano ¢ NepeMeHHOH TOYKOH NOBEPXHOCTH, C NPOCKUHAMH
X, ¥, 2 Ha OCH KOODJAMHAT, TO BHIpaXeHHe B CKOGKax MOmeT ObThb NEpenncaHo
B BHJe

recos(?, 1)
H, OKOHYATeabHO,
Vz-é— S S r - cos(r, n)dS.
(]
B rtaxoli popme sTor pesyabrar BcTpeyaerca y aycca ewe B 1813 r.
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2) Pasuosecue sicecmicoti 3amKHymoii nosepxnocmu, JoKaxeM, uTo XecTKasn
3aMKHYTas NOBEPXHOCTb, MONBEPIHYTaA BCECTOPOHHEMY PaBHOMEDHOMY
IaBIEHHIO, OCTAeTCA B PABHOBECHH.

STO# 1eNbl0 YCTAHOBHM, YTO DaBHH HYIIO 22d8HHI 8eKMOp M 2/48HuT
MoxMenm (OTHOCHTEILHO KaKOH-1M60 TOUKH) BCeH CHCTEMBI NPHIOKEHHEIX K TOBEPX-
HOCTH CHI.

Bupenum snement (dS) nosepxHoctd. Ecam uepes p==const 0603HauHTh
NaBneHHe, T. €. CHAY, JNeHCTBYIOHIYI0 Ha ENMHHMUY NJOWAAH, TO SAeMeHTapHaA
cuna, nefictByioman Ha (dS) nO HOPMaJM K ITOMY SJeMeHTY, 6yAeT uMeTb mpoeK-
MM Ha ocH

—pcoshdS, —pcospdS, —pcosvdS 6]

(3HaK MHHYC NOCTaBleH TOTOMY, UTO JaBi€HHWe HANPABAEHO BHY TP b NMOBEPX-
HOCTH, a A, g, v CYTb Yriibl BHE IIH e i HOPMANH C KOOPAMHATHHMH OCAMH).

Mpoexnun Ry, Ry, R, r1aBHoro BeKTOpa NOAYYAIOTCA W3 MPOEKnUH )
SNEeMEHTAPHBIX CHN CYMMUPOBAaHHEM HX:

Rx=—pSScoshdS, R,-_——pSScospds, Rz=—~pSScosvdS.
(8) S) S)

Ho Bce 3T muTerpaas paBHW Hymo, YTO BUAHO U3 dopmyan OcTporpaxckoro,
€CIH NONOXHNTh B Hel

P=1 Q=R=0; Q==1, P=R=0;, R=1, P=Q=0.

Wrtax, 2caenuii sexmop dasaenuii pasen wyao.

,U.Jm ONPEeneNeRAR TAaIBHOIrO MOMEHTA CHCTEMB 3JEMEHTapHHWX CHI, CKaXkeM,
OTHOCHTENbHO Havyala KOOPIMHAT, MPOCYMMHPYEM HPOEKIWH Ha OCH MOMEHTOB
9THX SMEMEHTAPHHX CHI;

p(zcosp—ycosv)dS, p(xcosv—zcos \)dS, p(ycosh— xcosp)dS*)

TakuM 006pa3oM, ApoeKIHH FIAaBHOrO MOMEHTA NaBJCHMEA OTHOCHTEAbHO Hayana
GYRYT:

Ley==p SS (zcosp—ycosv)dS, Ly=p SS (xcosv—zcosA)dsS,
(& S)

Ly=p SS(ycos A — xcosp)dS.
(S)

Ecan B dopmyae Ocrporpaackoro B3ars P==0, Q =pz, R==—py, 10 noayyum,
yro Ly==0. Taxr e nerko ycraHoBaTb, uTo ¥ L,==L,=0. I'1a8uwiii momexnm
Oasaenuii (OTHOCHTENDHO Hauala) paseH Hyai0. DTHM ¥ 3aBepiiaeTcs AOKasa-
TeAbCTBO.

3) 3axon Apxumeda. WsBecTHO, YTO HaBleHHE XHIKOCTH Ha NOTPYKEHHYIO
B HE€ NAOWAJNKY BanpasJCHO 110 HOPMAJHM K IJOHIAIKE B PaBHO BeCy croaba
MUAKOCTH, OCHOBaHMEM KOTOPOI'O CAYMHT 9Ta NIOWIAfKA, 4 BHCOTOH — rayGuHa
norpy:eHus naomanky. JomycTHM Temepb, YTO B MHEKOCTh HOTPYMXEHO TBEpHOE
reno (V); Ha xaxauit snemeHt (dS) ero nosepxHoCTH (S) MO yKasaHHOMY 3aKOHY

*) HanoMHHM, YTO ecly craraouiie CHAb 1o ocAM cyTh X, ¥V, Z n npunoxena
oHa B TOyKe (X, », 2), TO MOMEHT CHJIB OTHOCHTelIbHO TOukH (§ 7, {) nmeer
caenyiouie NPOEKUHH Ha OCH:

Li=@—nZ—E—0Y, Li=c—)X—(x—0Z
Li=(x—Y—(p—1X
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NaBHT XHUAKOCTb. Tpe6yeTcs ONpeReNHTb pPaBHONEHCTBYIOLIYIO 9MEMEHTAapHHIX
NaBNeHHH W ee TOYKY WPHAONEHHS.

Ina pemesns 3ToH 3aauM BHIGEpPeM KOODAWHATHYIO CHCTEMY, COBMECTHB
INOCKOCTh XY CO CBOGOLRHOH NOBEPXHOCTHIO KHIKOCTH, 3 OCb Z HalPaBHUB Bep-
THKaJlbHO BHH3.

[Tyctb yReabHEH BeC XHIAKOCTH paBeH p, a rayGuHA MOrpPyXeHHs SNEMEHTa
(d4S) ectb 2; TOrma MCNBITHIBAEMOE STHM SIEMEHTOM JaBleHMe Oyner

0z dS,
a MPOEKLUH €ro Ha OCH:

—pzcos A dS, —pzcospdS, —pzcosvdS.

B TakoM ciayuae AR NpoeKUMi TIaBHOrO BEKTOPA HAa OCH MMeeM:

Ry=—p ss zcos A dS, Ry=—pSSzcosde

Ry=—p SSzcoswiS

(S)

C nomompbio GopMyasr OCTPOrpaiackoro, Xak u B Ipeasiayuielt 3afxave, Jerko
NOAYYHTD

Ry=R,=0, Ry=—p SSS AV =— V.
s

Takum 06pa3oM, 24a6Hulil 6eKmop 0G8aeRull HANPABACH 6epMUKGALHO 666PX
U pasen 8ecy 8bLMECHEHHOU mesrox Hcudkocmy.

PaccMOTpUM Temepb MOMEHTH 9JEMEHTAPHBIX CHA OTHOCHTENbHO UEHTpa
ramectd C(§ m, {) Tena (3fech W Aaiblie UMeeTCH B BUAY LHEHTP
TAKECTH 2COMEMPUYECKO20 TeNa, NPU DPABHOMEDHOM pac-
NpeleneHUHn MaccC; OH MONeT He COBNAlaTh C LEHTPOM TaAmecTH Qusnye-
ckoro Tena). CocTaBafOILME 3AEMEHTAPHHIX MOMEHTOB NO OCAM GYXYT

pz [(z— &) cos p— (¥ —m)cos v] S, pz [(x — &) cos v— (2 — &) cos A} 48,
pz [(y—m)cos A — (x — £) cos p] S,

a Mg COCTABAAIOIMX I'IaBHOIO MOMEHTAa (OTHOCHIENbHO TOYKH C) DOXYuHM:
L,=p S S 2 [(2 — ) cos p — (y — ) cos v} dS,
(S)
Ly=p s S z[(x —E&)cosv—(z — ) cos 1)] 4,
L=p SS 2 [(y — 1) cos A — (x — £) cos ] dS.
()

[lpuMenas k mepsomy murerpaiy ¢opmyay Octporpajickoro, Haitgem

e
=p S(S;}S (n—y)dV=p ["lV— S(‘[)‘fde] =0,
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n6o WHTerpan ngy dV ecTb CTaTHYeCKMH MOMEHT Tela OTHOCHTEIbHO MaO-
.

V)
CKOCTM X2z M paBeH 7V, AHajiOTMYHO yCTaHaBAHBaeTcH, 410 Ly=0; Henocpen-
CTBEHHO MOJyvaeTcA, HakoHel, yTo W L,==0.

ViTax, 2/4a8Holli MOMEHM OABAEHUL OMHOCUMEALHO GeHmpa MANHCECMU MEAR
paser Hyawo. ComocraBiss 9TO YTBEPXACHHEe C paHee JOKAa3aHHHIM MpefaoMxe-
HHEM O TIJaBHOM BEKTODe, NPHXOLUM K TaKOMY 3aKAIOYEHHIO: HA MerQ, nozpy-
JHEHHOE 8 JICUOKOCMb, CO CMOPOHBL nOCAEOHel Oeiicmeyem cuna, pasHas secy
JICUOKOCY, BbLMECHEHHOL MEAOM; 3MG CUAQ NPUAONCEHA K UEHMpPY MANCECHU
(2eomempudeck020) Mead U HANPABACHA BEPMUKAALHO 88epX.

4) Hcenedosanue nosepxrnocmusix unmeepaso8. TlycTs B HEXOTOPOH OTKPHI-
Toit o6macty (I') TpPeXMEPHOro NPOCTPAHCTBA 3afaHbl HENPEPHBHBIE (YHKUMH
P, Q, R. B3aB nw06yl0 3aMKHYTYI0 MOBePXHOCTH (S), NeXailylo B 3TOK 06racTH
B OrPaHMYUBAIILYI0 HEKOTOpPOE Telo, PacCMOTPUM NOBEPXHOCTHHII MHTerpan

SSdedz-i—dedx-}—Rdxdy:
)

=SS(Pcos)\+ Qcos i+ Rcosv) dS. ®)
)

Karomy ycrosuro 0oasxcHet yoossemsopsms Pynxyuu P, Q, R, umobut
unmezpas (8) scaxKuli pa3 OKA3LBAACS PABHHLM HYAI0D

dTa sagaya aHalorMyHa 3agave o6 OGpALIeHWH B HYXb KPHBOIMHEHHOroO
HHTerpana 1o 3aMKHYTOMY KOHTYpy [n°® 348 u 374}, xoropas Xerko paspemanach
¢ noMompbio dopmyast 'puna uanm Crokca. 3pech e Mbl npuGerheM K dopmyne
Ocrporpaickoro, Ipeanoaaras, KOHeyHo, 4To AiA QyHxuu# P, Q, R cyuecrsyior
H HeNpepHBHH Te NMPOU3BOAHHEE, KOTOPHE (GUrypupylT B 3TOH dopmyre.

OpHako maa TOro yro6nl WMeTh NpaBo npeo6pasoBath uHTerpan (8) mo
tdopmyne OcTporpalckoro, HeoOGXOAMMO W B HACTOAIIEM CAYyYyae HalOXHTh HEKO-
TOpOe OrpaHHyeHHe HemocpeiCTBEHHO Ha OCHOBHYW o6xactb (T). ViMeHHO, HYXHO
norpe6oBarb, YTOGH, AUUlb MOALKO npocmas 3amkrymas nosepxroctms (S),
ozpanuqusaowas meao (V), npunadsescum obaacmu (T), mo u amo meao
makaxce yeauxom codepocumcs 8 obzacmu T. OGnacTh, 06IaNAOULYI0 ITHM
CBOHCTBOM, Ha3HBAWOT (<1 POCTPAaHCTBEHHO») OXHOCBA3HOMH (cp. n° 374).
CymHOCTh 3TOr0 THNA OXHOCBA3HOCTH COCTOMUT B OTCYTCTBHH <IblP», XOTH Obl
H TOYEYHHX; MO OTHONICHHI® K Teny, He MPOCTHPAIILEMYCA B GECKOHEYHOCTh,
MOMHO O6HlIO GBI MOMPOCTY MOTPe6OBaThb, YTOGH €ro rpaHuuedl cCIyxuia oXHa
CEXMHCTBEHHAasA 3aMKHYTad noBepxHocTb [cp. n° 348]. [losroMmy, Hanpumep,
B OTIHYME OT CKA3aHHOIO MO MOBOAY <NOBEPXHOCTHOH» ONHOCBA3HOCTH B n° 374
31ech TOp 6YINET ONHOCBA3HMIM TeloM, a moaas cdepa— HeT.

dopmyisa OcTporpaickoro cpasy IPHUBOIUT K HCKOMOMY YCAOBHIO:

PR, ()
ox ' 0y ' 0z

HocTaTOYHOCTb €ro OYEBHJIHA, & HEOGXOMMMOCTh JerKO JOKa3hiBAETCA C NOMON{bIO
IuddepeHNpPOBAHUA TPOUHOrO MHTErpaxa 1o o6aactu [n° 377, 8°).

AHanOrMYyHO CHNYYal0 KPUBOJMHEHAHHX HHTErpaloB, BONPOC 06 o6panieHun
B HyIb KHTErpalza HO 3aMKHYTOH NOBEPXHOCTH OKa3biBa€TCA DPaBHOCHIbHHM
BONPOCY O HE3aBHCHMOCTH WHTerpasa IO HE3aMKHYTOH NOBEPXHOCTH, <HATAHY-
TOli» Ha JaHHHHA KOHTYp, OT GopMbl NMOBePXHOCTH. OCTaHABAMBATBLCA HA 9TOM He
CTaHeM.
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882. [IpeoGpasopanne NPOCTPAHCTBEHHHIX obaacredl. Knen, pas-
putie B 1n°3B2 B cBA3M ¢ mnpeoGpasoBaHueM MJIOCKMX obaacred,
€CTECTBEHHO, MEPEHOCATCS M Ha cayyat npocTpaHCTBEHHWX OOnacredh.

ITycte uMeeM npOCTPaHCTBO, OTHECEHHOE K CHCTEME HPAMOYTOJBHBIX
KOODAWHAT XyZ, W APYroe NPOCTPAaHCTBO C cucTeMoR koopauHar Sif.
Paccmorpum nBe samkuyrwe ofaactu (D) m (A) B 5THX NMpPOCTPAHCTBaX,
OrpaHHueHHbIe CcoOTBeTCTBEHHO moBepxHocTaMu (S) u (), KoTopHe MBI
Bcerja Oylem npeanoJaraTth KycouHo-raaakmmu. JlomycruM, uro 3Té
00/aCTH CBA3aHH MeXAY Cco00# B3aNMHO OJHO3HAYHHM HENPEPHIBHHIM
COOTBETCTBHEM, KOTODOE OCYLIECTBAACTCA (POpMy/amu:

x=xE % )
y=yG¢ %0 6
2=z 9 0.

IIpu 3TOM, HeoGxomuMo, mouxam nosepxnocmu (L) omsedwaiom UMEHHO
mouru nosepxnocmu (S), n naobopor.

Hycrs ¢yuknum (1) nMetor B o6aactd (A) HenpepuBHHE YaCTHHE
TNPOU3BOAHLIE; TOIAA H (PYHKIMOHALHHHA ONpENeTHTE/b

D(x, y, 2)
DE v 0)

TaKKe ABARETCA HenpepuiBHOR dyHkuued B (A). Mut u sgech [cp. n° 352]
Oyaem CuuTaTh, YTO Smom onpedesumens 8ce2da OMAUYER OM HYAR
COXPAHAR NOCMOAKKBE 3HAK,

Toraa dgopmyan (1) npeo6pagyioT KyCOUHO-TI3AKYI0 MOBEPXHOCTH,
coaepxamylocs B 00aacTé (A), B KYCOUHO-TIAAKYl0 Xe TOBEPXHOCTD,
aexamyio 8 (D), u obparHo.

Yucna § 17, §, OnHOBHayHO XapakTepusyiouue NOJOKEHHE TOUYKA
B TNPOCTPAHCTBE X)2, HA3LIBAIOTCH KPUBOAUHEUHHMU KOOpOUHAMAMU
sTo#f ToukH. Touku mnpocrpaHcTBa Xyz, AAs KOTODHX OAHAa H3 3THX
KOODAMHAT COXDPAaHAET NOCTOSHHOE SHaueHWe, 0GPasyIOT KOOPOUHAMHYIO
nogepxxocms. Bcero Oyaer cyilecTBOBaTb TpU CeMeHCTBa TakuX KOOp-
JAHATHHIX TOBEPXHOCTEH; uepes KawAyw Touky obaacrd (D) mpoxoaut
N0 OAHON MOBEPXHOCTH KaXAoro cemeficraa.

Bnpouem, Bce s5TO OyseT Tak /Wb B TNPENNONONKEHHH CTpOrof
OIHO3HAYHOCTH COOTBETCTBUR MeXAy obnactsmu (D) u (A). Ha npakruxe
9T4 OMHO3HAYHOCTb YacTO HAPYMIAETCH.

Neumern. 1) Luaundpuueckue xoopounamsl MPENCTaBAAOT COEXUHEHHE
HOAAPHBIX KOOPAMHAT B MIAOCKOCTH Xy C O6BIYHOR BeKapToBOH anmiIuKaTon z
(puc. 63). Popmynsl, CBA3bIBAIOIINE UX C HEKAPTOBLIMH, HMEIOT BHA

x=pcosl, y=psinb, z=2z (2)
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91h dopMyan oroGpamaoT 063acTh
I<p<Hoo 0<b<2n, —o<z<+40o

Ha Bce mpocTpaHcTBo xyz. OTMeTHM, ONHaKO, uTO npamas p==0, z==2 oTo6pa-
waeTca B OfHY Touky (0, O, z); 3THM HapymaeTca B3aMMHas OXHO3HAYHOCTb
COOTBETCTBHSA.

Kooprunartabie MOBEPXHOCTH B PACCMATPHBAEMOM cayuae GyayT:

(a) p = const — NMIMHAPHYECKHE NOBEPXHOCTH C 06PA3yOMEMY, Mapalienb-
HHIMM  OCH 2; HaNpaBASIONIMMHE I HUX CAYXaT
OKPYRHOCTH Ha NIOCKOCTA Xy C HEHTPOM B Hauaie;

(6) 0==const-—noAYNAOCKOCTH, NPOXOAALIHNE
yepes ochb z;

(8) 2==const— NAGCKOCTH, HapaineibHue NI0C~
KOCTH X3

$yHkuuonanbHHY onpefenuTenb Hpeo6pasoBa-
HHA:

cosf sinf O
J=|—psinf pcos® Oj=<p

0 0 1
Mcxamwyas cayyait p==0, oH coxpansieT MOJOXHTEALRNA 3HAK.

2) Cbepuueckiuie KOOpIUNAMYL, Ha3HBAEMbIE HHAYE NOAAPHUNMY KOOPOUNGMANY
8 npocmpancmse, CBA3AHH € JCKAPTOBHIMH QOpMYraMu

cos O sin 6
—sinf cos 6

=P

Puc. 63.

Xx==rsingcosd, y=rsinesind, z==rcosy,
rue
O0<r<-4oo, O0<op<n, 0<SO<2n,

TeomeTpuueckuil cMLCX BeauunH r, ¢, 0 scer U3 puc. 64: r ecTb pajmyc-Bex-
tTop OM, coemmpsomult Hayaso (Moaioc) C HaHHoH Toukoh M, ¢ — yrox,
COCTaBAAEMBIl STHM pafHYCOM-BEKTOPOM € OCbIO 2
(noaspHo# ocChH I(B; 0 — yroa, cocraBaseMufi ¢
ocki0 x npoexunelt OP = r sin ¢ paauyca-sekropa OM
Ha NAOCKOCTh xy (epneHAMKYAAPHYIO K NOXAPHOH OCH).

B sTOM cayuae Mb CHOBa CTaAKMBaEMCA C Hapymie-
HEeM B3aMMHOH ORHO3HAYHOCTH COOTBETCTBHA: IJIOC-
xoctb r==0 npocrpanctsa r¢fl oro6paxaercs B Hayamzo
KOOpIMHAT X=—y==z==0, npaMas ¢==0(z), r==r
0TO6pakaeTC B OLHY TOUKY

Puc. 64, x=y=0, z=r.

Koopaunarrpe NOBEPXHOCTH COCTaBAAKT TPy cemeficTsa:
(a) r = const — KOHLlEHTPHYECKHe Ccdepn ¢ HEHTPOM B Hauale KOOPAMHAT;
(6) $=const—xpyroaue KOHYCHl, OCbI0 KOTOPHIX CIYXHT OChb 2;

(B) U==const — MONYNAOCKOCTH, NIPOXONALIHE YEPE3 OCb 2.
Onpeneaureab STOro NpeoGpasoBanHus:
sin ¢ cos 6 sin ¢ sin 0 cos ¢
J=| rcospcosd rcosgsinf —rsin¢ |=r2sinq.
—rsinesin® rsingcosd 0

On coxpaHfeT 3HaK IMOC, 32 HCKAIOYEHHEM YMNOMAHYTHIX BHIIE Cayyaes,
Koraa r =20, an60 ¢=0(xn), u onpenesureab ofpamaerca B Hyab.
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383. Boipaenue oObema B KpuBOAHHeHHbIX koopxunartax. Ilpu
npeano/oxeHusx u obosHauenusx n® 382 mocraBuM cebe 3agaueit BeIpa-
3arp 00beM (OrpaHuyeHHoro) Teaa (D) B NpOCTPAaHCTBE XYz TPOHHBIM
MHTETPAJIOM, PAacnpOCTPAHEHHHIM Ha COOTBETCTBYylowee Teqno (A) B mpo-
crpancTee Enl *).

Wckombilt 06beM BHIpaXcaeTcs npexae BCEro NOBEPXHOCTHBHIM WHTErpa-
oM BTOporo tuma [cM. n° 380, (6)]:

D=fs zdxdy,
(S}
pacopoCTpaHeHHHM HAa BHEW HIOIO CTOpoHy nosepxHocTd (S). Otcrona
floCTapaeMca fepelith kK OOBIKHOBEHHOMY ABOHHOMY MHTErpajy.
Bynem ucxXomuTh u3 napaMeTpHYecKHX ypaseeHmii mosepxHocTi (I):
t=i@ v, =10 v), (=@ v), 3
npeanonaras, 4To MapaMeTpsl MSMEHsIOTCa B HekoTopod obaactu (E) na
niockocTH nv. 3ameHum B Qopmyaax npeoGpasopanua (1) § %, { Bhpa-
KeHuaMu (3); TOTAA MBI JTIOJIy4HM, OUEBHIHO, MapaMeTPUYECKHE YDaBHE-
Hua LoBepxHOCTH (S):
x=xE@ v), 1@, v), Ly v))=x v),

y=y (ll, 7"): 2=z (ll, 'U).
ITonaras
D
C_D(u, v) *

no gopmyne (7) n® 372 [cm. sameuanue] umeem

D=t SS 2Cdu dv.
(E)

Tak kak x, y saBucar OT u, v yepes MOCPEACTBO MepeMeHHuX &, 1, &,
TO, 0 HK3BECTHOMY CBOHCTBY (DYHKIMOHAJbHHIX onpefeauteseit [n° 326,
c=Lx 3 D n)_l_D(x, ¥) D(n, C)_I_D(x. N DOEYH

DE v) D(w,v)y ' D(n, ¢) D(u,v) D & Dy, v)
IMoxacrasasa. Beipaxcenue C B NOJAyueHHBIH BhIle MHTErpas, HahaeM

p—=([z[Blen Den Dy DinD |
(E)

DG ) D@, v) ' D(n8) D, v)

D(x,5) D&
+56D Dl @

*) Kak ¥ B n°353 Mbl B 3nech NpefNonaraeM KOMOJIHHTEAbHO CYULeCTBOBa-
HHE M HeNpepbiBHOCTb YAaCTHRX IPOM3BONHBIX, CKAXeM,

xé’n, ““775’ ery yé’,l, y;’ﬁ,

370 o6aeryaer JOKa3aTenbCTBO, XOTA HE CYIECTBEHHO IJA BCPHOCTH CaMmoro
pesyabrara.
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ConocraBuM 3TOT HHTErPal C NOBEPXHOCTHBIM MHTETPANOM BTOPOro
TUN4, DPaCIPOCTPAHEHHBIM HAa BHEIIHIOIO CTOPOHY moOBepXHOCTH (X):

D 3) g g 1 D5 9) DY) ge i
Q}b&mﬁ“TDw0”ﬁ+D@aﬁﬁ} ©

Ecan ero mpeoGpasobaTbh, HMCXOAd M3 NapaMeTPHUYeCKux ypasseHu# (3),
K OOBIKHOBEHHOMY JABOHHOMY mMHTerpazy, mo (OpMyJe, aHazOrHuHOH
dopmyre (7) n° 372, To npumem Kak pas K uHterpany (4). Eamucrsen-
HOE pasauyue MeENAy STHMH HHTErpajaMH MOXET B3aKJIoyaTeCsl JMILb
B 3HaKe.

Hakonen, or wunrerpana (5) mo dopmyse OCTporpaickoro MOMHO
nepeliTu x TpoHHOMY uHrerpainy no obaacru (A):

o= [ [{2[- B8] + a5 T+ 253 wanee
TogunterpaipbHoe BHIPaXEHHE DPaBHO

0z D(x,y)+dz D(x,y)+0z D (x, y)+

ED(mC "o DGE L EADE D
0 D5y, 3 D(xy) | 9 D(xy)
4‘zb€Domo'+5iD¢.a'*580&,m]'

CyMMa, croswas B8zecb B NepBOH CTPOKe, paBHa (YHKUHOHAJIBHOMY
ONpPEAEIUTENO
ox 0x Ox
& oy ot
D(x,y,2)__|dy dy dy
DE 78~ | 08 oq o
0z 0z 0z
08 0 &
B ueM JerKo yGemMThCs, pasaaras STOT ONpPENeNHTe]b MO SAEMEHTaM
HOCHeNHEH CTPOKM; CyMMa e B KBaJApDAaTHRIX CKOOKaxX, Kak NOKasbiBaeT
HENOCPENCTBEHHOE BBIYHC/IEHHE, PaBHA HyJo *).

#) OyeBunHo,
0 D(x,y) _ 0x 9y | 0x & Px dy O0x %
0 D(n,C) 090t o€ ' On OCOE  OCOE On O OnoE’
0 D(x,y)_ 0x dy  dx 0% 2x dy Ox 0%
31D 5 ooy 06 oL don  dom oL O & on’
0 D(x,y)_ 0« dy ,dx % 0« dy 0dx &%
0 DE my 0E0L 0y | OF OmoL OnoC 0F Oy OEOL°

CxnagniBad 3TH PAaBEHCTBA NOYWIEHHO, TOAYYUM CHpaBa TOXKACCTBEHHO HYIb.
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Takum o6pasom, npmxoanM K dopmyae

D= Sssgg i’tz))dsdndc.

Ecnn BCOOMHHTH, YTO MO NPEANOJONEHHIO (PYHKIHOHANBHHINA Onpenenn-
TENAb COXPAHSET BSHAK, KOTOpHH OH coobuiaeT H MHTErpaxy, TO CTaHET
ACHO (TaK KaK Mu 3ech cunutaeM D > 0), uTO SHaK Meped HHTErpajioM
OO/DKEH COBNIAZaTh CO SHAKOM onpelenutens. 3TO JaeT HaM NPaso
nepenucate MOJYYESHHHH# pe3ysLTaT B OKOHYaTedbHOH dopme:

o= [ [ |52 o

uam, ofosHauan (YHKUMOHAABHHNA oOnpefeauTeNh IAA KPAaTKOCTH uepes

JG n O
p={{{1/6 » v|&ana *)

@)
TMoasHTErpanbHOE BHIPAXEHHE

D(x, y, 2)
DE w0

OGHYHO HASHBAOT S4CMEHMOM 00BeMA 8 KPUBOAUHERHEX KOOPIUHAMAX .
Ecan npumennts X dopmyne (6*) TeopeMy O cpemseM, TO HOAYUHM
COOTHOMIEHHE

Bdydi=|JE 3 U)|dtdndl

D=|JG » |5, M

rae (¢, m, U) ectp nekoropas Touka u3 obaactu (4), a A— oGbem
aro#i obaacru.

Orciofia JIerko BHIBECTH, YTO TIPH CTArHBaHWH o6sactd A B TOYKY
& 7, C) Gynem umers [cp. n® 877, 8°}

)

TaKk uyro abCoAIOTHAA BEAHUMHA (YHKIMOHANLHOrO ONpeNeanTeNs ecTh
KosppuuueHT pacTAxeHus npocrpancrsa &nl (8 HaHHOH ero
TOYKe) Nph npeoOpasoBaHUN €ro B MPOCTPAHCTBO XY2.

3ameuanue. Popmyaa (6) [(6%)]) BuBeseHa npH W3BECTHHX INpex-
NONOXKEHUAX — B3aHMHO  OJHO3HaYHOE W HENPEpHBHOE COOTBETCTBHE
mexny obaactame (D) m (A) u 1. A& Onusako, xak u B n° 354, 4°
MOXHO HOKasaTh, YTO HapylIeHHe STHX YCc/iOBHHi B OTACAbBHHX TOUKAaX
HAH BAOJb OTHEJBHHX JuHMH U 1OBepxHocTeH He Memaer dopmyae
OuTb BEpHOH, auumib Onl  (YHKNWOHANBHHR onpeenuTeab OCTABAJICA
OF paHUYEHHBIM.
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384. Teomerpuueckuit BHBOX. Busoa ¢opmyan (6) MoxHO mO-
CTpOuTb, caeAys OCTPOrpaicKOMy, B Ha YHCTO reOMETPUYECKHX C€O000-
paxenusx [cp. n°365]. BeckoHeyHO ManOMy npPAMOYroJbHOMY mHapai-
Jenenunefry B npocrpanctse El c usmepenusmu df, dv, di comocra-
BJIAETCA 9ACMEHTADHOE TEJIO B TPOCTPAHCTBE xyz MEKAY KOOpAMHaTHHMH
nosepxHocTaMu  «&> u &--db>, «p u «ptdyp, K> u L-Fdi,
KOTOPOE NpHOJMKEHHO MOXHO DAacCMaTPHBATh, KaK KOCOYTOMBHMIHA Ma-
pannenenunes. Ero o0beM papeH yuleCTEpeHHOMY 0ObeMy TeTpasipa
¢ BEpIIKHAMH B TOYKAX:

Py(x, v, 2), Py (x-—[—geexdé, y—{—%‘édi, z—l—%—%d&),

Ps(x-l—ge%‘ds-}-%dm y+Za+2a, z+%fsd€+§:dn),

Pi(rtFait Bt Fa, y+La+2ant+Za,
z+§§ds+g—;dn+§§dc),

U MO HSBECTHOM M3 aHasuTHyeCKOH reomeTpuu QopMmyne BHpaxaercs
(no abcomoTHOR BeAnymHe) onpeAeaHTENEM

dx ox, 0x
B W Wy | D2
RE Gdn Gt |=TE 0D dtdna
0z 0z 0z
CYMMMPYK 95TH OTACJBHRIE <«3JEMEHTH 06'B€M3), puxXoauM K q)Op'

myane (6).

Taxum oGpasoM, cyuecmeo Oesa u 30ect 8 mox, ¥mo 04 onpede-
NEHUSL O0BEMA IMEAQ OHO PA3AQ2AEINCS KA SAEMERMB. He ¢ ROMOULLIO
cucmems. 83QUMHO NEPREHOUKYAAPHBLX NAOCKOCMEH, @ ¢ NOMOUBIO
cemyu KOOpOUHAMMHEX NOBepxHocmed.

B npocTHX Cayyasx BbipaxeHHe A <9jaeMeHTa 00beMa» B KPHBO-
JUHEHHHIX KOODAMHATAX MOXET OHTb NOJYYEHO HENOCPENCTBEHHO.

Jlas npuMepa B ciyyae HMAMHAPHYECKHNX KOOPAMHAT PacCCMOTPHM
9NEeMEHTapHYI0 061acTh (B HPOCTPAHCTBE Xy2), OPPAHHUYEHHYIO KBYMS LHIAWHAPH-
YeCKMMH NOBEPXHOCTAMHM PaiMycoB p ¥ 0 -} dp, ABYMA IOPH3OHTANLHBIMH IO~
CKOCTEMH, AeXalUMH HA BHICOTaX 2z M 2 -+ d2, W ABYMA HOIYNIOCKOCTAMH, Hpo-
XOASIMMH Yepe3 OCb 2 ¥ HaKJOHEHHHIMM K INIOCKOCTH X2 noj yraamu 8 u 6 4 46
(puc, 65). Cumras npuGAuKeHHO STY OGNACTH NPAMOYTOJbHHM Napajielenune-
oM, Ge3 TpyAa HaxXONHM, YTO M3MepeHMs ero. CyTtb dp, p db u dz, Tak uto o6bem
ero paeeH p dp d8 dz, a onpegfeanrens, NpeACTaBIAIOMIHMY OTHOWIEHHE 3TOrO 06bEMA
K oobeMy dp db dz smemeHTapHOro mapanaeienunena B mpocrpaxcree pbz, pasex p,

AHanoruyHo, B ciyyae chepryeCKHUX KOOPAHUHAT PaCCMOTPUM 37e-~
MEHTapHYI0 064aCTh (B IPOCTPaHCTBE XyZ), OrPaHNUYEHHYIO cdepaMu paguycos r
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ur-dr, xonycamu ¢ ¥ 9--dp u noaymiockoctamu 8§ u 64 db (puc. 66).
U ary o6aacTb MOXHO NPHHATL 32 NPAMOYrOABHHIN TNapamielenunen ¢ HaMepe-
nuamu AD=dr, AB=rd¢ u, HakoHen, AC. Tak kax ayra AC pasma cBoeii
npoekunn MN, a nocneguss onucasa paguycoM OM=rsin ¢ u oTBeyaeT uex-
TpanbHOMY yray df, To AC=rsin ¢ df. B cuny sToro o6beM paccMarpuBaeMoi
oGnactu pasen r?sin o dr do d, a GyHKUMOHANBHBEI ONpeNenuTedb ecTh 3 sin ¢.

O6a 3T pesyabTaTa, HalfeHHbIX z
H3 dJIEeMeHTapPHO-TeOMEeTPHYECKHX C006-
paxennil, COrmacyorcs CO CKa3aHHBIM
B n°382, 1) m 2).
Z
/
,/
/,/
N-K 4z
J
g
: /Y
a4 7
g APk
------ gL
z
Puc. 65. Puc. 66.

385. 3amena mepeMeHHBIX B TpoiHBIX HHTerpazax. C NMoMomb0
BupaeHus o0beMa B KDUBOIMHEHHHX KOODAUHATAX HETPYLHO YCTaHO-
BUTb U O0utylo opMyJay 3aMeHH NEDEMEHHHX B TPOHHBIX WHTErpanax.

INycre mexay obaactamn (D) u (A) npocTpaHcTs xyz m Eqg cyme-
CTBYET COOTBETCTBHE, oxapaktepuzoanHoe B n°382. Cuuras cobio-
IOCHHBIMA BCE YCJOBHUA, NPH KOTOPHX Osiia BeiBedeHa dopmynaa (6), Mu
NOKaXeM TENEpb, YTO MMEET MEeCTO CJACAYIOUIEE PABEHCTBO:

SSSf(x, ¥ dxdyd:=

Dy
= § (76610 96 1 9, 26 0 DG 2 0ldEdnds @)
4)

Dy 2

(rne JE n O="FzF & C))
BMOJIHE aHaJOTHYyHOE (POopMyJle 3aMEHH NEPEMEHHHX B JBOMHHX HHTE-
rpanax. Ilpu stom dysximio f(x, y, 2) MB HpeANOaaraeM HenpepHBHOH.
Taxum o6pasom, cywecrBoBanue o060MX HHTErpaioB B paseHcTBe (8)

'He BHI3BIBAET COMHEHHH; HYXHO YCTAaHOBUTb JIMHIb CaMO€ DaBEHCTBO.

Ilas noxasatespcrBa moctynaeM Tax ke, kak u B n° 356. Pasnoxus
KyCOYHO-TJIaJKuMU TnoBepXHocTamMu obaactd (D) m (A) Ha (coorsercr-
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ByIOLNE APYF ApYyry) saementapsie yactu (D)) u (A)(i=1, 2, ..., n),
npuMenuM K Kawao#t nape oGaacreft (D), (A,) ¢opmyay (7); mp no-

nyunm _
Dy=|J(E 0 &) Ay ©)

rie (5, m; (;) €cTh HEKOTOpas TOYKa oOaacTH A, He 3aBuUCAWAi OT
Hawero BniGopa. BosbMeMm cooTBercTByMOWy™ TOuky (X Vi 2
obaacru (D;), T. e. mONOWKUM

Zi=xC M 8 Ti=yC M 0 z=2G w0 &) (10)
U COCTaBUM MHTEFDaJbHYI0 CyMMy AJf IEpBOro u3 uHTErpanoB (8):

°=§;Jf(xi’ J» 2) D

IMoncrasus crona BmecTo X;, 7;, 2; supaxenus (10), a Bmecro D; — Bhi-
paxeHue (9), mpuAeM XK CyMmme

g :Zif (x (Ei’ ”711': Ei)» J (gi’ ';]i’ Ei)’ 2 (gi’ ';l.b Ei)) |J (E-i’ :ﬂi: Ei)l A,

KOTOpas, OYEBHAHO, YXE HABJIAETCA HHTErpanbHOH Ccymmoli Ias BTOpOro
u3 uHTerpanos (8).

Yerpemum K Hymo JuaMmeTpn obJaactef (4;), BCAEACTBHE Yero B CHIY
HETPEPHIBHOCTH COOTBETCTBUA YCTPEMATCA K HYMO W JAuamerpsi oOJa-
creft (D;). CyMmMa ¢ JOMKHA CTPEMHTbCS ONHOBDEMEHHO K 0BouM uHTe-
rpaiaM, OTKyAa W caedyer TpeGyeMoe DPaBeHCIBO.

Kak u B ciaydae ABoHHbIX uHTerpanos, Qopmyna (8) umeer mecro
B Dsiflle CJAyyaes, KOria COpPMyJupOBaHHHE BEIIIE NPEANOJIOXEHHs Hapy-
IIAI0TCA B OTAEAbHBIX TOYKaX WM BHOAb KOHEUHOrO uMCIA JHHAK H
NoBepXHOCTEH.

386. Ipumepnl. 1) BriuucauTe 06beM Tena, OrPaHMYEHHOTO IOBEPXHOCTDHIO
(x2+y2 222 =ad2.

Pemenue Tero pacnonomeHo CUMMETDHYHO OTHOCHTENbHO ILIOCKOCTeft
¥z ¥ zx, 160 X U y BXONAT B ypaBHeHHE TONbKO B KBagpaTax. [lazee, NOCKOABKY
JeBag yYacTb YpaBHEHMA BCeria NOJOXKWTeNbHA, Heobxomumo ¥ 2 =0, T. e. Bce
TENO MEeXHT BBEPX OT INOCKOCTH Xy. JTH 3aMeyYaHHs NO3BONAKNT OrPAHHYHTHCA
BHIYHCHEHHEM 0GbeMa YEeTBEPTH HAallero Teda, Jexauledl B NepBOM OKTaHTE.

Hannune B ypasHenuu BhipameHua x? -} y® 4 2° 10JCKa3bIBaeT HaM Mepexoj
K chepryeckum KoopauHaraM. [ToncraBisa B ypaBHeHHe NOBEPXHOCTH BhIPAXEHHA

x=rsin gcosb, y=rsingsinb, z=rcosg,
npuieM K YPABHEHUIO NOBEPXHOCTH B CEPUYECKHX KOOPIUHATAX;
r=a’/cosy
Tak xak nepBHH OKTAaHT XapaxTepHayercs HePABEHCTBAMH

0<e< s, 0<i<s,
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T0, yuuTHiBasA 3HayeHne QYHKHHOHaNbHOro onpeneanteas J==r2sin ¢ [n° 382, 2)},
Oynem umerhb

% ,; a 3/cosy ;
V=4 gdﬂSd? § r”sin:;:dr:%na"gsimpcosvd@=% nad,
o o

2) Mpnmenenne yuaundpudecKux KOCpOuHam X BHIUHCICHWIO o6heMa Tena
NPUBOJNT K HHTepecHON dopmyre.
Paccmorpum Teno (V), orpakuueHHOe KyCOYHO-FIaJKOH HOBEPXHOCTHIO, K
NPeNNONOKHUM, YTO MCXONANAA M3 OCH 2 NOAYRJOCKOCTH, OTBeyaiomas B == const,
nepecexkaer Tear0 MO HeKOTOpoH MIocko# durype (Qg)
z npy usMeHenuy 6 ot « jgo B (puc. 67). Torma

)
V=S$Spdpdoaz=5de ggpdpdz,
W

a  (Qp

npuyeM Gurypy (Qg) yRo6HO OTHECTH K NPAMOYroAbHOM
CHCTEME KOOPAMHAT pz, Bpaliaomieiica BMecTe ¢ yno-
MAHYTOH NONYMIOCKOCTHIO BOKPYT OCH 2 ¥).

Tenepr merxo superb, YTO ZABOAHOHN wuHTErpan

p dp dz npeicTaBaseT CTAaTUYECKHHA MOMeHT ¢u-

4

< (Qp
Puc. 67. ryps (Qp) OTHOCHTENABHO OCH 2, KOTOPHH paBeH npo-
ussenenuio nuomamn Q (8) stoli durypw Ha paccros-
Bue peo (6) ee nentpa taxecty C ot ocu z:

55 p dp dz=Q (8) - pc (0).
Q)

floacraBnas 9T0 B BHpaXeHue Jis O6GbEM3, NPHAEM K OKOHYATeAbHON
dopmyne:

g
v={ Q@ e

Bra Qopmyna Gbina ykasasa I1. I1. Kyckoewm. Ona oco6enno yao6Ha Iaa onpe-
AeleHHs o6beMa Tell, NONYYAIOUHXCH NPH BUATOBOM NBMXKEHHH NIOCKOH QUrypH
(mocrosnHolt uaM Jedopmupyiomeica), KdK TO: BHHTOBHIX HAape3oK, NPYXHH
BT

Ecan Texo (V) ecTb nonpocTy Ten0 BpauleHVa HeM3MEnHol guryph (Q
Ke Tepecekaomell ocn 2z, BOKPYr 3toit ocH, T0 Q==const, po==const, a=0,
B=2m, n GopMyra NpuUHHMACT BHA

V=0Q 2np..

Ona Bupaxaer M3BeCTHYID TeopeMy [ yabAuWHa, raacamyo, yto 06ses
mena épaueHus nAOCKOU Puzyps 0K0A0 He nepeceKawoueil ee Ocu pasen npo-

*) Bmecro TOro, 4ro6n TOMIECTBEHHYIO C HeH QUIrypy OTHOCHTb K HeMo-
JBHXHOHA IMOCKOCTU pz B mpocTpancTse pbz.
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u36edenuio naouwadu amol Puzypul Ha OAURY OKPYHCHOCHIU, ONUCGHHON LERMPO X
msaocecmu Puzyps. Takum o6pasoM, dopmysa Kyckosa sBiseTcA eCTECTBEHHBIM
06061ieBNeM STOM KaacCHYecKo#f TeopeMbl W, Ha0GOPOT, J1erkKo MOXeT OWTh U3
Hee NOoAYyYeHa.

3) Ha#ity npuraxeHnue, VCHBITHIBaEMOE HPOU3BONALHOA TOYKOX A mpocTpaH-
crBa (Maccel 1) co CTOPOHB ORHOPOXHOR cdepn, € NMAOTHOCTHIO §.

fycts panuyc chepet pasen R, a paccrosnne OA=a. Ocu KoOpAMHAT pac-
NOJOKHUM TaK, YTOGh TOYKa A HAXOAWMACh Ha NOJOWHMTEALHOH 4YacCTH OCH 2.

Torpa
> plz—a)
" S(‘S')S [%* 43 + (z— @)?)*/s dxdy dn

[lepeina K chepuyeckuM KOOpHWHaTaM, Halizem

rx =
F.— S’ pr? (rcos ¢ — a) sin ¢ dr do db
# . (r* 4 a® — 2ar cos cp)s/’ :

Ho, onpepeasa npursxenune cdepuueckum cnoeM [n°370, 1)], Mu yxe Hauiu
3HaUeHWe ABOMHOrO MHTErpana

2 0
§§ (rcosg—a)singdedd TpE G 1y
) 4 (r® + at — 2ar cos ¢)*/2

T
— 4 TpH A>T

B rakom caywae nps a>R

R
4x 4 1
== =R,
amnpy a<<R
a
4mp 4
Fz=——l-1—; r’dr=-—§npa.

B 10 we Bpema, ouvesumHo, Fy==F,==0. Wrak, Bo BCex cryuaax nputaxenne
HanpaBaeHO K UEHTPY cdeph.

Mpu smom mo4xa, Haxodsuwancs sre chepw (a>>R), ucnmosaem
CO CMOPOKb. nOcaAeORell maKoe dice npumsJiCenue, Kaxoe ucnvmolssra Ou,

4
ecayy Ot 8 yenmpe cgepul OGuaa cocpedomodera 8cs ee macca m=- nR3%.

C nmpyroft CTOpOHH, TaK KaK IO OTHOIIEHHMIO K TOYKE, JeXamel BHYTPH Cchepu
(a < R), npuTsxeHWe He 3aBUCHT OT R ¥ HMEeT TaKyl0 Xe BelMYHHY, KaK H B
cayyae R==a, TO fCHO, UTO HapydcHwil ceputeckuii cA0i He OKa3viedem Ha
BHYMPEHNRIOID MOYKY HUKAKO020 Oeticmsusl,

Cneayer OTMETHTb, YTO NPH a > R (KOTla NpUTArMBaeMas TOYka A JEXHT
BHeEe chepb) NMOAMHTErpaabHaA QYHKUHA COXPaHAET HEMPEPBIBHOCTL, H BHKIANKK
HH B KaKUX MOACHEHHWsAX He HYykRaorcs. Maaye obcrour pmeno mpn a<< R
(xorpa TOYKa A JeXuT BHYTpPU chepo HIM HA ee NMOBEPXHOCTH)
B atoM cayvae, HMEHHO B OKPECTHOCTH TOYKM A, NMOAHHTErpanbHas GyHKnus
nepectaeT ObiTb OIPAHHYEHHOH, W MHTErpal HYXHO NOHHMATb KaK HeC oG-
cTBe#HH it [Toce 3aMeHb NepeMEHHBIX 0COGEHHOCTD HCYE3AET; 3TO 0GCTOATENb-
CTBO NO3BOAsAET M YCTAHOBHTb CYUIECTBOBRHHWE HHTErpana, W ONpaBAaTh BCE Bhi-
KIaJKH,
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387. HcropHueckue 3amedanMsi. TpoiiHsie uHTerpaubl BnepBhie NOABAANTCA
B oppoil paGore Jlarpamka 1773 r. (omy6auKOBaHHOW ABYMA [OZAMH NO3Ke),
KOTOpas B OCHOBHOM Obla IIOCBAILEHA TeOpHH INpHTskeHHA. Onpeneaus aas
CHJIBl IPUTAXKEHNUA TOUKY <3JIEMEHTAaDHHIM NapannenenunenoM» dx dy dz ee npoek-
IMN Ha TPU KOODAMHaTHHE OCH, JlarpaHx 3aHMMaercss HX HHTerpHPOBAaHHEM, KO-
TOpOE OH NpeAfoNaraeT «paciipoCTPaHeHHbLIM Ha BCe TOYKH Teda». 3nech Jlarpamx
W AaeT onpejpeneHne TPOHHOTO WHTerpana, koropsifi (Kak ABoitHoM y dMaepa,
cM. n°359), moayyaerca MOBTODHBM MHTErpUPOBaHHEM IPA 9TOM
AACHO YKA3blBAETCA, MEXNY KAKMMH NpeJenaMu HalaexuT 6paTh NMOCAELOBaTENbHO
KaxJblit N3 Tpex npocThiX mHTerpanoB. OpnoBpemenHo Jlarpaux paccMarpusaet
TPOHHON WHTErpHMA Kak CyYMM Y M Jawe o603HayaeT ero MHOM pa3 3HaKoM Y.

Y6enuBmuch B TOM, uTO (Haxe B Cayyae cQepbl) MHTETPUDPOBAHMSA OKA3bl-
BAaIOTCA TPYAHBIMY, Jlarpanxk ykaseiBaeT, YTO AAs OGMeryeHusa WX cAeI0Baio Gbi
HCHOAb30BaThb JpYyrue MepeMeHHble, W CTaBUT B OOWIEM BHIE 3aKayy 3aMeHhl
NepeMeHHBIX B TPOHHOM HHTerpane. Mcmoabaya 3aBMCHUMOCTH Mexny Auddepen-
UH¥asaMH CTapbiX U HOBLIX NepeMEHHKIX:

dx=Adp+Bdq+Cdr,
dy =Ddp -} E dgq 4+ F dr,
dz=QGdp-+ Hdq+1dr

(A, B, C, ...— nanHbie QGyHKUMM OT p, ¢, r), Jlarpanx neiTaetcs HaliTH MO~
NPOCTY BEHIpakeHHe CTaporo snemeHta ob6bema dx dy dz uepes HOBHH dp dq dr n
NPUXOJUT — € MOMOIbI0 HEeYGEeAUTENbHbIX PACCYXIEeHUA—K PaBEHCTBY

ABC
dxdydz=|D E F|dpdqdr*#),
GHI

KOTOpOe BooGule HeBepHO [cp. n°359]. Mwbl yie YMOMHHANH, YTO Ha oHGOY-
HOCTb paccyxnuenuit Jlarpamxa B 1838 r. yrkasax Ocrporpanckusi; Ocrporpanckui
TaKXe F€OMETPHYECKH OCMBICTHI TO BHPAXEHHE, KOTOPOEe nodcmasasemes
BMECTO CTaporo <sinemeHta obbeMa» dx dy dz, ne 6ydyuu emy pastvinm. [oxpo6-
Hee 06 9ToM cM. n° 384,

§ 4. 9JIEMEHTB!I TEOPHUH NOJIA

388. Cxansippl H BeKTOpHI. [IpuMeHeHse MHTErpalbHOIO MCYMCIEHHA K BO-
npocaM MaTeMaTHUecKoH (M3MKM M MEeXaHHKH YacTo YNOGHee HpOBONUTh B BeK-
TOpHOH (opme. T103TOMY YHTATEN0 MONE3HO O3HAKOMHUTLCA C HEKOTODHIMH OCHOB-
HbHIMH MOHATHAMU BEKTODHOTO aHAJH3a, KOTODhle NPHBOLAT K BEKTODHOH HHTEp-
NpeTalny HHTErPaIbHbIX 06Pa30BaHUil M CBA3BIBAIOMMX HX (OPMYI HHTEIPaAbHOIO
MCUHCACHHS.

Mbi npexnonaraeM, YTO YMTaTedb yiKe 3HAKOM C MOHATAEM CKa XA pa HIM
CKanAPHOR BeNHYHHB, KOTOpasA BIOJHE XapPAKTEPU3YETCA CBOMM YHCIEH-
HHIM 3HayeHueM (KaK, Hampumep, 06BheM, Macca, INOTHOCTb, TEMIEpaTtypa), U
C NMOHATHEM BEKTOPA MJM BEKTODHOH BeNMYHHBH, KOTOpad A1a MoJ-
HOTO CBOEro ONpeleieHHa TpeOyeT eme YKa3aHMA Ha HampasieHue (mepemenie-
HHUE, CKODOCTh, YCKODEHHe, CHIa H T. IL). [oBOpA O BeKTope, Mbl, KaKk OGBIUHO,
Gyrem npencraBaath ceb6e M306paxaoWuil ero HanpaBIEHHbI OTpPE3OK. Yeao-

BUMCSL 0603HayaTh BEKTODHl GYKBaMM €O CTpeJKaMu Hajg nHumu A, r, v, ... ;
Te Xe OykBbl 63 CTpenok: A, r, ¢, ... 6YAYT 03HayaTh [AJIHHE BEKTOPOB:

A=JZ,, r=l?]v '”=,17,r ey

¥) TlpusbivHOro HaMm oGosnavenns onpeneautens Jlarpadx He ynoTpeGaser
H [UWeT ollpefleauTeab B Pa3BepHyTOM BHAE.
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a 6YKBH €O 3HaykaMm: Ay, Iy, Up, ...— HX DPOEKUHH, COOTBETCTBEHHO, Ha OCH
X, ¥, n, ... Hpoekuun Ay, A,, A, BekTOpa A Ha KOODAMHATHEIE OCH BIIOAHE €ro
ONpeNeNsoT U N0 JIMHe (YHCACHHOMY 3HAYEHHMIO) W 0 HAHPaBACHUIO.

Mul cupTaeM Takxe, YTO VYMTaTedb BIaJEeT H OCHOBHBIMH CBEJEHHAMH H3
BeKTOpHOM anre6psl. OrpaHMYMMCA HANOMMHAHHEM, YTO CKAASAPHbLM npou3selde-
Huexm BeKTOpoB A M B HaswbiBaeTca ckanaAp (Yuciao)

A-B=ABcos (4, B),
KOTOpOE uepes NpOEKUHUN Ha OCH BbIpaxaerca Tak:
A+B=AB,+ A,B,+ A;B,. o

ITos0XH¥M BNpElb B OCHOBY BpalmeHHe HPOTHB YacCOBOM CTPEAKH
W, CclIeloBaTeNbHO, NMPaB Yyl cucremMy koopiuHar [n°362, sameyanue]. Torma

sexmoproe npoussedenue sexropos A n B ecth B e X T 0 p ¢ naunowo ABsin (4, B),
NCPNEHAUKYAAPHHA K OGOMM COMHOXHTENSM M HANPaBIeHHLIH B TY CTODPOHY,

¢ KOTOpOH BpaiieHue ot Ak B(ua yroa, medbuini 180°) kaxerca NpoUCXoaAmHIM

ey
NPpOTHB YacoOBOH cTpeakm ero oGosHayawr yepe3 A X B. Ilpoexuun
BEKTOPHOro TIPOM3BENEHMA HA OCH OYAyT

AB,—ABy, ABy—AB, AB,—AB,, @

eca (HANOMHHM 3TO) B OCHOBY IOJOXEHa N paBas CUCTeMa KOOPKHHAT,

389, CranapHoe u BeKTOpHOE moisi. Eciu ¢ kaxnoit roukolt M onpexnenex-
HoH ﬂpOCTpaHCTBeHHOﬁ o6aactyn (KOTOpaﬂ MOXET OXBaTblBaTh U BCE€ NPOCTpaH-
CTBO) CBA3aHA HEKQTOpas CKaildApHada UIH BEKTOpHas BEIHMYHHAE, TO rOBOPAT, UTO
3aJaHO nO.se 9TOH BeAMYMHbI, COOTBETCTBEHHO, CKAALAPHOe WIH BeKMOpPHOe.
B Gaukalllpx HOMEpPax HaM BCE BpeMs IpUAETCS HMeTb JIeI0 C TAKUMH
HOXAMH.

[TpuMepoM CKanApHOro NOJAS MOXET CAYKHUTb HoJe TeMIepaTypel MIH SJeK-
TPUUECKOro IOTEHUHaxa. Ecan noaoxenne Toyku M ONnpeendaTb €€ KOOpouHa-
TaM¥ II0 OTHOLIEHHIO K HEKOTOPOH IPOM3BOIbHO BHIGPAHHOH KOOPAMHATHOH CH-
CTeMe Oxyz, TO 3aJaHHue I1nons cxampﬁoﬁ peauynuHbn U PaBHOCHABHO NIPOCTO
saganmo uyucaosodi ¢yukumu U(x, ¥, z). Me Bcerna GyileM mpefrnojaratb, 410
9Ta (l)yHl(l.lHﬂ HMeeT HelIpepbiBHbI€ YACTHbIE NPOM3BOXHBIE IO BCEM NEPEMEHHBIM.
Ecnu “3TH npoMsBoiHEe He 0GPamalorca OAHOBPEMEHHO B Hylb, TO ypaBHeHHE

U(x, y, 2)=C (C==const)

onmpefenseT HEKOTOPYIo NOBEPXHOCTL (6e3 ocoOhIX TOYEK), BIOIb KOTOPOH Bedu-
ypaa U coxpaHser MOCTOAHHOE 3HAUEHME, TaKasd TOBEPXHOCTh HA3BIBAeTCA NO-
8epXHOCMbIO YpOBHA. Bea paccMarpuBaemas 06aacTb 3alI0JHEHA 9THMH HOBepX-
HOCTAMH, TaK YTO Yepe3 KaXJIY TOYKY ee NPOXOXHT OAHA H TOJBKO OfHA
NOBEPXHOCTb YPOBHA. SICHO, YTO MOBEPXHOCTH YDOBHS MexAy coGoil He mepe-
CeKalTCs.

[TpuMepOM BEKTOPHOrO IHOJAA MOXET CIYXHTh CHIOBOE II0Je MIX Ioje CKOo-
pocteii; nojgoGHble MOAA HAM YXe BCTpevanuch, ECIM NOXOXHT B OCHOBY He-

KOTOpYIO cucTeMy koopamnat Oxyz, TO 3aJiabHe IIoJs BEKTOPHOH BedHYyHHB A
MoxeT GbTh OCYIIECIBIEHO NYTEM 3aJaHUA ee NpPOeKUUH Ha ocH

Ax (xr Y z)» Ay (x’ 2 z)) Az (X, Y, Z) (3)

Kak QyHKUu# OT KoopmuHar ToukM M, ¢ KoTopoit BennyuHa A cBasana. U srm
dyukuy Mb 6yjfeM IpelnmoNaraTb MMEOMVMH HENpEpHBHbiEe Npom3BofHuie. [Ipn
K3YYeHWH BEKTOPHOrO HONsA BAXHYIO POIb HIPAIOT BeKMOPHbLE AUHUW; BEKTOP-
HOM NHHHEN Ha3bIBAETCA KPWBasA, HaNpaBJCHHE KOTOPOH B Kaxaof ee Touke M
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COBNajaeT ¢ HANPABAEHHEM BEKTOpa A, OTBeyamuwero SToff Touke. Ecam Bcnom-
HATh [0°212]; 4T0 HanpaBAAIOWME KOCHHYCH KacaTelbHOH K KPHBOH mpomopuuo-
nagbhb audgepenHnnaraMm dx, dy, dz, TO NOAYYMICA, YTO BEKTOpPHAA NHHHA
XapaKTepH3yerTcs PaBeHCTBaMH

ax _
A,

dy _dz
AyTAS
B npenanonoxenny, 4t0 BekTop A He ofpauiaeTcs B HYJAb, MOXHO JOKa3aTb,
OnUpasch Ha <TEOPEMY CYLECTBOBAHHA» U3 TEODPUH CHCTEM IH(epeHLHaTbHHX
ypaBHEHull, YTO BCA paccMaTpuBaeMas 06aacThb 3al0AHAETCHA BEKTOPHH MY IHHHAMH,
npuueM yepe3 Kauyl0 TOUKY ee NPOXONMT OJHA W TONbKO OLHA TaKad IHHHUA
BekTOpHbie NHHEM MeXNy COGOH He NepeceKkamTcs.

WMHorna NpuUXoAMTCA PacCMaTpPHBaTb NOBEPXHOCTH, COCTaBJIEHHHE H3 BEKTOP-
HBIX JMHEH; WX Ha3BIBAIOT BeXMOPHuMU nosepxrocmsmu. Bexropnas nosepx-
HOCTh XapaKTepuayercs TeM, YTO B Kauzaolt ee Touxe M coorBercTBylomuit Bek-

Top A (M) neXHuT B NIOCKOCTH, KacaTeAbHOfl K NOBEPXHOCTA B STOH Touke (MaM
-

TeM, yT0 mpoexnua A, BEKTOpA A Ha HODMaib 1 K TOBEPXHOCTH BO BCEX €€

TOUKAX paBHa HYHO). ’Eczm B3ATb B PaCCMATpPHBaeMOH OGJACTH KaKYIO-HMOGYAb

NUHYIO, OTAMYHYI0 OT BEKTODHHX /MMBHH, ¥ Yepes KaxAylo ee TOUKY NpPOBECTH

BEKTOPHYI0 JHHHIO, TO TEOMETPHYECKOE MECTO STHX NHHHMHA W RacT HaM BEKTOp-

HYI0 NOBEPXHOCTB. B ciyyae, ecad yIOMAHYTAA <HANPaBAAIOMAs> JHHHA SBAAETCA
3aMKHYTOH, Noayyaerca TpyGKkooGpasHas Bek-
TOpHad MNOBEPXHOCTb, KOTOPas M Ha3WBAETCH
8exmopHoi mpybroi.

390. Mpou3soanan NO 3ajaHHOMY Hampa-
rennto. I'paguent. Tlycrs 3amaHo cxaaspHoe
none U (M). Bo muorux Bompocax npencrasaser

|8 ! unrepec <CKOPOCTb H3MEHEHHA> STOH QYHKUME

————— ~>  TOYKH MIH «IIPOM3BORHAs» €e no 41000My 300an-
HOMY HGNpasienur0. Y TOYHUM 3T0 NOHATHE.

4 Ha npoussoanHo# HanpasienHoft npamoft

(uan ocn) [ BO3bMEM NOCTOAHHYIO TOYKY M, u

nepeMennyio Toyky M (puc. 68); nox MM Gyrnem

pasymeTh BEJXH YU HY HANPABIEHHOrO OTpe3Ka

or My 1o M, 1. e. JanKY €ro o 3HaKOM ILIIOC, €CAH

Puc. 68, nanpaBaesne MM cosnanaer ¢ HanpasaeHueM

ocH [, H €CO 3HAKOM MHHYC — B IPOTHBHOM Cayyae.

Mycts M, Heorpanmyenno npubmuwaercas x M, [Ipouseodnoi om
gyuxyun U(M) 6 mouxe Myno nanpasaenuw | nasssaemes npedes

UM —UM,) ,

’

s

lim
M—Mg MOM

OH 0603HayaeTcsi CUMBOJOM:

oU (M,)
- 4

OTa NPOH3BOAHAA M XAPAKTEPU3YET ¢CKOPOCTb M3MEHEHHA» Ha3BaHHON (yHK-
uuK B Toyke M, no HanpaBieHwio /.
[TonoxuM B OCHOBY HEKOTODYIO KOOpAHHaTHYI0 chcreMy OXyz B BONyCTHM,
410 QYRKUHUA KOOpIUMHAT
UM =U(x 3 2)
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UMeeT B PACCMATPHBAEMOH OGFAaCTH HempephlBHBIE YaCTHHIE NPOH3BONHBIE NO
kaujolt u3 nepemenHmx. Torua, kak ™Mbl Jokawxew, npoussonuas (4) cymecrsyez
¥ BHIpakaerca Qopmyaoi

ou __oU ou oy
W=(§cosazﬁ—a;;cosﬁ—|---a;cos'g, (5)

rie BCE NMpPOM3BONHBIE BHIYUCAEHH B Touke M, (X, Vo 2,), a cosa, cosB, cosY
CYTb HampaBasoumue KocuHycel ocH /. Ecay nonowuts M,M =, T0 KOOpPIHHATH
nepeMeHHORt TOUkH M ocH BHIPasaTCA Tak:

x=xXg-+tcosa, y=y,--fcosh, z=2z,-}tcos7.
Vickomas npoussojHan Gyner NpoM3BOAHOH cuoxHOM QyHKUME OT £
U(xot-tcosa, y,--tcosB, z,-+tcosy)

np¥ £==0. [To npasuay nmp@epeuux%posaﬂuu CHOXHOH QYHKHHUR ee BeJHYHHA
KaK pa3 u npexcraBarcs dopmyno# (D).
Beedex sexmop g, ¢ npoexyusmu Ha ocu

oU oU oU
9% 3y’ (6)

€20 Ha3neagiom 2paduenmo s seauduns U 1 0603HAYAIOT CHMBONOM
Z=gradl.

Ecan sepuyTthes k dopMyae (5) m yepes X 0603HauMTH O P T (CAHHHYHHA BEKTOD)
npoBefeHHBH B HanNPaBIeHAH /, TO €e MOMXHO NMepenucaTh U Tak:

%’—;:: gradU.X =grad; U.

Otciola BHAHO, YTO HAHGOJBIIEr0 3HAYCHH# STa MPOM3BOIHAA HKOCTHraeT B TOM
cayyae, KOrAa HampaBieHue ! COBNAfaeT C HANPaBICHHEM I'DaJHEHTa, HPHYEM 9TO
naubonbuice 3HaYeHHE PaBHO

i1~ G+ T+

D10 nO3BONsAET HaM Temepb, B3aMEH NPUBENEHHOTO Builie (OPMaILHOTO
onpefeNeHAs I'PajiieHTa, MCHOAb3YIOIEro KOOPAMHATHYIO CHCTEMY, AaTh Hpyroe:
2paduenmon cxaasprod sesudunn U wnasweaemcs sexmop, K0mopuii no wuc-
NEHHOMY 3HOHEHUWIO U NO HANPASAEHUIO XAPAKMEPU3Yem HAuGOAbUIe CKOPOCTD
uamenerus seauyune. U. 3mech yke KOOPIMHATHAA CHCTEMA HE YIOMHHAETCA
BOBCE, YCM H BHIABIACTCA q.)aKTHlIECKBﬂ HE3aBUCHMOCTb NOHATHA FPaiWeHTa OT
ee BhIGOpa.

Jlerko ycMmOTpeTh, YTO HalpaBieHHe IPaJMeHTa COBNANAET C HaNMpaBAeHHEM
HopManu K nosepxunoctn yposua U(x, y, 2)=C, npoxonsmed yepes HaHHyiO
TOYKY.

l;"lrax, ckanaprHoe noae U(M) nopoxxaerT BeKTOpHOe noae
rpaxuenta gradU.

TamunbTOoH ¥) BBET B paccMOTpPEHME CHMBONHYECKHH BeKTOp
C «IpOEKUHAMHU»

9 4 0

ox’ Oy’ 0z

*) Yunpam Poyan Famuabton (1805—1865) — anramficknfi MareMartHg.
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Ha OCM KOODIWHAT, KOTODhI OH Ha3Ban <HaGnoit» m o6osnayun uepes V. [Toab-
3yACh 9THM OGO3HAUEHHEM, MOXHO HaNHCaTh, YTO

gradU=VU.

IleficTBUTENbHO, €CTU YIOMAHYTHIH «BEKTOP» (OPMANbHO YMHOXKHTb Ha ckaaap U,
TO W NONYUHTCH BEKTOP C mpoexuusmy (6)!

Meumeprn. 1) O6osHavas yepes r pagmyc-sexrop OM, coeunAOLM He-
KOTOpPYK NocTosHHYI0 TOYKY O ¢ mepeMeHHO! Toukod M mpocrpancrsa, a ve-
pe3 r— ero JIMHY, NOTOXUM

UMy=¢(r)

rle ¢— Kakasg-HHGYAb CKanfpHAas (YHKUHs OT NOMOKHUTEIBHOIO CKATAPHOIO ap-
IYMEHTa r, UMEOIas NPOH3BOJHYI0 NOCTOAHHOrO 3HaKa. [1oBepXHOCTAMH ypOBHS,
OYeBHjiHO, 6YAYT chepbl paxgmyca r ¢ ueHtpoM B O, TaK YTO HanpaBieHHe rpa-
JIHEHTa COBNAajaeT ¢ PafiMalbHLIM MIN NPAMO NPOTHBONOMOMHO €MY, CMOTPA no
TOMY, 6yner am ¢' (r)>0 umun <<0. Jlerko Buuers, uro

r
gradg (N=y' (r): -.

B uactHoCTH,
¢

73 ¥ (c==const).

c
grad =

Ecau nomectuts B Touke () Maccy m M PacCMOTpeTb NONE HbIOTOHOBCKOIO
NPUTSKEHUA, TOEro HanpaxeHueF B Touke MGyner

-
B mr m—
- rir ré
M, TAKUM 00pa3owm,
F=grad —,

Bonpoc o ToM, MOXET 1M K a HHO € BEKIOpPHOe Tone GbiTb paccMaTpHBaeMo
KaK TO0Je TIPajHeHTa JiA HEKOTOPO} CKaNAPHOH BENTHYMHB, UMEET GOIbMIYIO
BaXHOCTb. [l0 cymecTBy o JJs Hac He HOB; Mbl BEDHEMCS K HeMY HHXe
[n® 393].

2) PaccmotpuM noie TemnepaTyph U. B3as snement nosepxHoctu (dS)
C OnpefieneHHbIM 06Pa30OM HaNpPaBieHHON HOPMAJBIO 71, MOLCYHTAEM KOMUYECTBO dQ
Tenna, MPOTEKIIEro 4Yepe3 STOT 3JAEMEHT B HalpaBleHHH 1 32 GECKOHEYHO Malubiit
npoMexyTok Bpemenyu df. Temno Teyer oT Gogee HarpeTHiX yacTell Tema Wim
cpeasl K MEHEE HArpeTHIM, W NPHUTOM TeM ObicTpee, yeM GbicTpee Y6 b Ba €T
temreparypa. OGBIYHO NPUHHMAIOT, YTO YNOMSHYTOE BHIIIE AEMEHTapPHOE KONH-

on
uyepes k>0 ko3Q(QuuUHEHT NPONOPUHOHAABHOCTH («KO3(IUUNEHT BHYTPEHHEH
TeNIONPOBOJIHOCTHS ANA JAHHOTO MecTa), MOXHO HalHCaTh

oU
dQ=—rkdSdt % ;

B COrnaCuv CO CKa3aHHBIM Bbillie KOJMUECTBO Tenjaa dQ OKa3bIBA€TCA MOJOXKH~

U
yecTBo Tenna dQ nponopunoHanrbHo dS, df W, HaxoHel, ,_l O6osnauasn

U
TeJIbHBIM MMEHHO B TOM cClyyae, KOTha gr OTPUUATENbHO, T. €. KOIIA B Hampa-
BlIeHuH n Temmepatypa U yGbisaer.
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Ecau BBECTH Tak Ha3blBaeMbiil BEKTOp nNoTOKa Tenaa

d=—rkgrad U,
TO BHIpaXeHue ninsa a’Q MOXHO Hepenucarb Kopoue:
dQ =dS dt q,,.

391. IToTok BeKkTOpa 4Yepe3 MOBEPXHOCTb. I1ycTh Temeps 3aJaHO HEKOTO-

v
poe BexTopHoe mone A (M), T. e. 3amambl TpH Gyuxuuu (3). Bosbmem noBepx-
BOCTh (S) ¥, BHIGpaB ONMpeNleEHHYIO ee CTOPOHY, 0G03HauUM uepe3 cos A, COS i,
COS v HalpaBasomne KOCHHYCE COOTBETCTBEHHO HampasaenHoli nopmaan n. Torja
NOBEPXKHOCIMHbIL uLme2pas

S S (Axcosh - Ay cosp 4 A, cosv)dS
($)

HA36L6Q10M NOMOKOM BeKMOpa A 4epe3 nosepxHocms (S) 8 YKAZAHHYIO CMOpPOHY.
Ecau Tor e uHTerpal HamucaTb B BHAE

S S AndS,

(s)

TO CTaHET BIONHE SICHOH €ro He3aBUCHMOCTb
0T BEIGOPa KOODIHHATHOR CHCTEMBL

O6paTuMca K IPUMEPAM.

1) Camoe Ha3BaHHE <TIOTOK» CBSI3AHO C
HEKOTOPOl rMEpOMexaHHYecKoH 3amayeii. Pac- 4
CMOTPHM JIBHKEHHE XHAKOCTH B POCTPAHCTBE;
B O0liEeM cayyae Mbl He IpeAnojsaraeM ero
CTAaUWOHAPHEH M, TaK YTO CKOPOCTb HBH-

JEHHA U 33BHCUT HE TOALKO OT MONOMNEHHs
TOoykH M, K KOTOpOH OHa OTHOCHTCH, HO H
or Bpemenu f. [TocraBuM ceGe 3amaueil BHI-
YHCANTH KOJAMYECTBO MUIKOCTH, IPOTEKaIee
yepes NMOBEPXHOCTh (S) B ONpefEeNeHHYIO CTO- Puc. 69.

POHY 3a OGECKOHEYHO Maibif TpPOMEXYTOK

ppemenu df. YUepes sneMeHT (dS) NOBEPXHOCTH NPOTEYET KOAMYECTBO XKHIAKOCTH,
KOTOpOE 3anoNHAT COGOH HUAHHAP C OCHOBaHWEM dS M BHICOTOH v,dt (puc. 69),
rlie HOpMaldb 1 NPEANONaraeTcss HANpPaBICHHOH MMEHHO B BHIGPAHHYIO CTOPOHY *).
Ecan uepe3 p 0603HaYUTh INIOTHOCTb XHUJKOCTH, KOTOpPas TaK:Ke MOKeT 3aBH-
ceTb M OT MONOXEHHA TOYKM H OT BPeMeHHW, TO Macca npoTekiefi yepes dS
WUAKOCTH GymeT p dSv,dt.

Jlaa Bcelt noBepxHocTH (S) monyyum

dt S g pU,dS.

()
KonnyectBo Xe NpoTeKmed XHLKOCTH (, OTHECEHHOE K EeJUHHLE BDEMEHH,
BbIPA3UTCA MHTETPANOM

Q=SSW¢& 0]

(8)
yuTaTEdb Y3HAET B HEM <IIOTOK BEKTOPa» pv uepes mosepxuocTs (S)!

#) Cp. cHocky Ha ctp, 231
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3aMEuyAHHE Tak Kak ABNNEHHE XHRAKOCTH MbH HE NPENNONOMHAH yCTa-
HOBUBHIMMCA, TO Ha JedAe BeTHYHHA ( caMa, BOOGLLE TOBOPS, 3ABUCHT OT BPEMEHH
B TOYHEEe MOXET ObThb Ha3BaHa CKOPOCMbIO BO3PACTAHUSA
KonnyecTBa nNnporexmef uepesd (S) KHAKOCTH B paccMaTpH-
BaeMb i MOMEHT BPEMEHH.

[TopoGuoe ke 3aMeyaHue MOXHO Obiio Obi NOBTOPHTL M O <IPOTEKUICM
yepes (S) KOMNUYECTBE TeNna, OTHECEHHOM K eiuHuiue BpeMeHH» [cM. crepyiomui
npuMep]: BCE 9TO BENMYHMHBI, MMEIOUHE XapaKTep CKOPOCTH.

2) AHaloruyHo MOXKHO TOBOPMTh M O MOTOKe Temxa Jlerko Buuers,
yro [npn o6o3navuenusx n° 390, 2)] 3a BpeMa df uepes noBepxHOCTH (§) mporeuer
KOJHYeCTBO Temaa, paBHoe

dt S S gn dS.

&)

Ecay oTHecTH KOMHYECTBO NpoTeKWero Tenia K €JUHUUE BPEMEHH, TO

HORYUHM
S S qn @S,
S

—
T. €. ¢NOTOK BeKTOpar ¢ uepes mosepxHocth (S). Orciona W HassaHHe BexTOpa

J=—kgradU
— (BGKTO& IOTOKA Temaar,
392. ®opmyaa Octporpaackoro. Juseprenuusa, Boaspamascs x oGuiemy

Chyyal BeKTOpHoro moasa A, paccmorpum Tteno (V), orpaHHueHHOe 3aMKHYTOIf

nosepxHocThio (§); yepes n GymeM 0603HayaTh B H e I H I0 10 HOPMaldh K MOBepX-

Hoctu. Torma no dopmyae Ocrtporpanckoro [n° 380, (5)], eciu noa0XKUTH B Hel
At

P=A,, Q=A,, R=2A,, MOoXHO ROTOK BexkTOopa A uepe3 noBepXHOCTb (S)
BOBHE npeo6pa3oBaTh B TPOHHOH WHTErpanm:

SS A, dS== S S (Axcos k4 Aycos p -+ Ay cos v) dS =
S) )

] et

Cmosijee nod 3HAKOM MPOIIHO20 URMEZPAAA . BLLPANCEHUE HA3BBACMLS

dusepeenyueil (uaw pacxodumocmpio) sexmopa A u oBo3Havaerca
CHUMBOJOM
04,
2

[/

Takum o6pasom, ¢popmyaa OcTporpaackoro mepenumercs B Brxe

S§ A, dS= g &S divAav, ©)
d (

B KaKOM OHA yamle BCEro M MPHMEHAETCA.
BeefieHHas TOAbKO YTO BENHYHHA, IHBEPreHU WA, ecTh CKAalsAp, HO ee
onpenenenvie GOPMANLHO CBA3AHO ¢ BHIGOPOM KOODAMHATHOH cucremut. as Toro

o 9A, 04,
leA——W*l" 0y + f 8)
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YyTOGE OCBOGOAMTHCA OT STOrO HEROCTATKA, MOCTYONUM CICAYIOWHM 06pasoM.
Oxpyxum Touky M xakuMm-HuGymb teaoMm (V) ¢ nosepxuocTsio (S) ¥ Hamumen
dopmyay (9); ecin ofe yacTH pasfernTb Ha o6beMm V Tema M nepeiitm K npe-
neny, crarusas Teqao (V) B touky M, to [n° 377, 8°] cipasa xak pas H noay-

vurea div A s Touke M. Urax,
S S A, ds

L . S)
divA= lim S ____.
9TO P4BEHCTBO TaKXE MONKET CAYXMTb ONpefeleHHeM JUBEPreHund, NpHYeM
B 9TO# dopme onpeneneHHe yike He 3aBHCHT OT BHGOpa KOOPAHHATHOM CHCTEMBI.

HastorpasBexTopHOe noseA nopoxfaer CKaiapHoe none
auseprenuunn div A

3amerum, yro onpeneaenne (8) NMBEpPreHUMY MOXET GHTb C MOMOLIBIO CHM-
BOMNUECKOro BeKTOpa y 'aMuabTOHAa 3aNUCaHO Tak:

divA=y.A

9TO CTaHeT ACHO, €CI¥ BCIOMHHTL BbpamkeHne (1) CKalapHOro npoH3selenHs
HABYX BEKTODOB.

Mpumer. OcraHoBHMCA Ha JBHXEHBH HECXHMAE€MOMH XHAKOCTH
(p==1) NP HaTHYMH UCTOYHHKOB HAN CTOKOB. [JpOu3800UMEALHOCMbIO UCMOYNY-
* K08, 3aKJIOYEHHBIX BHYTPH 3aMKHYTOft noBepxHOCTH (S), Ha3HBAETCA KOAMYECTBO
BHITEKaoNUeH uepeaJS) WUAKOCTH, OTHECEHHOE K eNMHWMNE BPEMEHH, T. €. NOTOK

BEXTOPa-CKOPOCTH U
g S v,dS

s

[cm. n° 391, 1)]. Ecan HCTOUHMKYM pacnpeleleHH HeNpe pbl B H O 0O PacCMaTPH-
BaeMoOH 061aCTH, TO BBOJNMTCA MOHATHE RAOMKOCMY ucmo4ruxos. Tak HasHBawT
npenenbHoe 3HaueHHe TPOU3BONMTENbHOCTH HCTOuHHKOB B Teae (V), okpyxaio-
HIEM TOYKY M, paccyMTaHHOe Ha ellwHmuy oGbema, T. €.

S S 0adS

(S)

lim ———

N)-u

.

. -
Ho, kak Mu Toabko uto BEReanm [cM. (10)], stor npenean pasen divv; wurak,
divo M ecTb TAOTHOCTb HCTOYHMKOB.

Anasoruynoe pacCMOTpEHHE MOXHO NPOBECTH ¥ ANA TENAOBOrO NOTOKAa HpH
HalHYMKU HCTOYHHKOB Tema, JHIIb BMECTO BEKTOPA-CKOPOCTH NPHHLIOCH 6H B34Th
BEKTOp MOTOKAa Temaa.

Ecau div A==0, 10 none Ha3bBaCTCA COLEHOUOBALHUIM, T. €. Mpybyamum,
OT IpeyecKoro CcioBa Gohév==TpPy6ra. ITO YCHOBHE —B INPEXNONOXERHH, YTO
3aHMMaeMas NONEM YaCTb NPOCTPAHCTBA OXHOCBA3HA (MPOCTPAHCTBEHHO) —
PaBHOCHABHO TPEGOBAHHIO, YTOGH NOMOK 6eKMOPa A 4€pes npoussoLbRYI0 30 MK-
HYMy10 U 02PARUYUBGIONYI0 MEAO NOSEPXHOCMD 8 0 8 H e Oulr PASEH HYA0:

SSS ApdS=10
{5}
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[n° 381, (B)]. PaccMorpum Temeph BeKTODHYI0 TPYyOwy (puc. 70) mexny
IBYMA MPOM3BOJbHBIMU ee ceqgenuamu (S;) u (S:); HOBEPXHOCTh CamMoll TpyOKHM
o6oanauum yepes (S;). Torpa no ckasaHHOMy

{5+ ] aeno

(81) (S3)  (Ss)

npuyYeM HOpManb BO BCEX CAyuyasxX HampaBjleHa B o B H e. Broap nosepxuocru (Sy),
oueBuaHO, A,==0 [n°389]; ecin B cevennu (S,) U3MEHUTH HANMPABAEHHE HOPMAIU
T4K, YTOOB OHO OBINO COTAACHO C Hampasie-
HHeM HOpManH B (Sg), TO NPHAEM K PaBEHCTBY

SS A,,dS:SSA,,dS.

(81) (S2)

Takum oGpasom Mm moxayyaeMm 3ameyaTeabHoe
CBOJCTBO COJEHOUNANLHOIO NOJs NOMOK C€O-
£LEROUOAALHO20 BEKMOPA HEPE3 nonepedHsie
Pre. 70. cedenus 6eKmOpHOl mpyOKu coxpausem no-
CMOSIHKYIO 8eAUYUHY,; €€ HA3bIBAIOT HHT € H-

CHBHOCTD IO BEKTOPHOH TPYyOKH.

Ecan sepHyThCA K NpHBEJEHHOH Bbilie I'MAPOMEXAHMYECKON HHTEPIpeTaLnn
BEKTODHOrO NONA, TO OKAXETCHd, YTO B CAYyyae HeC)KMMAeMOH KHIAKOCTH W I p U
OTCYTCTBHH HCTOYHHKOB (div A=0) pacxox KuAKOCTH yepe3 Iomnepey-
HOe CeyeHHe BEKTODHOM TpyOKM HMeeT OZHO W TO XK€ B3HaUeHHE A BCex
CeyeHutt.

393. Llupxyasnus BeuTopa;¢bopmyna Crokca. Buxpb. Ilycte cHoBa mano
Kaxkoe-unOyIb BekropHoe moune A (M). Humezpar

S Agdx 4+ Aydy- A, dz = S A, dl,
U] U]

s3amuiii no Hexomopoii kpusoir (I) 8 npedesax paccmampusaemoii o6racmu,
HA3bLBAEMCS A UK el Hol M uHmezparom om eexmopa A 6004b Kpusoid (I).
B cnyyae 3aMKHY T OH KPUBOH 3TOT MHTErpal HasblBAOT HuUpKyasyueil gex-
mopa A sdoss ().

Ecau none A ecth cuiaosoe nouxe, To NHHeHHHH HHTerpax BHpaxkaeT paboty
cunl MoJA NMpY NepeMeuleHuH TOYKM o kpuso# (/) [KaK W B IIOCKOM Cayuae,
cp. n° 335, 1)].

IIpencrasum ceGe Hekyio MoBepXHOCTh (S), OrPaHMYCHHYI0O 3IAMKHYTHIM KOH-
rypom (/). Torna no ussectnoil yxe uuratemo dopmyne Crokca [n°373, (11)]

LHPKYAAUNA BEKTOpa A BIOIb 3TOr0 KOHTYpa MOXeET GHITH BbipayeHa I0OBEpx-
HOCTHBIM HHTErpaiom:

_ 0A, 04, 04y aAz)
SAldl~'§:S§{(W W)cosh—{—(dz ~ % cos ¢ +-
()

-+ (%—%‘%)cosv} ds.

Bexmop ¢ npoexyusmu na ocu

6A,__6_A_l, B_/LE_Q_& %_% (11
dy "0z’ 0z ox’ Ox 0y )




393] § 4. BJIEMEHTH TEOPUM 10JIS 365

Ha3blsaemess BuxXperm BAL pOMoOpPo M BEKTOpa A u 0603HAUAETCA CHMBOIOM
rotA *).

Taxum o6pasom, B BextopHO# (opme dopmyana CroKca 3anmmMuieTcss Tak?

5 Adl = SS rot, ZdS. (12)

(S)

LlupKyasuns BEKTOPA BLOAb 3aMKHYTOrO KOBTYPa OKa3HBAeTCA PaBHOM MOTOKY
BUXpA Uepe3 NOBEPXHOCTb, OrPaHUYEHHYI0 STHM KOHTYpoM. Ilpu stoM manpasie-
hHHe 06XONla KOHTYPAa M CTOPOHA TOBEPXHOCTH JOMKHHI COOTRETCTBOBATb ADYT
IpYyTy, KaK 3TO pa3bacHeHo B n° 362.

Jlannoe Bbille ONpeNencHME MOHATHS <BHXDb>
CTpajaer OGLIYHEIM HENOCTAaTKOM: B HeM HCIOAb3yeTcs
onpeliefieHHas KOOpAUHaTHAaA cucTeMa. Bass nw6oe
HalnpaBieHne n, UCXONANlEe M3 NaHHOA TOYKU M, oKpy-
KAM €e B IePHeHAUKYIAPHON K n NAOCKOCTH Taomaj-
Kot (¢) ¢ xoutypom (A) (puc. 71). Toraa mo dopmyrne

Crokca
‘5 Aydh= S S rot,Ads;
* (a) Prc, 71.

pasnenus o6e YacTH PaBEHCTBA HA MIOWIAAb ¢ YNOMAHYTON NMAOMANKH H <CTACH~
Bas» MOCAENHIOI0 K NaBHOH TOuKe, B npedene TMOMyYHM

Ayd)

rot,,ﬁ-..—. lim (}‘)—-—
@-Mm ©

**)

Takum 06pasom yHaercsi ompefesnTh NPOEKUHMIO BeKTopa rotA Ha 1106 ywo
OCb, & 3HAYWUT, — M CaM BEKTOD, 6e3 BCAKOH CCHIAKH Ha
ApeBapuTenbHO BbIGPAHHYIO KOOPIMHATHYIO CHCTEMY.
R
[TonuepxHeM, 4TO 3Rech BeKTOpHOEe noae A
HopoxXaeT BEKTOpDHOE Xe NOJNe BHXpA
rot A.
C noMompio raMUIbTOHOBA BEKTOPA Yy MOXHO
OpoCTO 3anucarb u onpenenesue Bl/lxpﬂ:

1ot A== v XA

[cm. Bhipaxenua (2) mng npoekuuit BEKTOPHOTO IPO«
ussepenual].

[TpuMEP. PaccMOTPUM NpPOM3BOABHOE IBHMEHHe
HEKOero TBEPAOro Teaa BOKPYI HENMOABMXHOH TOYKH
Puc. 72. O (puc. 72). Kak nokasbiBaeTcs B KUHeMaruxe, Aas

*) Ot aHramiickoro ciaopa rotation = Bpauienne; ynorpe6utesbHo n o603Ha-~
—
yenue curl A— oT adramifickoro cioBa curl, 03HAYaIOINErO «3aBHTOK>.
#+) Jlerko ycMorperth 3fiech cBoeoGpasHoe AudepeHuUpoBaHne 110 06aacTH}
0060CHOBaTb €0 NMPEJOCTaBisieM YHUTATENIO,
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Mo6oro MOMeHTa BpeMeHW IoJe CKOPOCTH ¥ TOouyek Teaa onpepenserca ¢op-
My no#t
—_ =
=0 XT
—
Il @ — MrHOBeHHas «yrioBas CKOPOCTb», a r — PafHyC-BEKTOD, COENMHAIOIUH

touky O c npousBoibHoH Ttouko# M rtema. Tlpoekuuu 9TOrO BEKTOpa Ha OCH
npoussoabHOl cHcTeMbl Oxyz Gynmyt [cM. (2)]

WyZ—— @Y, ©X— 042, WY -—wyX

Ecma, BoCnonb3oBaBiuuCh BhipaxenusMu (11), momcunmrars npoekuuu BHXPHA s
9TOr0 f10Js, TO NMOAYYUM 2wy, 2coy, 20, TaK uTO

Taxum oGpasoM, C TOYHOCTBIO 1O YUCIOBOrO MHOXMTEHNA, POTOP IOAA CKO-

POCTH ¥ HaeT KaK Pa3 MTHOBEHHYIO YIMIOBYIO CKOPOCTb BPAILCHHA, OTCIOMA W Cd-
MoOe HasBaHHE <POTOP>.
BepHeMcs Temepb K BOMPOCY O TOM, NPH KaKMX YCHOBHAX X a HH O € BEKTOD-

Hoe mose A GyAer HOReM rpajueHTa NI HEKOTOPOH CKaiapHol Beanuntm U:

A=grad U. (13)
DT0 PaBEHCTBO PaBHOCHILHO CHEAYIOIMM TPEM:
oU ou ou
Ax=(_)‘;.’ Ay=§§1 AZ=T)E»
T. €. PABHOCHABHO YTBEPXIEHHIO, UTO BhipaWeHue
Agdx 4+ Aydy + A.dz

asnaerca (noanwm) mnddepennuasom or dyskuun U(x, y, z). [lpu nanuunm
pasencTsa (13) mone A Ha3LIBAeTCA NOMERYUALbHULM, 4 NePBOOGDaA3Has DyHKUUA
U — nomenguanbroii dynxyuei noas.

Ecau orpanuynTLCA NPEANOIOKEHHEM, UTO PACCMATPUBAEMas 061acTh (MOBepx-~
HOCTHO) ONHOCBA3HA, TO, nepedpasupys yxe H3BECTHhle HaM BewH [n° 374, cMm.
ycnosua (B)], MoxHO ckasath, uro 028 mo20, 4mo6u nose A 6va0 nomen-
YuarbHOLM, HEOOX00UMO U JOcmamo4no, 4mobel 80 8ceil 06iacmi 8bLnOAHSAUCH

pasescmsa
04, 04y 0Ay 04, 04, _ 0A.
oy 0z' 0z ox' ox oy’

T. € 4mobu tot A obpaujaacs 8 Hysb. TlonsATe MOTEHUMAABHOrLO NOAA
OKa3piBaeTCA COBIIaAIOILUM C NOHATHEM (6CSBHXPCBOI‘O) noas. B TakoM moae
UHPKYJALMS 110 3AMKHYTOMY KOHTYPY GYIeT HyneM; eCaH ke O6paThb auHeHHHI
HHTErpai 1o KPUBOH, CoelmHAKmEH moGble JBe TOYKH, TO €r0 BeTHYHHA OKa3bi-
BaeTCA He 3aBHUCAMleN OT POpMH KPUBOH.

Bce sTH akThl MOAYYAalT eCTECTBEHHOE HCTONKOBAaHHE B TEPMHHAX <paGoOTH»
And cayyas NOTeHUManbHOTO cMaoBoro nond, Takum GymeT, Kak H3BECTHO,
HalpuMeEp, 1one HbIOTOHOBCKOTO INDHTAMEHHA KAK B CIyyae OTHENbHBIX MpH-

TATABAIOKIUX UCHTPOB, TaK M MPH  HEOpPEpPHIBHOM pacCnpeAcACHHH NPHUTATHBa-
0WHX Macc.
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§ 5. MHOI'OKPATHBIE HHTEIPAJIBI

394, O6bemM m-MepHOro Teia H m-KpaTHbil maTerpad. [lorpe6rocTd ana-
Ju3a 1 ero npunomeﬂﬂﬁ HE HCYEPMNBLIBAIOTCA YK€ H3YYEHHRIMM THNAaMu onpene-
IEeHHHIX HHTErpanoB: NPOCTHIMH, NBOHHLIMM M TPOHHHIMH.

Hanomo6ue Ttoro, kak npu oOnpelefeHAM IPOCTOro, XBOHHOro, TPOHHOrO
VHTerpana, Mbl NONb30BAAHCh NMOHATHEM A Jd HH B OTpe3Ka, NAOIANH nI0CKo#
¢uryps, 06 e Ma NPOCTPAHCTBEHHOIO Tela, B OCHOBE ONpejeNeHHA m-Kpat-
HOro WHTErpaja AeWUT NoHATHE 06 b e Ma *) m-MepHo#t obmacTu. Hus mpocTed-
el m-MepHO# 06IacTH — M-MEPHOTO NPAMOYTOABHOTO Napainenenumesa

[ax: bl; as, bsi ceey Oy bm] (])
06peMOM Ha3nBaerTcs npon3BeACHUE ero uauepeunﬂ

(by—8,) (bs —as) - ... (b — ).

CaMo co6010 siCHO, UTO pasyMeTb NMOX O06GHEMOM Tela, COCTAaBIEHHOTO H3 KOHeY-
HOrO YHMCJa TAKHX MapaiielenunefioB. DAEMEHTAPHO MOXHO NOKadaTh, YT0 of1eM
He 3aBMCHT OT TOro, KakuM OGDasoM TelO DAa3NOXEHO HA Napaaielennnefbl.

Paccmarpnaaa TaKHe <napaiaeaenunefalbHoie€» Tejna, BXOAAILHE B HaHHOE
m-Meproe Teno (V) H BHIXOAAINHE M3 HEro, MOXHO OGHIYHHIM 06Pa3OM IMOCTPOHTH
nonstue o6bema V maa tema (V) {cp. n° 197} Mm GyxeM uMeTb Aeno TOIbKO
C TeaaMu, AN KOTOPHX 06beM CYyHIeCTBYeT; OH 3aBEIOMO CYHIECTBYeT Iis Ten,
OrpaHNYEHHBIX TTAXKHMHA MIH KYCOYHO-T N @K ¥ M H NOBEPXHOCTAMHU ¥*),
B YACTHOCTH, JAsA NPOCTeHIIHX m-MepHBX oGnacTell: m-MepHOH NHUpPaMALL

x,20, x3=20, ...y, X =0, X, Fx3F oo FXa<<h
n m-mepsoit cepn
x:+x;+ o Fxa<ry

HHMe Mbl BHYMCIHM HX OGBEMH.

Tyctb B oGnactu (V) 3ananHa QyRKuHA m nepeMeHHHX f(Xy, Xg vovy Xm)
TOrKa, passarag 3Ty 006JacTb Ha 9JeMEHTapHbie YaCTH B NOBTOpAsA IpYrue CTOIb
NpUBLIYHLIE, yXke HaM onepanuu [cp. n° 376], npuAeM K MOHATHIO M-KPaTHOro
uHTErpana

m
i,

I=S sf(x,, Xy ovs y Xp)ydxidxs ... dXp,. )
\4}

B c:lgqae HenpepwBHO TNONHHTErpanbHON (YHKIUMH OH HABEPHO CYIIECTBYeT.

NyHCcIeHHe TAKOro WHTerpasa NPHBOAHMTCA K BEHIUNCICHHIO MHTErpa’zoB HU3-

meft KPaTHOCTH, BIIOTh JO ONPOCTHX. B ciayuae, Koraa o6xacTh MHTerpHpoBa-

pua (V) npencraBazer co6oi0 MPAMOYroibHu#t mapanaenenunes (1), nmeer Mecro
GopMyna, anarornunas gopmyae (6) n° 378:

by bg b
l———S dxg S dXsg ... gﬁ F(Xy Xay eon s X)X e (3)
ay ag s,

%) Mu pemimam COXPaHMTh STOT TEPMHH, XOTA CMBICA €r0, Pa3yMmeercs,
MEHAETCA BMeCTe C m; peub ujer o6 «m-MepHOM» OGbeEME.

#) T nragk offi NMOBEPXHOCTHIO Ha3HBAaeTcs 3fech o6pas B m-MepHOM Npo-
CTpaHCTBe, OonpelelfeMbii m NapaMeTpPUYEeCKUMH YDaBHEHUAMH ¢ m—1 napa-
MeTpaMu, NpHUEM QUrypupyoupe B YPaBHEHNAX QYHKUMH NapaMeTpPOB XOMNKHH
GuTb HempepuBHE BMECTE ¢ YaCTHHMH IPONBBONHKIMY, ¥ onpeXenuteau (m — 1)-ro
ROpsaAKA MaTPRIL NPOM3BOIHBIX He AONKHM OXHOBPEMEHHO 0GpamaThbCa B HYAb.
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Jlas o6aacreft Goree O6mero BHAQ, XAPaKTEPU3YEMBIX HEPABEHCTBAMH
<< Xy, )< xe << Xa (X)) ooy
Xy (Xpp ooy X)) S XS Xy (Xpy ooy X

npuMeHnMa QopMyaa, aHanmoruyHasa ¢opmyare (6a) n° 378:

E2) X (x1) By cons X )
1= Sﬁ dx, 5 dxsg ... S F(Xp Xay ooy Xp) AXpy @
o S (1, vy X )

IMonoGHbIM ke 06pa3oM (LIS COOTBETCTBYIOLIEro Bula obnacrell, KoTopsiit
B KaXJIOM ClIyyae HETPYAHO YCTAaHOBHTb) HMMEIOT MecTo M HApyrue Qopmyasi,
aHanoruyHeie gopmyinam (5a) u (7a) n° 378, rie BeIYNCIEHHe m-KPAaTHOrO MHTerpana
OPHBOAVTCA K NMOCAELOBATEIbHOMY BHIYHCICHHIO HHTErPaloB BU3IMIMX KPaTHOCTEH,
B CYMMe IalOLIMX ml.

Bce 3T0 MOKasbiBaeTCA COBEPLIEHHO TaK ke, KK JIA CAyYyaeB m==2 WK
m=23, 6e3 MpUBICYEHUA KaKHX OBl TO HM GbIIO HOBHIX HIEH, TaK YTO HET HamoG-
HOCTH Ha 3TOM 3aIEPEHBAThCA.

3amMEYAHUE Ocrporpaickuil B Memyape 1834 r. smepBhie €O BCEIO Tuia-
TeAbHOCTBIO BLIACHAET Npefelbl WHTETPHPOBAHMH NO OTHEAbHBLIM INepPeMEHHbIM

Xy Xgy «ooy Xpy K KOTOPHIM CBOIHTCA BBIYHCIEHWE MHOTOKPAaTHOTO HHTErpana,
pPacOpoCTpaHeHHOr0 Ha BCE 3HAUEHMA OTHX NePEeMeHHLX, YAOBAeTBOpAKUME
HepaBeHCTBY Buia L (X, X3 ..., Xp)<< 0. 3ecb xe Mbl Haxomum u dopmyay,

o6o6walomyo u3BecTHyo yxe HaM ¢opMyny Ocrporpanckoro [n® 380, (4)] na
cayyafl mo60ro vyucra IlepeMEHHBIX M CBASLIBAIOMIYIO HHTerpan, B3aTHH Ino
(m— 1)-MepHO#l 3aMKHYTOH NOBEPXHOCTM C HEKHM mM-KPaTHBIM HHTErpa’ioM,
PacnpoCTPaHeHHHIM HA OTPAaHWYEHHOE elo Telo.

395. Mpumepst. 1) Haiitn o6bvem T,, m-MepHO# nmupamumml

(Tp): %, =0, vovy xXm=0, X+ oo +xp<h
Prmenue Hmeem

I B h—x h—%1—...—x,
Ty = S S dx,dxg...dxy;= § dx, g dXg... S dxp.
(Ty,) 0 0

3amensas B 5TUX NI P OCTH X MHTErpanax nociefoBaTelbHO NMepeMeHHnie no ¢op-
Mynam
Xy=hGy, Xo=hEs, .., Xp=DHhE,,
NPUAEM K pe3yrbTary
1 1—& 1—g—...—E

n-1
TmzthdE1 S dts ... S dt, =
0 0 1]
m
e e
=h"\ .. d§y ... déy =a,h",
£, =0,...,8,20
Ex+...+EuSI

ecny yepes a, 0603HAYNTH 3HAYEHHE MHTErpafa, NOJOGHOrO NPEeNIOXKEHHOMY, HO
oTBeyapmero f==1,
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C npyro# xe CTOpPOHH, uUMeeM (IONYTHO MCMOAL3YA NOAYYEHHbIH De3yabTaT)

n—1
e

1
a
ap = S dEn S oo S dEx v dEﬁ-l"_—an_l § (1 '—En)n_ld&n=—"l;;—1,
0 £, =0,...,8 =0
E o HE, = 1—E,
Halinennoe PEKYPPEHTHOE COOTHOIUEHHE (C Y4eTOM TOro, 4TO a1=1) fmaeT HaM

=T
TaK 4YTO OKOHYATEJIbHO
hll.

Tﬂ=7{!—

2) Hatitn o6bem V,, m-mepnoit chepn [n° 126]
V) x}+ x4+ o 2 <R

Pemesnue Ha stor pad3 peyb HAET O BBIYNCAEHUN HHTErpana

m
o S

V= S dxidxg...dxy,
& +...+ ¥y <R
Tonaraa
Xy =R, xe=KREy .00y Xp=REm,
K&K M TOIBKO YTO, NErKO MOAYYMThb, yT0 V, =B,R™ rxe unciosolt kosddu-

uueHt 8, Bhipaxaer o6bheM m-MepHON cdepn paamyca L
Hns onpenenenus B,, npeoGpasyem

,._/L
B = 5 S &y s . =
Ht+E+.ot+tn <1
1 m—1
= S &, S S &, .. By

—-1 B4+t =16,
BryTpenHu#l mHTerpaia npeicrasifger o0beM (m—ll)-mpﬂoﬂ chepbl pamuyca
m—

1/1-—5;, H, CIENOBATENBHO, PaBeH By (1 —E2) 2, TlloxctaBiss, npugem
CHOBA K DEKYPPEHTHOMY COOTHOUIEHHIO

Bm=2Bm-y \ sin™bdb

s TOE
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unn [cm. n° 312, 2)]

_ (%)
Bmn="Bm—s- V"‘ —m—-}_—Z—
r{*37)
Tak kaxk B,==2, TO aerkoe BHYHCIEHHE AaeT
m
2
N L
r(3+1)
Wckomuit ke o6beM paseH
m
2
Vn=— &7,
r(5+1)

Has Cayyaes m HETHOIC ¥ HEYETHOrO NOAYYRIOTCA dopmyan

7 2 (2=)*
Vop = :—T R, Vepoy= @E%—E)T.)ﬂ RenH,

B uacrtnocty, paa V,, V,, V,, ecrecTBeHno, HaX0AuM XOPOMIO H3BECTHHE 3Haye-
4
Hus 2R, nRE, 3 nRs.



I'JIABA ABAIUATH YETBEPTAS
PSAAbl ®YPBE

§ 1. BBEXEHHE

396. Ilepuonuueckue BeJMYHHB M FAPMOHHYECKHIl aHANN3. B Hayke
U TEXHUKE YacTo MNpUXOAUTCA HMETh HeJ0 C NEPHOAUYECKHUMH
ABACHUAMH, T. € TakKuMmH, KOTOpHE BOCIPOU3BOAATCA B MNPEXKHEM
BUIE Yepe3 ONMpeleseHHnN TMPOMEXYTOK BpeMeHH 7, Ha3hBaeMHit nepuo-
noMm. TIpHMepoM MOMKET CHYXHTb YCTaHOBHBILUEECH JBUIKEHHE NapOBOH
MalMHE, KOTOpPas MO HCTEYeHHu MOJHOro 000opoTa CHOBA NPOXOAMT yepes
CBO€ Ha4yaJbHOE MOJNOXEHHEe, 3aTeM SABJECHHE NEPEMEHHOIO TOKE, W T. IL
PasnuyHnie BEJINYHHBI, CBA3aHHHE C paccMaTpuBacMulM nepnonuqecmm
ABJEHHEeM, N0 UCTeueHWH nepuofa 7 BO3BPAUIAIOTCH K CBOUM TNPEKHUM
3HQUEHMAM M NPEACTABJSIOT, CJIENOBATEJbHO, NEpPHOAHYECKHUE (YHK-
UMM OT BpeMeHH f, XapaKTepH3yeMbieé PaBEHCTBOM

et+D=¢ ().

TakoBel, HampuMep, CWia M HaNps)KeHHe INepeMeHHOro TOKa WuJIW —B
npuMepe NapoBofi MallMHH — NyTh, CKOPOCTh ¥ YCKOpeHME KpeHuxonda,
JaB/ieHHe Napa, KacaTeJbHOE YCHJAHE B [aJblie KpPHBOWMMA H T. A

IpocTeituelt u3 nepuoanuecknx QyHRKUuR (eC/AW He CYMTATh MOCTOSH-
HOH) ABNAETCA cunycoudassHan Geauuuna: Asin(of-}-a), rie o ecrs
4acTOTa, CBA3aHHas C nepuolioM T COOTHOMICHHEM:

2%
(0—-——7,—. (1)

W3 mnomo6Hmx NpoCTeRUIMX NEpHOAMYECKHX QyHKuu#t Moryr OwTh
cocrapiiennl u Gosee caoxubie. Hanepea fAcHo, 4TO coCTaBasiomine CHHY-
COMA/MbHBIE BEMMYUHK JOMKHH OHITh PAasHHIX YacTOT, MO0, KaK JIErxko
y6eauThcs, CHAOMKEHHE CHHYCOMJAJAbHHIX BEJHUUHH ORHOM M TOH Ke ya-
CTOTH HE [aeT HHYero HOBOTO, TaK KaK NPUBOAMT ONATh K CHHYCOHAaNbHOM
BeJMYUHe, IPUTOM TO# e wactorsl. HaoGopoT, ecan cl0KHUTD HECKOJbKO
BeJIMYHH BHAA

Yo=Ap y1=Assin (of 4 a,), Yy9= Agsin (2ot} a), ]

2
V= AaSiﬂ (3wt+a3): ves @
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KOTOpHIE, €C/M He CYUTaTh MOCTOAHHOH, MMEIOT YacTOTH
o, 20, 3o, ...,

KpaTtHpie HaUMEHBUIEH H3 HUX, O, U nepuoan

T, 1

1
'§‘T) 'E‘T;..-:

TO TIOAYyuTcA Mepuognueckas ¢ysmxkuus (c mepnogom T), HO yxe
CYILECTBEHHO OT/IWUHAS OT BeJMuuH Tuna (2).

¥
14
v \\1
i AT
,I ;/. \\\
a5 s VRN
s 4
i \\ N A
2 NRVARS X/’ AT %
7 VARSI A, YA 7,
N N3 /| - 1R
J % ;/ NRR Y. ¢
\ N ) A
15 AN\ kY ) N /ﬁ
I Lsindt "N 4 SN S /[
R T V7 /’/
10— Jimf{ Y NY
’ . . \
| —— sint +$sin2t / / \ \ , /
—— sint+4sinzt+fsindt | ~J
-15 1 1 L L f 1

Puc. 73.

Ins npumepa Mbl BOCHPOM3BOAMM 31ech (puc. 73) caOXeHHe Tpex
CHHYCOMA/IbHBEIX BEJIUYHH:

sint—}-%sin 2t—}-%sin 3t;

rpaduk 5TOH (YHKIMH NO CBOEMY XapaKTepy YXE SHauuTeJpbHO pas-
HUTCA OT cuHycoulpl. Eme B Ooapiieft cTemeHu 35T0 MMEET MECTO JJAd
cyMMbl GECKOHEUHOrO psfa, COCTaBJICHHOIO M3 BeJMuuH Buia (2).
Tenepn ecTeCTBEHHO NMOCTaBATH OOpAaTHHIA BOMpPOC: MOXHO JM Ja H-
HY 0 NEpUOAMYecKyw ¢yHKuumio ¢ () nepuoma 7T MNpeACTaBuTb B BHAE
CyMMbl KOHEYHOTO MMM XOTA Obi OECKOHEYHOr0 MHOMKECTBA CHHYCOH-
HJaJbHHIX BeauuuH BHAa (2)? Kak yBHIMM HUXE, MO OTHOMIEHMIO K RO-
BOJIBHO HIMPOKOMY Kiaccy GyHMKIMA Ha 3TOT BONPOC MOXHO [JarTh
YTIBEDAUTECARHE A OTBET, HO TOAbKO €CAA IIPUBJIEYb HMEHHO BCIO



396] § 1, BBEAEHUE 373

6eCKOHEYHYI0 mOCAenoBaTenbHOCTs Beanuun (2). Jax  dynxumh
STOr0 KJacca HMMEET MECTO PAas/JOKEHHE B <«TPUTOHOMETPHUECKUH psii»:

@ (f) == Ay} Ay sin (ot +a;) + Agsin (zmt-tom,) -+
| Ay sin (3ot - og) F. .= A, 2_ An sin (not 4-a,),  (3)

npuueM Ay, Ay 0, Ay 8y ... CYThb DNOCTOfHHBIE, MMeoIiHE OCOOHE
3HaueHns g KaxaoHl Tako# (¢yHKiuum, a yacTtoTa o AaeTcd opmy-
aott (1).

TeomMeTpuyeckn 5TO O3HayaeT, uro 2pagux nepuoduteckod ynryuu
noAysaemcs nymem Hasodswenus psda cunycoud. Ecam xe ucron-
KOBAaTh KamAYyI0 CHHYCOMAAJbHYIO BENWYUHY MEXaHUYECKH Kak MNpencTaB-
JSIOLLYI0 TapMOHMYECKOe KojaeGaTe/pHOe JBHMIKEHHE, TO MOXHO TaKKe
CKa3aTb, YTO 3JECh CA0NCHOE Koqelarue, xapaxmepusdyermoe GyHxyuet
¢ (), passazaemcst Ha omdensHble 2apMoHuYecKie Koiebanus. B cpasu
C 9THM OTJENbHBIE CHHYCOWJaJbHBIE BEJMUMHL, BXOAfIIME B COCTaB pas-
aoweHust (3), HasbIBAIOT 2APMOHULECKUMU COCHIABASIOUUME  (PYHK-
uu ¢ (f) wam npocTo ee 2apmoxuxamu (nepeod, Bropoft u 1. A.). Camniit
Ke MPOLECC PA3IOHEHHS NeproAUYecKOR (YHKUWHM HA FapPMOHWKH HOCHT
Ha3BaHHE 2aPMOKULECK020 QHAAU3Q.

Eciau 32 HesaBHCHMYI0 INiepeMeHHyro BHOparh

2nt

x=mt=—7~,

TO MOJY4HTCa (QYHKOHA OT X:

F@=q¢(L),

TOXE HepHoAMYecKas, HO CO CTaHZapTHHMM nepuoioM 2w Pasio-
weHue (3) NpUMET BHI

F(x)=A¢+ Aysin(x-}-a,) - Agsin (2x - a5) -
+ Agsin(Bx - ag)+...= A+ 201‘4" sin(@x-+a,). 4@

PasBepHyB WiJeHH 3TOr0 psfa IO Qopmyiae MId CUHYCa CyMMH M
NOJIOKUB
Ay=a, Apsine,=a, A,c05a,=b, n=1, 2 3,..),
Mbl DNPUAEM K OKOHYaTeNbHOH ()OpME TpPUrOHOMETDPHUYECKOIO DasJIOMEHHs:
J(x)=1a,- (a1 cos x 4 b, sin x) - (@ cos 2x -} by sin 2x) -}
—+ (2308 3x 4 by sin 8x) +-.,. =

o]
=&+ X @cosnctbysinng), @)
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B KOTOpOH MH Bceraa m OyAeM ero paccMarpusaTh *). 3mech QyHKuus
OT yraa X, uMelonlas NEpHOA 2w, OKa3HBAETCA DA3NOKEHHOH NO KOCH-
HyCam # CHHYyCaM YI7IOB, KPaTHHIX X.

Mpl npulid K pasJOXEHHI0O (YHKIMH B TPHTOHOMETDHYECKHH psa,
OTNPABAAACH CT NEPUOAKYECKHX, KOJeOaTeNbHHX ABJAEHUA M CBA3AHHHX
C HHMH BEJHYHH. BajCHO ommemums, 00KAKO, yxce ceduac, 4mo no-
00CHbE PA3AOHCERUR 4ACMO OKA3WEQIOMCR NOAESHHMU I NpU UCCAe-
dosanut OYHKYUE, 3A0AHHHLX AUML B8 ONPEOeAeHHOM KOHEYHOM npo-
Mejucymye U B08CE HE NOPONCOCHHBLX HUKAKUME KOAeOQmeAbHbML
ABACHUSMU.

397. Onpenenenne kosdduunentor no merony dinepa— dypoe.
Ilxg Toro yroOml yCTaHOBUTb BOSMOMHOCTb TPHIOHOMETDHYECKOrO pas-
noxenus (5) AnA sananHo# QyHKumu f(x), uMelomefi nepuod 2%, HyKHO
HCXOAUTb W3 onpeneneHHoro Habopa KoadULHEHTOB @y, ay, by, ag, by, ...
Mu ykaxem npueMm s onpele]eHHs HX, KOTOPhIHl BO BTOpOH NOJIOBHHE
XVIII Beka Owini npumenen DHaepoM W He3aBUCHMO OT HeEro B Hayaie
XIX Bexa — Pypee.

Bydem snpeds npednoaceams @dynxyuio f(X) wnenpepsisnoid uan
Kycouro-HenpepwsHoll 8 npomescymre [— =w, x] *¥*),

HonycrtumM, uto pasnoxenne (D) MMeeT MeCTO, M NPOMHTETPHPYEM
€ro IOWIEHHO OT — ® [0 T; MBl NOJYYuM

*

§f (%) dx = 2ma, - i [a,. S cosnxdx-}+b, § sinnx dx].

n=1 ]

Ho, Kak Jerko BUIETS,

®

sin nx |*
Scosnxdx:-——— =0

n -
]

H ()
™
Ssinnxdx:—cos"x“ =0,
n ]

x J

¥) OT STOro pasnoxXeHnd, pasyMeeTcs, Jerko nepedTH B cayyae HapoGHocTH
006paTHO K pasnoxeHu0 Buia (4).

#%) $ynxkuua f(x) HasbiBaeTcd KYCOYHO-HEHNPepPL BHOR B npoMe-
KyTKe [@, b], €CIH OHA B HEM HeNMpePHBHA, 32 HCKIIOYEHUEM KOHEYHOrO YHCIa TO-
yex, rie Haamuo ckayk. TakuMm o6pasoMm, npomexyToxk [a, b] pasnaraerca Ha
KOHEYHOE YHCIO YAaCTHYHHIX IPOMEXYTKOB, B KaXIOM H3 KOTOPHX B OTAENb-
HOCTH QyHKNHA f(x) cnaomb HEeNpPEPHBHA, KaXe BKAWOYAA MX KOHIH,
€CHM TaM 3aMEHHTb 3HAYEeHUA QYHKUMK-—ee MpeNeNAbHH MU 3HAYCHHAMH.
Moxno npencraButh ce6e KYCOUHO-HENPEDHBHYI0O (QYHKUMIO KaK GH <CKIeeH-
HOH» M3 HECKOJIbKHX HENPEPHBHLIX (QYHKIUH, C TEM AL, YTO B ¢TOYKAX CTHIKAY
(P2BHO KaK M Ha KOHUARX NPOMEXYTKA) €e 3HAYeHHs YCTaHABAMBAIOTCA 0COGO.
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TlosToMy BCe wWJEHH TOA SHAKOM CyMMH OYAyT HyJAaMH, W OKOHYa-
TeJbHO HahgeM

a=n (f@)ax @

Ina Toro utoGH YCTaHOBUTb BeMHUMHY KOI(QUUHEHTa @, YMHOKHM
ofe uacTd paseHcTa (D), KOTOpOe MB BCE BpeMd NpeAnoJjaraem
BHIIOJHEHHBIM, HAa COS /72X H CHOBA MPOWHTErpPUPYeM MNOYIEHHO B TOM Xe
IpOMEXYTKe:

Sf(x) cos mxdx==a, \ cos mxdx-}

H!"ia

sinnx cos mx dx] .

-+ i [a,, §cosnxcos mxdx—b,

n=1

|
A T

IMepew# wiren cnpasa mcuesaer sBuny (6). Jdanee umeem

Vsinnx cos mxdx=% S[sin(n+m)x+sin(n—m)x]dx:O, ®)
S €OS X COS mxdx::-;— S[cos (n+m)yx+cos (n— m)x]dx =0, (9)
- -
ecau n F m, U, HaKoHel,
S cos® mx dx = Slj-_—c%s—%—dx=m (10)

Takum o6pasoM, 06paunialOTCad B HyJAb BCE MHTErpasbi MOJ 3HAKOM CYMMbI,
KpOME WHTErpana, NPH KOTODOM MHOXHTENEM CTOMT HMEHHO Ko3addu-
nueHt a2, OTclofa sToT K03(uUHKEHT H onpenensercs:

=1 Sf(x) cos mxdx  (m=1, 2, 3, ..). 1

AnanoruyHo, yMHOXas mNpeaBapuTeabHo pasnoxenne (5) Ha sin mx
M 33TeM HMHTErpUDYd IMOY/JEHHO, ONpEAeAdM KO3(HUMEHT NPU CUHYyCe:

bp=— Sf(x)sin mxdx  (m=1,2 3 ..) (12
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Ilpa stom, kpome (6) m (8), Mn onmpaeMmca e€lle Ha JETKO NpOBEpse-
Mble COOTHOILEHHS:
T
Ssinnxsin mx dx =0, (13)
-7
eciau B m, u
T
S sin*mxdx=m. (14)

-—T

dopmyant (7), (11) u (12) ussecTHH NOX uMeHeM dopuys Jiise-
pa— Dypse; BHUACAEHHBIE N0 3TAM GOPMY/IaM KOS(ODULKEHTH HasH-
BalOTCH Koagpuyuenmanmu Dypse NAHHOK (DYHKIUM, @ COCTaBJIEHHHIH
¢ MX [OMOWbI0 TpUroHoMmeTpuueckuft psax (5) —ee padom Dypee.
Psinamy  ®ypbe Mbl HCKJIOUMTEIbHO ¥ OyJeM 3aHMMATBC B HACTOA-
me# riaase.

DanuM Temepb ceb6e OTYET B TOM, KaKOBa JIOTMYECKas LEHHOCTb MpPO-
BeleHHRIX paccyxaennt. Tak Kak MBI UCXOMMJIM M3 NPELNONOKEHHUS,
YTO TPUrOHOMETPUYECKOE pasjoxeHue (D) HMEET MeCTO, TO BONPOC
O TOM, OTBEYaeT JH STO JAeHCTBUTENBHOCTH, €CTECTBEHHO, OCTaeTcHd
oTkpuTHM Ho yOemurenbusl au Te CcoOOpawedds, ¢ NOMOMIbIO
KOTOpHIX Mo npumepy Ifinepa n Pypbe Mu onpeeaunsn KO3 HUUEHTH
pasnoxenus (5), JAaxe B INPEANONOMEHHH, YTO OHO OCYIIECTBASETCA?
My nosb30BasUCh NMOBTOPHO NOYJAEHHHM HHTErPDHDOBAHHEM
pslia, a 3Ta onepanus He Bcerja AossosurenbHa [n° 269]. JocratouHsim
ycIoBHEM [N ee NPHMEHUMOCTH SfBJSETCA paBHOMEpHads CXOoXdu-
MOCTb psaAa IToaToMy CTPOro yCTaHOBJEHHBHIM MOXKHO CUHTATh JHILDL
caeyoLee:

ecau hyuryus f(x) passazaemcss 8 pa8HOMEPHO cX00AuuUlica
mpuzonomempuseckui pad (5) *), mo nocaeonuii Heobxodumo Gydem
ee psidos Dypee.

Ecam ke He mpeAnoJaraT HamepeX DaBHOMEPHOCTH CXOIUMOCTH, TO
Hamy cooGpaxeHus He AOKA3HIBAIOT JaXe M TOro, YTO (YHKIHAS MOKET
pasnaratect TOABKO B pagx ®yppe. KakoB xe CMBICH NPUBENEHHBIX
coobpameHuit? VX MOXHO paccMaTpuBaTh JMIIb KaK HABEHAEHHE AO-
CTATOYHOE I TOro, uroOe B MOWCKAX TPHUTOHOMETPUYECKOTO pasnoxe-
HMs JaHHOM (yHKUMM Hauath €€ € paga Pypre, 00asyach (yke co BCew
CTPOTOCTBIO!) YCTaHOBUTb YCAOBHA, NPU KOTOPHX OH CXOAWTCA U MpH-
TOM — MMEHHO K JaHHOH ¢yHKUuH.

Tloka xe 3TO He CHENaHO, MBI HMEEM INpaBo Jullb GOpPMaJbHO
paccMaTpuBaTh psi Pyppe AaHHOH yHKUHE f(X), HO HE MOXEM O HeM
HUYETO YTBEPHAATh, KPOME TOTO, 4TO OH <MNOPOXIeH» GyHKuueh f(x).

*) 3aMeTuM, YyTO PABHOMEPHAA CXONMMOCTh COXPAHUTICA U NPU YMHOMCHUH
BCEX UIEHOB pAfla Ha orpaHHyeHHble QYHKUHH COS MX, Sin mx,
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D1y ero cBasb ¢ Qyuxuned f oGO 0603HAUAOT TaK:
o
f(x)~ay+ > (a,cos nx--b,sinnx), (5a)
n=1

nsberas 3HaKa DaBEHCTBA.

398. Oproronaiannbie cucTeMbl ¢ynxnmii. lMsaoxenHoe B npeas-
AylmeM HOMepe sBJISeTcs 06pasuoM paccyxeHuH, KOTOPHIMM 4acTO IpH-
XOJUTCS MOJB30BAaTbCA B MaTEMaTHUYECKOM aHa/u3e NPH M3YYEHHH MHOrHMX
passoxeHnh.

Haszoeem nase Qynkuuu ¢ (x) u ¢(x), onpencneHHHE B NPOMEXYTKE
[a, b], opTOroHajAbHBIME B STOM IPOMEXKYTKE, €CJAH HX I[POM3BEIECHHE
¥IMEET MHTEerpal, paBHH#t HY Ji0:

b
Scp(x)np(x)dx:O.

PaccmoTpum cucteMy ¢yHKuuit {¢, (X)}, ONpeNEJEHHEHX B NPOMEXYyTKe
[a, b] u HenpephHIBHHIX B HeM HJM, 1O KpaliHel Mepe, KyCOuHO-Hempe-
puiBHEX. Ecan ¢yHKuum JaHHOW CUCTEMBI NONAPHO OPTOTOHAMbHEL

b
S ?r (%) o (X) dx =0, (15)

(n, m=0,12 ...; n¢m)

TO €€ Ha3HBAIOT OPMO20HANSHOL cucmemoll ¢ynkunit, Ilpu sToM MH
Bcerja OyAeM MPEANoJararb, YTo

b
S o8 () dar=1,>0. (16)

Tpu coGmonennu ycnosut A, =1 (n=0, 1, 2, ..)) cucrema Hasei-
BaeTcs HopmaasHoli. BEcan ke 5TH yCIOBUSL He BBHINOJHEHH, TO NPH XKe-
X
JIaHUH MOXHO Nepe#iTh K cucreme {%‘—/(}\:)}, KOTOpas yxe 3aseaoMo Oy-
n
JeT HOPMaJabHOM.
Baxue#liiumM npumepoM OPTOrOHaAbHOH CHCTeMB! (YHKUHH Kak pa3s
1 GBJAETCH TPUrOHOMETDHYECKasds CHCTEMA

1, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx, ... (17)

B OPOMeXyTKe [— =, =], KOTOPYIO MBI paccMaTpHBA/J¥ BHIE, €€ OpTO-
rOHa/JbHOCTH Clenyer u3 cootHomenu#t (6), (8), (9) m (13). Opnaxo
HopMaiapHOH oHa He Oyamer Beumy (10) u (14). YMHOXkas TpHroHOMETpH-
vyeckne ¢yrkimua (17) Ha Hajnewalwkhe MHOXKHTENH, JIETKO TMOJY4YuTh



378 T/l XXIV. PAMB $YPLE (398

HOPMAJIbHYIO CUCTEMY!

1 cos X sin x cos nx sin nx
— — Ty ey T =" e
V2n’ V=’ n " V=

Iycts B npomexytke [a, b] Jana Kakas-uuGyDb OPTOrOHAABHAA
cucrema {p, (x)}. 3amamuMcst LUeJbIO PAasNoKMTh ONpenedeHHyio B [a, b]
dyukumo f(x) B «psf no ¢GyHKUuAM ¢»> Buaa

f(x)=cozpo(x)—1,—clcp,(x)+...—{—c,,cp,,(x)—[—-... (18)

Has onpenenenus Ko3(QOULIUEHTOR 3TOr0 pAs/iOKEHHS, AONYCKas €ro
BOSMOXKHOCTB, TOCTYNUM TaK, K&K Mbl 3TO CHEJAIH B YaCTHOM CJyuae
Boluie. MMeHHO, yMHOXMB 00e 4acTH pasnOKeHus Ha @, (X), MPOMHTErpU-
pyeM ero MOYJICHHO:

7%

b 0 b
§femde= Y o o@entax

n=120 a

B cany oproronaastocts [cM. (15) u (16)], Bce mHrerpaam cnpasa,
KpoMe OZHOro, GYAYT HYJAMH, U JETKO IOJYYaeTcs:

b
cmzrrlrgf(x)gpm(x)dx (m=0,1,2.,) (19)

{popmyas (7), (11), (12) <aBAsIOTCA HACTHBIME CaAy4asMd 5TOH dop-
MyJH].

Pan [18] ¢ kosdduunuentamu, cocrapienswiMu 1o dopmyaam (19),
HasbiBaeTcA (00o0ugennnn) psadosrw Dypse naHHOM (pyHKIMW, a caMmu
Ko3(punuenTsl — ee (06obmennsmu) Kosggduyuenmanru Dypse OTHO-
carenbHo cucteMst {9, (x)}. Ocobeuto npocro BurasasT dopmyas (19)
B CAyyae HOpPMaabHOH CHCTEMB; TOTAa

b
0y = S £ (%) o (x) dx. (19a)

Kouneuno, 3nechb MOryr OHTh MNOBTOPEHBl Te M€ 3aMEYaHHA, KaKUMA
Mbl 8aKOHYHAK Npensinymuit Homep., OGo6meHnn#t psx Pypove, nocrpoen-
Hu# aA faHROM  Qynkumu f(x), cBA3aH C Hew JuWbL GOPMaAbHO.
W B obwem ciyyae cpaAsbh Mexay d¢yukuued f(x) m ee (o6oGmen-
HeiM) pagom Pypbe 0603HaualOT Tak:

f(x)~$ e (1). (182)

Cxomumocts storo pama Kk ¢yHkuuu f(X), KaK @ B CIyuae TPUFOHO-
METPUYECKOrO DPsJla, NMOMJIEKUT €lle HCCACAOBAHHIO.
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§ 2. PASJIOXXEHHE ®YHKUUA B PAN ¢YPHE

399. Mocranoeka Bompoca. Materpan Hdupuxme. Ilycre f(x) Oy-
NET HEmpepHBHAs MWAM KYCOYHO-HenpepniBHas (YHKLHA C NEPUOAOM 2m.
Briuucaum nocrosHunie (ee koadunuentst dypoe):

am=% Sf(u) cos mu da, b,,,:% (f(u) sinmudu (1)

(m=0,1,2 ..) (m=1,2 3, ..)

U 0 HUM cocTaBuM psif Pypbe HaweR (GyHKIUM

f(x)rv%—{— Z (@ cos mx -+ b, sin mx). @)
m=1

UuTaTenb S8aMEYaeT 38eCh MaJEHbKOE OTCTyIieHne oT o6osHayenutt
n° 397: koapuuHERT @, MB ONpeseaseM Tenmeph MO oOweldt Qopmyne
nas a, npn m==0, B paspes c ¢opmynoi (7) ynOMAHYTOro HOMepa,
a
HO saro cBOGOAMHIE ujJeH pAfa NMUUIEM B BHAE —2‘1
3aMeEyAauni. Ecan ¢yskuus F(u) KycouHO-HeNpepriBHa B JOGOM
KOHEYHOM NPOMEXYTKE U K TOMY e HMEEeT Nepuoj 2%, Tak uTo

F (u+ 2m)=F (u),

TO BeAUdUNa uHmezpara
a-2n

F@du
[
no npomescymry Osuns 2% He 3asucum oOm d.
JleHCTBUTENILHO, OTPaHMYMBASCH CJAYYaeM HenpepusHO# ¢ywuxuuu F,

uMeeM

a-2x P2 a - 2n

0
F(u)du=SF(u)du+§ F () du-- S F (1) du.
-3 a 2n
Ecan B nociaeaseM MHTErpaje CAeAaTh NMOACTAHOBKY #==2m —-f, T0 oH

NpUBENETCS K MHTErpany
S F(t-2m)dt= § F(t)dt
0

B Jvilib 3HaKOM 6y11er OTJUYaThCAd OT MEPBOro HHTErpana. Takum 06})8-
80M, paccMaTpuBaeMBli MHTErpas OKa3uBAeTCA PABHBIM HHTErpany
2n

5 F (u)du,
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yke He cofepxamemy o. Jlerko pacnpoCTpaHuTh 3TOT DPe3YJbTaT M Ha
caydati moGolt KyCOUHO-HEMPEPHIBHOK (YHKIHH.

DTuM 3aMevyaHueM Ml B NOCJeAymoomeM OyAeM I0/b30BaThcs. B ya-
crHoctd, u B ¢opmynax (1), ompeneasiomux Kospduunenrs Pypoe,
MHTErpajsl MOryT OHITb B3ATH IO JIOOOMY NPOMEXYTKY MIUHBL 2% Ha-
npumep, MOxHO OHJO OH MUCaTh

o2n 2n
1 1 .
.—_-;;S‘ J(x) cos mxdx, bm=?S Ff&X)sinmxdx  (la)
0 0

(m:()’ 1) 2} "') (m:1’ 2’ 3) '-n)
¥ T. IL
i Toro yroObl MCCJAeA0BATH NOBeAeHMe Dpana (2) B KakoH-HHOyIb
OTpENeNeHHOR TOYKE X ==X, COCTaBUM YAOOHOE BHIDAXECHHE .Jis €ro
YaCTHYHOH CYMMBI

n
Sy (Xg) = 529 —+ Z (2, cos mxy—+ b, sin mx,).
m=1

[MoacraBuM BMECTO @, U b, WX uHTerpaipHpe Bhipaxenus (1) u mox-
BelEM NMOCTOSHHbBIE UYHCAA COS X, SiNmX, NOL B8HAK MHTErpaia:

sm=g; | 7@du+t

n T
-+ 2 % Sf(u) [cos mu cos mxy -} sin mu sin mx,) du =
m=1 —_T

T

gf(u) -+ 2 cosm(u~xo)}du,

- m=1

Jlerxo NPOBEPUTHL TOXKIAECTBO

n
%+ 2 cOs mo=—=
m=1
n

{sm;—l- Z [sm(m_[_ \)a——sin(m_.%>a]}=

2sm7 me=1

sin 2n -4 1) %

.a
2sm—2—
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Bocnoapsopapmncy UM A9 Npeo6pasoBaHud NOABIHIEIPAJbHONO BH-
paKEHHs, OKOHYaTeJbHO IOJYYuM

: sin 2n 1) E‘:2£9_
Sp(x) =—\ f() du. 3)

. U—X
2 sin -0
D 2

-

DroT uuTErpa’m OOBIKHOBEHHO HASHBAIOT uHMezpason Iupuxae (X0Td
y ®ypbe OH BCTpEYaercs ropasno pasbiel).

Tak xax MH uMeem 3fech Aea0 ¢ (YHKUMAMH OT I nepuoja 2w, TO
NPOMEKYTOK HHTErpupOBaHMs [—m, =] MO CIEJAaHHOMY BHILIE 3aMmeya-
HUIO MOXHO 3aMEHUTb, HaNmpUMEp, NPOMEXYTKOM [Xy — ®, Xo— =]

Xo+™
1 sin (2n -+ 1)%

85 (X0) =— /(@) 5 sip %o du.
2

Xg—m

IMoncranosko# f==u— x, npeoGpasyem 5TOT HHTIErpaj K BULY

1 sin (n—l——;—)t
Sa()=— | fxo+1) ———at.
. 2 sin 5 t

T 0
3atem, pasbuBas HHTErpaj Ha [1Ba: S—l— S, B TpUBOJA BTOPOH wuHTeE-
0

-1
rpajx mMyTeM HM3MEHEHHS SHAKA NEepeMeHHOH Tome K npomexyrtky [0, w,
npujeM K TaKOMYy OKOHYAaTeJbHOMY BHIPAXEHHIO JI YaCTHYHOH CYMMBI
paga dypoe:

) =— \ Ft-t4f(x—0]
0

Takum o6GpasoM, Aea0 CBOAMTCS K HCCJENOBaHUIO MOBEAEHWS WMEHHO
3TOro MHTErpaja, cofepxaumero mnapamerp n. Csoeobpasue npedcmas-
aswouelics 30ecs 300a4u 3aKAOHAENICS 8 HIOM, 4MO 8 3MOM cayiae
He Mooicem Obvlims UCNOAb308AK npedesvHbill nepexod nold 3HAKOM
unmezpasa *), xoropu#t mo cux mop [cm. raasy XVII] caymun Ham

¥) B manHOoM Cayyae IIOJHHTErpanbHOE BHIPAXKEHHE NPU 1 — CO BOBCE He
HMeeT mpejiena.
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eNUHCTBEHBHM CpPEACTBOM /s  pasbiCKaHus IIpejena WHTErpana, Co-
zepxauiero napamerp. M ¢ Takum nosoxeHueM pemied Ham B 9TOH
raape MPHAETCS CTAJKUBATBCA CHCTEMATHYECKH.

400. OcnoBras JaemMa. Ilpexue yeM npoOROMKUTH Halle MCCACRO-
BaHHE, MOKAaMEM CIefylolee BaxHoe MAaA JadbHEeHHlero yTBEpXKAEHUE,
KoTopoe npuHaaiexur Pumany:

Ecau goynxyun g(f) nenpepsi6Ha uiu KyYcO4HO-HENPEPLLSHA 8 He-
KomopoMm Koweurosm npomexcymre [a, b}, mo

b
lim \ g(f)sinptdt=0
p—-»oo
U, QRAA02UMKO,
b

lim \ g(f)cosptdt=0.
a

p—rco

HokasaTenbCcTBO JOCTaTOYHO MNPOBECTR HJs MEPBOTO U3 3TUX
npeneaos, npennonaras ¢yHkuuio g(f) HempepbBHOH.

3aMeTuM NpEJBAPUTEJbHO, YTO, KakoB Ob HH Oblji KOHEUHBIH npo-
MexyTok [a, B], umeeM Takyio omenky:

lfsinptdtl:lmg—io—sfiﬁ- g%. ©)

Pazo6rem npomexyrok {a, b] Ha n uacTe#t Touxkamu
a=tH< ... <t t6u< .. <tp=b ©
H B COOTBETCTBHH C STUM DAasJOXHUM U HHTErpan

n—1 by

Sg(t) sinptdt= Y, S g (¢) sin pt dt.

i-—O 4

OGosHauus uepes m; HauMeHbluee u3 sHayeHuh g(f) B i-M npoMexyTke,
MOXHO NpeoGpasoBaTh 5TO BHIPAKEHHE TakK:

n-1 ., n—1 4

Sbg(t) sinptdt:Z 5 lg (®) — m;] sin pt dt - Zm, S sin pt dt.

i=0 ti i=0 ti

Ecan o; ecth KoneGanue dyukumn g(f) B i-M NpPoMexyTke, TO B €ro
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nperenax g(t)—m;<w; C yueroM Hepasencrsa (5) Tenepb Jerko
NoJAYy4nTb A/ HaWEro HHTErpaJda OlleHKy:

lgbg(t)sinptdt }gng wiAt,+ 2 |my|.
a i=0

z==0

3anaBuwinch MPOHU3BOJBHEM YHCAOM e >0, pubepeM cHauana Apobae-
13
uue (6) Tax, yToOn GHLIO °"<2_(b:—-aj’ TaK yTO

n—1

2‘”1 Ati<‘;‘;

i=0

5TO CA€NaThb MOXHO BBHAY HenpepmBHOCTH ¢yhkuuu g. Temepn, Tak
KaK YHCJAQa Mm; TEM CAMHM YXe€ ONpeAeNeHb, MOXEM B3ATh

”>'§"2|mil

U ANA STHX SHAYEHHH P nogyunM
b
, S g () sin pt dt l<e,
a

YTO ¥ JOKAa3HBAET Hallle yTBEpMKUEHUE,

Mpl o6painaeM BHMMaHue YHTaTeNs HAa TO, YTO yxXe 8sieCh mpenensl,
K KOTOPHIM CTPEMSITCS HMHTErpasibl, YCTaHOBJEHH NOMHMO HpeEJe b
HOro mepexoja MoJ 3HAKOM HHTerpaJsa.

Ecau scnomunts dopuyan (1), Bupaxkaiomue Kospduuuents dypre,
TO B KauecTse MEPBOTO HEMOCDEACTBEHHOTO CJEACTBUS OTCIOAA HOMY-
YaeTCs YTBEpKAECHHE:

Kosgppuyuenmer Dypoe a,, b, Kycouno-nenpepbigrod dyurguu
Rpu m~— OO CMPEMAMES K HyAl.

401. IlpuHuan Joxanusauwud. BTODHM HENOCPENCTBEHHMM Xe Clel-
CTBUEM JOKa3aHHOH JEMMH SBJSETCS TAK HASLIBAEMHH <NPUHOAN JO-
Kaausauuny.

Bass npousaonwoe nOJlO)KPITeJIbHoe yncao 3<w, pasobbeM HHTe-

rpaa B (4) Ba jBa: S S+5 Ecan  propo#l m3 HuX nepemucars

B BRIE

_71?5f(xo+t)+fm 9 sin (++ 5 )tat,

2sin ~2~t
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TO CTaHeT fCHO, YTO MHOXHTENb NPH CHHyCE
flxo+8+f(x—1)

2 sin—;—t

SBAFETCH KyCOUHO-HENMPEPHIBHOH QyHKUMER oT f B npomexyTke [8, =],
w60 TakoBa (yHKNUS OT f, CTOSWAS B YHCIUTENIE, B TO BPEMS Kak

1
sHaMeHaTesb 2 8in 1, e OOpawaiomulics B HYIb B STOM NPOMENKYTKe,

COXpaHsieT HeNnpephiBHOCT. B TakoM cayyae Mno JeMMe 3TOT HMHTErpan
MpH n— CO CTPEMHTCS K HYJIO, TaK YTO U CaMOe CyllecTBOBaHHE Hpe-
gena Aasd vacTuyHod cymmbl paga ®dypwe, S,(Xp), U BeAUYHHA ITOro
npeieia HEMMKOM ONpPEAEAFIOTCA NOBEAECHHEM OMHOTO JIMUIL HHTETpana
sin (n +é—>t
dt. (7)
2 sin —2~t
Ho B 5TOT wuHTErpal BXOAST JHIUb 3HaueHus QyHKumu f(x), orBeyaio-
nve M3MEHEHHI0 apryMeHTa B IPOMEXYTKE OT Xg— O 40 Xy—- 3. Jrum
HPOCTHM COOOpaXKEHHMEM M [OKA3HBAETCS «IPHHIMI  JIOKaJu3alHKs,
cocTosiliuif B CJAEAYIOLIEM:

Teopema. [losedenue psoa DPypse dhynxyuu f(x) 8 nexomopoii
moure x,%) 3asucum UCKAOYUMEALHO OM 3HQUEHUN, NPUHUMACMbX
amoii oynxyuell 8 HenocpedcmBenHol Oausocmu paccmampusaemol
mouxu, T. €. B CKOJb YFrOJAHO Majlo# ee OKPeCTHOCTH.

Takum o6pa3oM, €C/d, HanpuMep, B3siTh [Be (YHKIMH, 3HAUCHUS
KOTOPHIX B MPOM3BOJBHO MaJOH OKPECTHOCTH X, COBHNAAAIT, TO KakK O H
OHM HH DPa3HUJAUCHL BHE B35TOH OKpPECTHOCTH, COOTBET-
crByiomme 3TuM ¢yHkuusM paasl Pyppe BemyT ce6a B TOUKE X, OAH-
HakoBo: Jub0 o00a CXOAATCsS, W NPHTOM K OJHOR u TOH XKe CyMMme,
an6o o6a pacxodsrcs. DTOT peayabTaT MOKamercs ewe 6osee pasurelb-
HBIM, €C/IH NOAYEPKHYTb, UTO caMiele Ko3¢ddunnentsi Pypre paccMarpu-
BaeMBIX (YHKUMH, 3aBuCALIME OT BCEX HX B3HAueHHH, MOIYT OKasaTh(d
COBEPUIEHHO PAa3JINYHBIMK !

dta rteopeMa OOLIYHO CBA3LIBAETCH € uUMeHeM Pumana, uGo sBaseTcs
caencreueM Gosee oOmwe# ero TeopeMel, JoxazaHHo# B 1853 r. Cie-
AyeT, OJHAKO, OTMETHTb, YTO HAEA «HIPUHIHNA JOKATUSALMH» COACPKHTCA
yxe B omuo# pabore Ocrporpaackoro 1828 r. no mareMaTnyecKo#t
(usuKe, a TaKxe oOTpameHa B uccaeloBanHusx JloGauesckoro 1834 r.
N0 TPUrOHOMETPHUECKHM pPAAaM.

402. Npencranenne Gynxkuun psaom Pypne. Bossparumcs k npe-
DBAHHOMY WMCCISZOBAHWIO MOBEAEHWS 4YacTHYHOH CyMMH S, (X)) psia
dypbe, Aas KOTOPOH MBI TOJAYYWIM HHTErpajbHOE NpeAcTaBiacHue (4).

3
ea®) =+ | [ Cro -0+ (0 — 1)
0

*) Mbl moHMMaeM MOX STHM CXOAMMOCTb MM PaCXOJHMMOCTH PANA B TOUKE Xo,
a TaKXE HATHYHe IJA HEro —B CAyyae CXONUMOCTH -—TOH HIN MHOH CYMMEL
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Hanoxum Teneps na dynkumo f(x) Goaee Taxenoe TpeGoBaHue,
a MMEHHO — npednorodcusM ee wycouno-ougbgheperyupyemoii 6 npome-
acymre [—w, =] %),

Toraa umeer Mecro obmias

Teopema. Ecau ¢hynryusn f(x) ¢ nepuodom 2w xycouro-dughge-
penyupyesa 8 nposmexcymre [—=, w}, mo ee pad dypse 8 Kaxciol
mouKe X ==x, CX00UmMca U UMeem CYMMY

S, _ f X +0) 4 F(x,—0)
00— ) .

Ama cysxa, owesudno, pasua f(x,), ecau 8 moure x=x, PyLKYUA
HenpepoLeHa.

HoxasaTEabcTBO. OTMeTHM, YTO paBeHCTBO (4) HMeeT MecTo
ans KaxaoR QyHkouu f(X), yLOBJETBOPSIOWEH NOCTABJIEHHBIM YCJIO-
suaM. Ecmy, B uvactHoctd, B3aTh f(X)=1, 10 $§,(x)=1, u w3 (4)
NoJIy4uM, yTo

9 kg sin(n-i—%)t
1=_S_____dt. ®
i 1
0 2s1n?t

Vmuoxas ofe uyacTH STOr0 paBeHCTBA Ha IIOCTOSHHOE YHCIO S) H
BEIYMTAs pes3ynabTat u3 (4), Hahifem

sn()—So== | Ve +fre—)—

0
sin |\ n 1 14
—————-——n( +2) dt;

2Sin§t

—F (%1 0) —F (% — 0)]

I Hawel neau HyXHO JO0KasaTh, YTO MHTErpasn chopasa Ipd 7 — 0O
CTPEMUTCA K HYJIO.
IlIpeacrasuM ero B Bule

ki

< § g(®) sin (n—}—%)tdt, ©)

*) PyHKuAn fﬁx) Ha3blBaeTCsl KYCOUHO-Iuddepenunmnpyemoih
B mpomexyTKe [a@, b], ecntm 9TOT MPOMEXYTOK PpasNaraeTca Ha KOHEYHOE YHCIO
YaCTHYHBIX NPOMEXYTKOB, BHYTPHM KOTOPHX (QyHxuua nudpdepennupyema, a Ha
KOHILAX He TOJAbKO HMEeT mpejeabHb€ 3HAUEHUA, HO M ONHOCTOPOHHHE NPOH3BOJ-
Hble, IPH YCAOBMH 3aMEHH Ha 9THX KOHIIAX 3HaYeHWH QYHKUWMH YNOMAHYTHIMHU
npefesbHEMH 3HaueHHAMH. MoxHo NMpeACTaBHTh cebe KycouHo-anddepenuupye-
MYI0 QYHKUMIO KaK Obl «CKAeeHHOf» U3 HECKOMbKUX QYHKUuUMH, tnddepenunpyemMbx
(a caepoBaTenbHO, ¥ HENPEPHLIBHLIX) B 3@MKHYTHIX YaCTHYHBIX NIPOMEKYTKAX C TEM
JdMIIB, YTO B <TOYKAX CThiKa» (paBHO KaK M Ha KOHUAX 4 W b OCHOBHOTO MpoO-
MeXyTKa) ee 3HaYeHHA YCTaHABIMBAIICA 0CO6O.
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T/ie MOJNOXEHO

L

gt)= [f(x,,+t) 7f(xo+0)___f(xo—‘ t):tf(xo"o)J 71 . (10)

singt

ecrn Obl HaM yHanoCh YCTaHOBHMTb, YTO 5Ta (YHKIMS KyCOYHO-HENpe-

phiBHa, TO u3 JdeMMu n° 400 caenoBamo Ou yxe, uto muterpan (9) umeer

npefenoM Hyae npu n-—oo. Ho B npomexyrke (0, =] ¢ynkuas g(f)

BooOmie HenpepHBHa, 3a HCKAIOUEHHEM pas3Be JHIlb KOHEYHOrO YHCIA2

TOYEK, Iic OHa MOXET HMeThb CKauyku — 160 TakoBa ¢ymkums f. Ocraer-

€ OTKPHITEIM JHlLb BONPOC O NosefeHun ¢yaxuun g (f) npu ¢t — 0.
Mbl JOKaxeM CyLIeCTBOBAHHE KOHEUHOI'O npefesa

im g)=K;
t—>40

nojpoxus toria g(0)=K (Zo cux mop 3TO 3HAYEHME OCTaBaNOCH (op-
MaJAbHO HeompedeneHHEM!), M B TOuke f=—0 MOJyuuM HENpPEPHIBHOCT,
M TpUMEHEHHe JEMMBl OKaweTcsi ompasiaHeeiM. Ho BTOpo# MHOMHTEb
B npapo#t uactm pasencrsa (10) aBHO uMeer mpenesaoM efuHuLy; o6pa-
THMCS K BBIDAXEHMIO B KBaJDAaTHHIX CKOOKax.

Ilycty, Ans NPOCTOTH, CHayana TOYKA Xy JEXUT BHYTPHU HNPOME-
®yTka, rle dynkuns f(x) Aunddepennupyema. Torma f(xy—0)==
=f(xy— 0)=F (%), ¥ Kaxzoe U3 OTHOIIEHHH

(Xt ) —S(x) Sfxg—t)—f(xq)
PALE S AL At S L) (11)

crpemurca K mpemeny f(xo), a [..]—x wuymo. Ecau xe x, ects
<TOYKa CTHKa», TO MNpH STOM OHA MOXET OKasaThCi KaK TOYKOH He-
NPEPHIBHOCTH, TaK M TOYKOH paspuBa. B nepBoM ciayyae MH ONATH
CTosKkHeMC ¢ orHomenusMu (11), HO oHM OyAyT CTPEMUTHCS HAa 3TOT

y 14

P K .
1 1 1
I L
0i Ty z ot ) z
9 9
Puc. 74.

Pas K pasiuyHbiM MpeAesaM, COOTBETCTBEHHO — K NPOUBBOXHOH CnpaBa
M K npomssoiHOH caesa (puc. 74, a). K aHanoruuHoMy pesysbrary
OpuieM ¥ B CAy4Yae PaspeiBa, HO 8Aech 3Hauehue f(x;) SaMeHWTCH 3Ha-
venuaMu f(xo==0) Tex ¢yHxuml, OT «CKACHBAHMS> KOTODHIX NOJyYHU-
Jach JlaHHas, a IpefeJaMyu OTHOIUeHHH OyAyT OZHOCTOPOHHUE NPOM3-
BOJIHBIE YNOMSHYTHX ¢(yHKUu# mpu x==x, (uepr. 74, 0).

Wrak, Hawe sakmoyeHue cnpaselJuBO BO BCEX CaAydasiX.
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403. Cayuaii nenepuoxnyeckofi ¢yHxkuud. Bca nocTpoeHHas Bmwine
TEOPUS HUCXOAWJIA M8 NPEANOJNOMEHUs, YTO B3aJaHHas (YHKUIMUA onpere-
JeHa AJf BCeX BEIECTBEHHHIX 3HAYeHWH X W NPUTOM uMeeT MEpuoA 2w,
Mexay TeM yaime BCero ONPUXOAHMTCA MMETp JeJ0 ¢ HemepHOAHUYE-
cKkofi dyHkumeft f(x), uHOH pas naxe saZaHHOM TOJLKO B TNpOMe-
Kyrke [—m, x).

Yro6ut uMeTh NpaBO NPUMEHUTh K TaKOH GYHKUHMH W3JIOKEHHYIO
TEOpHIO, BBENEM B3aMEH Hee BCHOMOrare/ibHylo ¢yHskuuo f* (x), omnpe-
JeneHHy0 caenyomum o6pasom. B npomexyTke (— =, ®] MH OTOXIe-

creaseM f* ¢ f
E=fx (—=<xr<w), (12)
3aTeM MoJaraeM
[E(—w)=S*(x)=F(m),

a Ha OCTa/NbHHE BEIIECTBEHHBIE 3HaYEHHR X pacHpocTpaHseM QyHKuuoO
f¥(x) no 3aKOHy MEepPUOANYHOCTH.

K nocrpoenHofi TaxkuM ofpasoM o¢yekuuu f*(x) ¢ nepuomom 2w
MOXKHO YyXe NpUMEHSTb [OKasaHHyio Teopemy pasioxenus. OmHako,
€C/AM peub HAET O TOUKE Xy JAeNKaleH CTPOro Mexny
—m= u «, 10, BBEAY (12), HaM npuwaoCcL OH WMETL AeNO Julib C 3a-
nauHo#t Qynknumest f(x). Ilo ToH ke npuuuHe ¥ KO3(PDUHUEHTH DPa3io-
JKEHHS MOXHO BHUYHCHATL RO dopmynaam (1), He nepexols K ¢yHK-
nnn f*(x). Kopoue rosops, 8ce doxasanroe 8uiue HenocpedcmeerNO
neperocumess Ha 3adannyr @yrxyuo f(x), MEHyS BCIOMOraTeJbHYIO
oynkmao f* (x).

Ocoforo BHuMaHHd, OAHaKO, TPEGYIOT KOHUH MpOMeXyTka X ==t .
Ilpn npumenenuu K Gynkuun f* (x) Teopems n° 402, cxaxem, B TOY-
Ke X==m, HaM TnpumIocs OH MMETh JEN0 KAK CO SHAYCHMAMH BCMOMO-
rarejpHolt QyHkuum f¥(x) caeBa OT X==w TIJe OHH COBHAZAOT
C COOTBETCTBEHHBIMM BHAayeHusMu JHaHHOR ¢ymkumu f(x), Tak u co
sHaueHnsMu f¥(x) cnpasa or x=m=, 20e oHu cosnadalom yice
co 3Hauenusmu f(x) cnpasa om x——=—=. Hostomy ans x= 8
KauecTBe 3Havenns S, Haajexano O B3ATh

Sy= ___f*(ﬂ+0)+f*(ﬂ—0) f*(—1=+0)+f‘(ﬂ—£)
(—‘N+0)+f(1=—0)

Takum o6pasoM, ecanm samamHas ¢yskuua f(x) maxe HenpepHBHA
npu x==o-Em, HO He uMeeT mepuona 2= rtak uro f(x)#f(—=x),
TO — npu  cobnmoleHun TpeGoBaHUS KyCOuHOH puddepeHnupyemMocra —
cymmoit psga dypve Oyaer uucao

L=ntfm
2 k4
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orayHoe Kak oT f(—x), Tak u ot f(x). Hna Tako#t dyHKnunm pasno-
*KeHue MOXKET HMETb MECTO JWIb B OTKPEITOM INPOMEXyTke (— m, m).

Caenyroiee 3aMeuaHne 3aC/AyXKHUBAET CEPbE3HOTO BHEMAHWR YHTATENd.
Ecau tpuroHomerpuueckuit pap (2) cxomwrcs B Npomexyrke (— =, w]
K ¢yskumn f(x), TO BBHAY TOrO, YTO €0 YJEHH HMEOT nepuoi 2w,
OH CXOIMTCA BCIOAY, M cyMMa ero §(X) OKashBAeICd TOXE NEpPHOLH-
yeckolt ¢ynxumet or x ¢ nepuofom 2x. Ho sma cymma 8He yKa3aw-
HO20 npomesicymra 8oobue yowe ne cosnadaem c gynryuei f(x)
(ecam mocnemHss Oniia 8ajaHa Ha Bcelt BeulecTBeHHOH ocu). Huxe sto
saMeuanne OyNeT NPOHJIIOCTPUPOBAHO TpPHMEPaMH.

OTMeTuM, HaKoOHell, YTO BMECTO INpPOMEXYTKa [—®, ®] MOXHO
Obi10 OB B34Th MOOOH MPOMEXYTOK [, - 2r] mmuHb 2.

404. Cunyvait npousBOJLHOrO EDpoMexyTKa. Ilpeanmonoxum, uTo
dynxkuus f(x) samana B npomexyrtke [—/, /] mpouspoabHOR mammbl 2/
u KycouHo-auddepennupyema B HeM. Ecau mpnberHyTb K MOACTaHOBKE

b

x== (—r<ty< ),

b
TO noJayuntcd QyHkuus f =) or y B npomexyrke [—m, =], TONE
KycouHo-Tuddepenunpyemas, K KOTOpofi yxe NPUAOKHMB pPaccMOTPEHHA

NPeabIyInero HomMepa. Kax Mt BUJE/AH, 3a UCK/MOYCHHEM TOYEK paspbiBa u
KOHILOB — &, ® IMPOMEXKYTKE, MOXHO PasJOXKHTb €€ B Pl d>ypbe:

o0
I .
f (.1.5"_) — -‘322 -+ Zl(an cos ny -+ b,, sin ny),
n==

koauiienTer  KOTOporo onpefesioTes dopmyaamu disepa — dypoe:

T

a,,=%§ f(—l%) cos ny dy, b, =1 g‘f(%) sin ny dy.
(n=0,1,2..) (n:l, 2, 3,..)

Bepuemca Temepb K mpexHe#t mepeMeHHOR X, moJjaras

Toraa Mm moayuum pasmoxeHue 3afaHHOH ¢yHKumM f(x) B TpuroHo-
METPUUECKHH PAJ HECKOJBKO M3MEHEHHOrO THHa:

F@)="2+ X(a, cos =+ b, sm ) , (13)
ne=}
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X
3ech KOCHHYCH # CuHHYCH Oepyrcs OT yraoB, KpaTHHX He X, a—.
MosxHo OblI0 Gbl m GOpMYJH Jas Ompefenchus Ko3(MULMEHTOB STOro
pasoxeHus npeo6pasosaTh TOR ke MOACTAHOBKOH K BUAY

1 !
an:% Sf(x)cosmedx, b,,=ll Sf(x) sin nllxdx- (19)
-1 -1

(ﬂ=0’ 1’ 2"") (ﬂ=lr 2’ 3)-“)

B OTHOIIEHHH KOHIOB MPOMENXyTKa X =—==t-/ COXpaHAIOT CHIy 3ame-
yaHusl, CACNAaHHHIE B NpENBUAYIleM HOMepe OTHOCHTeNbHO Touek x= k.
KoneyHo, npomexyTok (—/, /] moxer OHTb 3aMeHeH MoOLIM MAPYruM
NMPOMEXKYTKOM AJUHB 2/, B wacTHOcTH, npomexyrtkom (0, 2/]. B mocaen-
HeM cayyae Qopmynnt (14) momkHsl OHTH 3aMeHeHH (opMyJ/amu

%€ 2
o =‘1“Sf/(x) cosﬂ;'—rdx: bu=%Sf(x) sin n—;tfdx. (14a)
¢ ¢
(n=0,1,2,..) (n=1,23,..)

405. PasnoxeHne TONbLKO IO KOCHHYCAM MJH TOJbKO NO CHHY-
cam. Haunem co caepyromero sameuaHus: eciu 3aJaHHas B IIPOMEXYTKe
[—=, =] (nenpepmiBHas wim, TO KpaiHeH Mepe, KyCOYHO-HeNpephIBHAR)
¢ynkius f(x) Gyder HeueTHOH, TO AJad Hee

k3
S f(x)dx=0.
-—T "
B 3TOM JErKo Y6EILHTBCSI, NpeACTaBUB HHTErpan S B BHIE CYMMBI HH-
-

[ 0
Terpanos: S—!— S B 3aMCHHB BO BTODOM M3 HUX X Ha — X. Taxum xe
0 -7

IyTeM YCTaHABJMBAETCH, YTO B CIyuae ueTHOH ¢ynkuun f(x):
Sf(x) dx=2 S f (%) dx.

Mycts Temeps f(x) Oyner kycouno-aupdepeHunpyemas B Hpome-
®ytke [—m, =] yernas ¢yskums. Torma npoussesenue f(x) sin nx
OKameTcd HeueTHOH dyHkuueH, u no CkasaHHOMY

by =

S f(x)sinnxdx =0,

-—

8-
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Taxam o6pasoM, pad Dypse wemnoli @ynwyuu codepocum OOHU ANULH
KOCURYCbL:

f)=%+ i a, cos nx. (15)
n=1

Tak Kax f(x)cosnx B 9TOM ciyyae TOwe OyZeT deTHOR ¢yHKuUeH,
TO, NPHMEHHB CIOJa BTOpPOE H3 CHENAHHHIX BHIUE 3aMEYaHul, MOXKeM
K02 QHIHEHTH @, DA3/I0XEHHT HalMCaTh B BUJAE

a, =2 § f)cosnxdx  (n=0, 1, 2,..). (16)

Ecmu xe d¢ynkuus f(x) Oymer HeueTHOH, To HeueTHOH Oy-
ner u dynxunsa f(x) cos nx, Tak uTo

a4, =~ Sf(x)cosnxdx:() =0, 1, 2,..).

Mu npuxomum x saxuioueHmo, uto pad PDypse Hewemnoli dynxyun
codepoicun O0HU AU CUHYCHL:

f) = i b, sin nx. an

n=1

ITpu sTOoM BBUAY ueTHOCTE npousBeAeHus f(X) Sin 71X MOXHO NHCAThb:
k3
b, =—Z-§f(x) sinnxde  (1=1, 2, 3,..). (18)

OtMernM monmyTHO, uTO KawAas ¢yHkoma f(x), safawHags B npoMe-
Kyrke [—, w], mMoxer OWTb mNpeACTaBJeHa B BHAE CYMMbl YETHOH M
HEYETHOH COCTAB/AIOMHEX (YyHKIu:

fFE)=h&x)+ri (),
rae
fi (x)____f(x) +2f( —X) , fa(®) A C)) _5(_") .

OueBunno, uto paf Pypre ¢yHkuma f(x) Kak pas ® COCTaBUICH U3
pasioxends N0 KocuHycaM ¢yukuuu f;(X) ¥ pasAaokeHus MO CHHycaMm
dynxuun f; (x).

Mpennonoxum, nKanee, uTo ¢yHKuus f(x) 3agaHa AuWmb B NpoO-
mexyrTke [0, x]. 2Kenas pasnoxurh ee B 5TOM NPOMENKYTKE B P
dypbe (2), MH AOMOJHHUM oONpele/cHue Halied (PyHKUMM A4 sHaye-
Hult X B npomexyrtke [—w, 0) no mnpomsBoay, HO C COXpaHEHHEM
KycouHolt Au¢depennupyemocTn, a 3aTeM NpAMEHHM CKasanHoe B n° 403.
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IMoxuepkHyTHH BHIle NPOUSBON B ONpeneNeHNH (YHKIHUH JHaeT BO3-
MOXHOCTb TOJIyYUTb TaKUM MYTEM pasjuyHbie TPUTOHOMETPHUECKHE DAL

MoxHO WCHOMB30BATH NPOM3BOA B ONpENEJEHMH (YHKUMM B NPOMe-
wytke [— =, 0) 1ax, uroOni moayuuth Aas f(x) pasiaoxeHne TOABKO
N0 KOCHHYCaM WIM TOJABKO NO cuuycam. [elicrBarennHo,
npeacraBuM cebe, yro Am1 0<x <<~ MM no-

naraem 4
|
f(—x)=Ff(x), (19 A |
i\ i
AN Ve !
1
TaK uTO B peSyibTaTe NOAYYATCH ueTHas | v i
¢yHKuus B npomexyrke [—«, ®) (puc. 75,q4). 7 7
Ee pasnoxenne, Kak Ml Buiend, GyleT conep- )
#aTb ONHM TOABKO KocuHycH. KoadduuueHTnt J
PAsTONMEHHSA MOXHO BHUUC/AATE MO (OpMyJaM /
(16), Kyna BXORAT JWIIbL SHAYEHHS NepBOHa- i
yanbHO 3alaHHOM (yHKumm f(X). ]
AnanoruyHo, €cam JONOMHHTL ONpeEleNeHne -z !
Gynkuun ycaosuem (i 0<x <) v 3| Tz
127N
1/ "\
17 -
fl=0)=—f() o Y
TaK, yToOH OHa OKasaaCh HEYETHOM Puc. 5.

(puc. 75,6), T0 B ee pasnowennu Oyayr
yyacTBOBATh TOMBKO UJEHH C cunycamu. KoadduuueHTH ero ompeze-
aaores no dopmyaam (18).

Taxum oOpasoM, 3adanuyio 8 npomexymie [0, ©] dyurxyuio npu
cO0AI00eKUN U3BECIMKLX YCAOBUL OKA3LLBAEMCA BO3MOICHUM pa3na-
2ams Kaxk 8 pAd no KOCUWycam, max U 8 psd NO CUHYCAM.

OcoGoro wuccaenopanus Tpelyor, BApoyeM, Touka Xx=0 ¥ x=rm.
3pmece o00a pasnoxenns BeAyT cebs no-pasHomy. IlpeanonoxmM Aas
NPOCTOTH, YTO 8alaHHags ¢yuxuus f(x) HenpepwsHa npu Xx=0 u
X==m, ¥ DacCMOTPHM CHauaJa pasJOXeHHE [0 KOCHHycaM. YCJOBHe
(19) npexnae Bcero coxpaHseT HempepusHoCcTh npu X =0, TaK
uto pag (15) nmpm x==0 Oymer cxomurbcs mMeHHo K f(0). Tak xak,

Jaiee,
S+ 0)=f(r—0)=1(x),

TO ¥ MPH X==7 HMEET MECTO aHAJOrHYyHOEe OOCTOATENBCTBO.

Wnaue obcrour peno ¢ pasnoxesuem mno cuHycam. He snasasce
B COOGpaxeHus OTHOCHTENBHO HApYIIEHHs HenpepeiBHOCTH ycaoBueM (20)
B T. N, MB NpPOCTO 3aMETHM, 4TO B Toukax x=0 m Xx=== cymma
paga (17) sBHO Oymer HyaeM. IlosTOMy oOHa MoOXeT J[arb HaM 3Haue-
nust f(0) n f(x), ouesmAHO, AMLIL B TOM CJy4ae, €C/AW W STH 3HAYECHUH
PaBHE HyJIO.
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Ecmn dynkuns f(x) samama B mpomexyrke [0, /] (/>0), o, npu-
Geriys K TOH Xke 3aMeHe mnepeMeHHOH, uto # B n°404, M cBeleM
BONPOC O DAa3JOXEHMH €8 B PAA NO KOCHHyCaM

o]
a, ! nnx
5+ Z a, Cos —=
n=1
Wi B PN 1O CHHyCaM

o
. ATX
2 b, sin -
n=1
K TOJIbKO uTO paccmorpenHomy. Ilpu sToM koadduuuents pasnoxenui
BHIYHCAAIOTCS, COOTBETCTBEHHO, MO (opMyaaMm

!
an=-3-Sf(x)cosm;—’-vdx n=0,12,.) @n
¢
Wi

l
by=2 S f@ysinTEa =12 3,..) ©@2)
0

406. Mpumeprl. PyHxuuy, KOTOphie HUXE NPUBORATCA B BULE NPUMEPOB,
KaK NPaBHIO, OTHOCATCA K KiIacCy AM@pdepeRuupyeMblx HIH KycoyHo-nuddepeH-
uupyembix. [103TOMy camas BO3MOXHOCTb WX pa3loXeHHs B paf Pypbe — BHE
COMHEHMSA, ¥ Mbl Ha 5TOM BOMPOCE OCTAHABAWBATHCHA HE OYNEM.

1) Pasnoxutb @GyHxuuo

T—X

F="5

B npomexyTke (0, 2x).
[To ¢opmyasam (la) u° 399:

2n
—_ 2
ao=% ETx—dx=—21;(nx—-—%x’) 0”=0’
0
2n
1 T —X
an=?s ) cosnx dx=
0
\ . 9 ) 2%
sin nx 2= .
=§E(u—x)—7!_o +2n_nS sin nx dx =0,
0
n=123..)
In 2
bn=%S“_2x sinnxdx.—-—i{-:(n—x)ggs;lﬂoﬂ—-

0
2n

1 S 1
—_—— cos nx dx ==—,
2m:0 n
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TakuM o6pasoM, MB NPUXONMM K 3aMeyaTeAbHOMY HO NPOCTOTE pasnoxe-
HHUW, conepn«:ameuy OIHN JHIIb CﬂHbeI:

co

n;x - Z smnnx (0< x <27).

n=1

ITpn x=0 (uau 2z) cyMma psaja paBHAa HY.O, M PAaBEHCTBO Hapymaercs.
He Gyner paBeHcTBa ¥ BHE YKa3aHHOro mpoMexyTka. I'padux cymmul pana S {(x)
(puc. 76) cocToMT W3 GecYyMCIEHHOTO MHOXECTBA NapallelbHBIX OTPE3KOB H
Psla OTLENbHBIX TOUEK HA OCH X.

= ! ™~

~

Puc. 76.

2) Vs pasnoxenna B 1) yxe G6e3 BHIYUHCIEHHMII MOXHO NONYYHTb W ApYrue
WHTEPECHbE Da3NOXEHWA., 3aMeHasas B HeM X Ha 2x u Jead ob6e YacTH paBeH-
CTBa Ha 2, HaHueM:

feo]
m X sin 2kx
T““é‘_kz‘ —55— O0<x<m),

BLIYNTAA XK€ OJHO Pa3aOXEHHE U3 APYroro, moayymm

[ee)
' sn@k—Dx
= 21—-———-—%_1 0 < x <)
k=

ENE]

Ecan uepe3 S(x) o6osnaynte CyMMy nociensero psaga, 1o S (0)=S§ (z)=0.
Wamenas 3mak x, aas nmpomexyrka (—m, 0) mo HeyeTHOCTH CHMHYCa Halje,

yto S (x)=— %;— ; LA NPOYHX e 3Ha- 9‘

yenn#t ¥ cymma S(x) monyyaercsa mo t —~—

3aKOHY EPUOJHYHOCTH, TaK YTO, B YaCT~ — — %

HOCTH, A1 npome)xym; (2=, 31:) CHOBA j’z 7z, iﬂ A oz
k17

S(x)=-z, u T. I Ipadux ¢ysxuuu Puc. 1.

S(x) usoGpamen Ha puc. 77; pucy-
HOK 78 XapaKkTepusyeT NMOCTeNcHHOEe NPHOMMKEHMEe K 9TOH paspuiBHOH QyHKIHH
YaCTHYHBIX CYMM psfa.
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(406

3avevanve Ecis nomoxure B paccMaTpuBaeMoOM Da3noMeHHR x=;;.'
TO NOAYYHM Yxe H3BeCTHHHA Ham pax Jle#iGuuma [n° 255, (20)}

w 1 1 1
T=l—gt5—7+ .-
¥
=
P
=l T\ &
\_/
¥

-
- .

i) Z

-~ LN Lo P
T=l " e’ o T %

Puc. 78

Covyeras nonyyeHHoe 31eCh PA3NOKEHHE € PANOWKEHWEM B 1), merko npu#ity
K pany ana Gysxuun

[es]
x=2 2 (—1)""i1—nni-x (Fra<<x <)

n=1
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HenocpencTeenno Munl monyyaem ero aumb aaa 0 << x <<, HO PaBEHCTBO ABHO
¥MeeT MecTo Jaa x =0 H, KpoMe TOro, o6e ero YacTH, OYEBHIHO, NPEACTABAAIT
HeueTHH € OYHKIMH, TaKk YTO OKOHYaTelAbHO pAa3NOXEHHE OKa3nBaercsa
BEPHBIM Jas BCErO NMPOMEXYTKA (— =, m).

¥ /,
7/
///
I/ /
/Zrt = 7 b4 % I X
'd
//
/
4
Puc. 79.
y
—77 7 +7 &z
Puc. 80.

Fpaguk cyMMH pafia MpH M3MEHEHHM X OT — oG JI0 -} 0O AerKko ce6e mpef-
craButb no puc. 79. Ha puc. 80 npuBeNed rpaduxk vacTHYHOA CyMMbI

. sin 2x , sin3x sin4x , sinbx
y=s; () =2 sinx— L= 4 ST SPE :
2 3 4 5
3) Pasnomuts:
(a) wernywo o¢yskumo f;(x)==cosax mno KocuHycaMm B [—=, =],
(6) HeyeTHY 1D QyHKUUO f3(x)=sinax No cuHycaM B (—m, =) (uu-
ClO @ 37eChb NPELNONAraeTCa He I e J bl M).
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(a) Mmeem

kg
1 1 sin ax
w0 =-— \ cosaxdx=——
2 T an
0

ko
2
@p==—-\ Cosax cosnx dx =
0

T
=1 _ . 20  sinax
_?S[cos(a+n)x+cos(a—n)x]dx_ (1)
0
TaK uTO
T COS ax a cosnx
2 siman 2a+ 2 =1 @—n (—r<<x<m).
(6) Omegem:
; 222: 2 = 1)"n smnx (—r<x<m).

3amevyanue OTMeruM nomyTHo, yTo mpu x==0 u3 (a) moayyaercs:

1
sinan +2 21( b (mr)‘*’ (m:)’
HIH, €CIH NOMOXUTh am==2:
11, N 2
snz _ z + Zl =1 28 — (nm)?
1, %, wal 1 1
=_z—+ Zl =1 [z—nn + z+mc]

(3nech z -—moGoe yuCHO, OTAMYHOE OT KPaTHOro m). Mu NpUmAM K ¢pa3noxe-

HHIO Ha TMPOCThie APOGH> GYHKUMM

B n°293, 3° u 308, 1°). Moxaras xe B (a) x==m, MOXHO NOAYYUTH <PA3TOKCHHE
Ha IpocTele APOGH» (QYHKUMH Cig 2:

ctgz=-1;+n§1'zg__2—inn)g'=%+n§l [‘5__1—,11?"‘ z-[-lnn ]

4) PasnoxuTh QYHKUHIO

(KOTOPEIM MBI yXe I0Ib30BANHCh

r=5-"%

no KOCHHYCaMm B mpoMexyrke [0, «].
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Jlerko BhyncauTs, no gopmyaam (16):
k3
g _ 1 ( (2 _nx »
2—ngh—50“ ]
0
¥ Ianee (NBawIbl MHTETPHPYA IO HACTAM)

kd
o =2 (27 dr—=
n = I Cos nX dX =
0

I
[

2

2 (x” nx) sin nx
n

s 1f .
3 5 S(x—fc) sin nx dx =

o n=
§

T

l

T
’—1-}—_‘: (x —=) cosnx l:—-t—l:—;S cosnxdx:;}, (n=123..)
¢

Paanoxenne

o]
X2 wx x? cos nx
TRt 255

n=1

BhiBelleHHOE Jaf nmpomexytka [0, =], Ha jeme HMeeT MecTO Jaxe B NpoOMe-

xyTtre [0, 2}, mockoabKy o6e YacTH PaBEHCTBA He MEHAOT CBOEro 3HaYeHWA NpU

3aMeHe’ X Ha 2n— X,

- 3aMevyAaHnE Ecau nonoxurs 3gece x=0, TO NOXyYHM 3HaMEHHTHH pAL
aepa

407. PasnoxkeHHe HenpephBHOR GYHKIHE B PRJi TPHFOHOMETPHYECKHX
MHOTO4YJEeHOB. [Ipy XOKasaTeibCTBE TeOpeMbl O pa3nomeRuH B pag Pypove
[0°402] MH—ZII8 HPOCTOTH — OTPAHHYHAMCH KYCOUHO-NH(EpeRIpyeMbIMH
¢yakunamu. Ha pene xaacc QyHKuuH, NONYCKAaOMUX TaKoe PasioXeHwe, 3Hayu-
TeAbHO IIMpE, HO BCE de B HEro BXONAT He BCe HempepuiBHEE (yHKUUM C Te-
puogoM 2n! [CM. n°424.] B HexkoTopoM CMbICAE 37leCb CO31aeTca NONOXeHue,
CXOJHOE C TeM, O KOTOPOM Gblia peub B n° 278 M0 OTHONMIEHHWI0 K Pa3foWEHHIO
(GyHKUNH B cTemeHHOH pan. WV mapagy c (u3noxennolt Tam) TeopeMol Beitep-
LITpacca O Pa3nO¥EHHH HPOM3BONLHON HeNmpepLIBHOH (YHKUHH B PaBHOMEPHO
cxomsmuicas pag M3 adreG6panyecKHX MHOTOYIEHOB, TEM Xe aBTOPOM
Obiia IOKa3aHa W BTOpasg TeOpeMa — O PasNOoXEeHHH NPOH3BOJAbHOH HENpephHBHOH
(YHKUHM C NepUoNoM 2n B PaBHOMEPHO CXOAAIMHCA PAX M3 TPUTLOHOMe-
TPHYeCKHX MHOTOWIEHOB, T. €. U3 CyMM BHIa

m
A+ 3 (A cos kx - By sin kx). (23)
k=1

Takum 06pa3soM, KaK H Bhiule, paciIMpeHHe 061acTH NPHMEHHMOCTH Pa3loMEHHA
JOCTHraeTcs 3a CYeT YCHOXHEHHs XapaKTepa CaMHX YN E€HOB paslomkeHUA:
BMECTO ONHOWACHHHIX BBIPAMKEHHH NPOCTOro BHAA MOABAAIOTCA MHOLOYJAEHHBIE
CYMMH HX.
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Bropyio Teopemy Beftepmrpacca Mw, Kak u nepsywo, chopMmyaupyem Ha
A3blKe MocaeNoBaTeNbHOCTelH:

Teopema Bediepumpacca. Ecau ¢ynxgqua f(x) Henpepwisia 8 nporme-
ocymre [— =, ©] & umeem nepuod 2mu:

fl=m)=f(m),

mo cywecmsyem noCAe008amMeAbHOCHd  MPULOHOMEMPUIECKUX MHO204AEHO8,
KOMmOpas 8 3MOM NPOMENHCYMKE PABHOMEPHO cxofumces k f (x) *).

Haunem nokasaTenncTBo TeopeMmhl ¢ IPOCTOrO 3aMe€ 4 aHH A, YTO HPOU3BE~
JNEHNE JIBYX TPHTOHOMETPHYECKMX MHOrouneHoB Tuma (23) Toxe MOXeT GHTH
NPENCTaBICHO B BHAE TPHIOHOMETPHUYCCKOrO MHOTOUAEHA, JTO HENOCPENCTBEHHO
CleNyeT M3 TOTO, YTO BCEBO3MOMHHIE IPOU3BENEHHA —

cos kx . coslx, coskx. sinlx, sinkx. sinlx

TI0 W3BECTHHIM GOPMYNaM TPUTOHOMETPHH — HPEACTABAAIOTCA B BHAE TAKUX MHO-
TOYIeHOB, HampUMep,

cos kx cwlx:% cos (k1) x +—%~ cos (R— 1) x.

Teopema Gygmer NOkasaHa, ecid Mbi YCTAHOBMM, 4TO Iad JN0GOro umcHa
€ >0 natinerca Tako TpuroHoMeTpHYecKH i MHorowaed T(x), uro mad
BCeX X B mpoMexyTke [— =, =] Oyner

[F)—T)| <e (29

910 Nerxo yCTaHOBWTb RIS Cayyasd Yemuoii yaxyuu f(x). Ucnonsays nep-
By Teopemy Beitepmrpacca [n° 278], Mu npexne Bcero moCTPOMM TAKOM a AT e-
Opamvecknl mMporovwied P(f), yToGul 19 BCCX 3HAYEHHH { B NPOMEXYTKE

[—1, 1] 6ua0
| flarccos £) — P (t) | << e ¥*).
IMonaraa sgech £==cosx, rie 0<Cx<<w NOAYYUM 1A BCEro STOro HpOMe-
WYTKA
| F{x)—P(cos x)|<e.

Bauny werHocTH QyBKUBH f(X) M cOs X, STO HEePaBEHCTBO COXPAHMTCA M TpH 32-
MeHe X Ha —.X, T. €. 6yJAeT BHIIOJHATHCA A BCEX 3HAYEHHH X B IIPOMEXYTKe
[—m, ], a B cuny neprognyHOCTH — M BO BCeM mpomexyTke (— co, -+ co). Tak
KaK-—TJ0 3aMeyaHHI0 BHayane -—Bblpaxenne P (cosx) MOxeT OHTh HAaNHCAHO
B BHIE TPHIOHOMETPHYECKOTO MHOTOYAEH3, TO IIs PaCCMaTPUBAEMOrO Cryyas
Hame YTBepXIEeHHe ONPABLaHO.

OGparumca Tenepb K oGIieMY CRYYAI0 — NPOU3BOAbHOL Henpepvi8uoil yrK-
yuu f(x) ¢ nepuodos 2x. Has ueTHnx (yHKuM

fl (x)=f(x) +2f(—"x) , fs (x)____ f(x)"'zf(—x)

10 JIOKAa32HHOMY, CYHIECTBYIOT TaKHe TPHTOHOMEeTpHYeckne MHorouiexs T, (x) H
T4 (x), uto

O —TiW <, A®~=Ti(I<7  (—o<x<to).

« sin x

*) Mot 6yzem npemcraBaaTh ce6e (YHKUMIO f(x) NMePHOTMYECKH pPacipo-
CTPaHEHHOH Ha BeCh MPOMEXYTOK (— 00, -+ CO).
#*) Hanomnnw, YTo 3HaueHUa arccos ¢ 3aNOAHART NpoMexyTok [0, =)
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Orciona caepyer
|fisin®x—T,- sin’x]<f-, |fosin x— Ty - sinx|<-%,

a 3aTeM, eCIM CAOXUTL 9TH HEPABEHCTBA:
N €
[f(x)« sin®x — T, (%) | < =, (25
rne T, (X) ecTb TPHrOHOMETpHUECKHHl MHOrouaeH

Ty=T,- sin®x+ T, sin x
[cm. 3amevanne].

[MonoGubM xe 06pasoM 1 Lia HYHKIHE f (x + —g) HallleTCA TPUrCHOMETpHYE-
ckuii MHOrounen T (x), Taxoft, yto

lf(x+%).sin’x—T,(x)|<-;—.

T
3avenssi 3XeCchb X Ha X—5 B o6oanavas yeped Ty (x) TpuroHoMeTpuyeckhit

MHOTOYAEH, KOTODHHA npu 5ToH 3aMeHe moayuutcs u3 Ty (x), Hafizem, 4TO
1£(x)- cos’x——-T5(x)l<%. (26)

Hakonen, ua (25) u (26) cnoxenueM nmoasyuum (24), nonaras T==T,+ Ty Teo-
pema JOKa3aHa.
MoxHO chopMyaHpoBaTh 3TY TeOpeMy M Ha Asbike psajo [cp. n® 278]:
Henpepoignas gyuxyus f(x), ¢ nepucdox 2z, mozcem Ovmb pa3LONCEHAE
BPABHOMEPHRO CXO0AuUlicR K Rell psd, cOCmOsuuil u3 mpu2oHoMempuie-
CKUX MHO2044€HOE.

§ 3. UHTETPAJI ®YPBE

408, Unrerpan Pypbe Kak npeleabHbifi caysaht paga Pypbe. Mu xotuM
BOCHPOM3BECTH 31eCb B CYLIECTBEHHHX YepTax Te 3aMeyaTeibHHeE MO HX 1po-
8payHOCTH, XOTA ¥ JWHICHHbie CTPOrOCTH, COOGpaXEeHHd, KOTOpPbie INpPHBEIH
dyphe K ero HHTErpalrpHoH dopmyre ¥).

Ecan ¢ynxuns f(x) 3anaHa B KoHeyHOM npomexyrtke [—/, [}, To npu onpe-
IeNEHHHX YCNOBHAX, KOTOPHIE HAC 3feCh He HHTEPeCYIOT, ee MOXKHO NIPEeACTABHTH
B 9TOM NPOMEXKYTKE TPUrOHOMETPHUECKHM PANOM:

[oe]
a mnx . mmx
f(x)=—2—°+ 2 2y cos—-l——+b,,,sm 5
m=1
rae
1 J 1 ' mru
am=t \ @ s B2au,  bp= | f@ sn T au
iy -1
(m=0,1,2,..) (m=1,2,..)

%) d1a dopMyaa, HeaaBhcuMO oT Pypbe, Gnina momyuena u Kowm.
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lcM. n°® 404). TloxmcraBaas BMecTO KOI(PUUMEHTOB @, W b, WX BHPAXEHHUA,
MOXHO nepenucaTb pap B BUIE

L o

F)= o7

© 1
f(u) du+ 2 —lI—S Fu) cosmlf(u—x)du. 1
m==1 -1

-~

Tycts Teneps Gynkuus f(x) 6yner ompeneneHa BO BCeM GECKOHEYHOM NPO-
MexyTKe (— o, -+ 0o). B aToM cayuae, KakoBO 6l HH 6BIO X, COOTBETCTBYIOIIEE
3Havenne f(x) Belpasurcs pasnoxenneM (1) mpu aw6om [>|x| Ilepexons
3lech K mnpeneny mpH [-— -}-co, NONbLITaEMCA YCTAHOBHTb <HpejelbHYI0 Gopmy»
5TOr'0 PaslNoXeHHu.

[Ipo nepsnift unen mnpaBolt yacTy paBencrBa (1) ecTeCTBEHHO CUMTATh, UTO
o cTpemutca K Hymo *). O6pamasch e K GeCKOHEYHOMY PsLY, Mbl MOXEM

mn
paccMatpuBaTh MHOXHTEMH T MO BHAaKOM KOCHHYCa KaKk JHCKpCTHbie 3Ha-

YCHHUA

7 2% mmn
21'—“—7, Ry == 7 ...,Zm—-—‘T,...

HeKoel NepeMeHHON 2z, HenpPepHBHO MeHAoWEHCA OT 2,=0 f0 -} co; npu 9TOM
npupatieHne

A m
Zm == Zmi1 = Zm =

OYeBHJHO, CTPEMHTCA K HyMo nmpH [— - co. B 3Tux 0603HAUEHHAX Ham PAL
Nepenumerca Tak:

[~ l

1

- 2 Azyy Sf(u) €os 2, (40— x) du.
m=1 -1

OH HanOMHHAET WHTErPanbHYIO CYMMy AAa QYHKIUH

-+ o
1 S S (u) cosz (u—x)du

T
~— 0

or z B npomexyTke [0, -} co]. Iepexons k mpexeny npu I — -+ 0o, BMeCTO pana
FIONYYUM MHTErpaji; TakKMM INyTeM W TPHXOAHM K HHTErpanbHoit (opmyae
Dypbe;

o]

+ o0
1
f(x)=—ﬂ— dz f(u) cosz (u— x)du.
f«

*_)-}_31'0 CTRHOBUTCA OYECBHUIHBIM, HAallpUMEp, €CIAH IPERANONOXHUTH, YTO HHTE-
o]

rpan S f(u) du cxopurcs,

-0
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Moxno npencraBuTh 9Ty (GOPMyny, pacKpmBas BEIpaXeHHE KOCHHYCA pas-
HOCTH, U B BHIe
o0

Jx)= § [a(z) cos zx -+ b (2) sin zx] dz,

rae
o0

1 17
a(z)=? S f(u) cos zu du, b(z):F Sf(u)sinzudu.

31ech CHO OOHAPYXMBAETCA AHANOTHA C TPUrOHOMETPHYECKHM DA3MOKEHHEM:
IUWb DapaMeTp m, DpoGeraoIMH pajd HaTYPAaAbHEIX 3HAYEHWH, 3aMeHeH 3jech
HeNPepHIBHO M3MEHAIOIMMCA NapaMeTpoM 2, a GeCKOHeyHbH PsJ — HHTErpPaioM.
Kospduuuentol a(z) u b(2) Takke 0o CBOEH CTPYKType HAMOMHHAOT KOIP@H-
mueHTH Pypee.

KoneuyHo, Bce 9TH coo6paxeHHs MMEIOT XapakTep NWIUb HaBeleHUs; Jefi-
CTBUTEIbHBIE YCIOBMA CNpaBeiauBoCcTH GopMyan Pypbe eure moinexmar BhiacHe-
Ku0. Ho n npH nposeneHMH CTPOTHX pacCys’ieHHH Mbl GyHeM ClefoBaTh OCHOB-
HbIM 9TamaM paccyxeHnl, cBA3aHHHX c paiamn Pypbe.

409. NipeapapuTeNbHble 3aMedanusi, OMHOCUMENbHO g’gmxuuu f(x) npeo-
n0A0JCUM meneps, Ymoe 1) OHG KYCOYHO-HENpepbiena & KaHCOOM KOHEYHOM npo-
MedcYymKe 1 2) a6CcOLIOMHO UHMESPUPYeHB 8 BECKOHEHHOM NPOMEdNCYmKe
|—o0, 4-co]. B stom npemnmonomenun paccMOTPUM HHTErpan

1 A 4o
J{A)y= - dz F(u) cos 2 (u—xp) du,
L)

rme A ectb NPOM3BOJNbHOE KOHEYHOE TIONONKHTEAbHOE YMCHO, a X,— JoGoe
¢uxchaposanHoe sHayeHHe Xx. DTOT HHTerpal NpPeNCTaBiAseT aHANOr YaCTH Y-
HOH cymmu paga Pypee: u3 Hero uurerpan ®ypse

+ o0
3
ERR

0

noxyyaerca B mpegnere npa A-— -+ co.
Tpu m06om xoneyrom B >0, no reopeme 4 n° 298, Gyxem uMeTh

A B B A
s‘dz Sf(u) €0s z (u— x,) du= Sf(u)du S‘cosz(u—-xo)dz:
v B ] b

]
dz S S(u) cos z(u—x,)du 2)

B .
= SB sy =) g ®)

D710 HemMOCpPeACTBEHHO CHEXyeT M3 YHOMAHYTOR TeopeMsl, ecid (YHRUUA
f(u) B npoMexyrke [— B, B] HempepsiBHa, B NPOTUBHOM CIyyae TeopeMy MpH-
110Ch OBl MPUMEHHTb, B OTAEJbHOCTH, K KAXIOMY M3 TeX IPOMEXYTKOB, B KO-
TOpHIX (YHKUHMA HEmpephBHA.

Ho wunterpan

+ o0

S F(u) cosz(u—xg)du 4)

-— 00
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MAXOPHPYETCAa CXORAMIUMCA N0 NPEANOAOXKECHHIO MHTErpaioMm
4 oo
§ 1r@1au
-0
#, CJIeNoBaTeNlbHO, CXONWTCA PAaBHOMEPHO OTHOCHTEIbHO 2 (Kai( npu

u==- 0o, TaK U IPU ##==— CO) AAA M0GOro HpPoMexyTKa ero spaueHuit. Taxum
06pa3oM, HHTerpan

B
Sf(n) cos 2 (0 — x,) du
-B

npu B — -+ co cTpeMuTca k cBoeMy npexneay (4) p aBHo M e p H 0. Tlostomy, nepe-
xois B pasenctse (3) k npeneny mpu B — - co, B MHTerpare ciepa npekeib-
HH Nepexol MOXHO BHIOIHWTh MOJ 3HAaKOM MHTerpauia [Teopema l
n°286] ¥). Orcoza nas J (A) noasyyaercs BHpakeHWe B BHAE MHTerpaia

te
J(A)=71=- S foy 22— %) ﬁ_(_l_‘;;x") du,

HanoMuHaowero unterpan Hupuxse [n° 399] u, B KeHcTBATETBHOCTH, HIPAIOIIErO
TaKY10 Ke TOYHO POAb. DAEMEHTAPHBHIM NPEOGPa30BAHHEM ero JNerKO NPHBECTH
K BHLY

+ i
J=5 { f ety o=
=%§UWﬁﬁ+ﬂ%—m@T%L ®

Jna nanbHefimero M3fodeHWA HaM NMOHaNOGHTCA Cienyoilee OUeBHUAHOE HO-
noxHenHe K OCHOBHOM nemMe n° 400:

Ecau dynxyus g (t) KycoUHo-Henpepuisna 8 Kaxc0oi KOHe4HOll wacmu npo-
Mesxcymxa [a, +co] u abcoromrO uRmezpupyema 6 3mor OecKOHEUHOM
npomesicymie, mo

- 00

lim Sg(t)sinptdt.—:()
p—~too o
{paBHO KaK B

-+ o0
lim S & (t) cos pt dt =0).
p—+too 4

JeiicTBATENbHO, 3aNaBIIHCh NPOUSBONLHLIM YHCAOM € >0, MbI CHavana BH-
Gepem A croab GOJbIIMM, YTOGH OblIO

~+ oo
e
| lewia<s,

A

#) Cp. Teopemy 4 n°305, roe RORUHTErpalbHYO GYHKOWIO MbI npeinona-
rajy HenpepuiBHOM. 3/ech Mbl TakOro NPeANONOXEHHA He AedaeM.
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a 2HAYUT H NMOJaBHO
- 00 + 0
[j ewsnptar|< { 1ew)at<sy,
A

¥ NPUTOM ~— KakoBO OHl Hu GbIIO p. A 3aTeM, K HMHTErpany

A
Sg(t) sin pt dt
a

NPUIOKUM HENOCPEACTBEHHO demmy n°400, Tax uTO AAd KOCTAaTOYHO GOJBIIHX P
6yner

A
I Sg(t)sin ptdtl<-;—;
a

LA TEX ke 3HauYeHuH p, OYEBHIHO,

[oo]
”g(t)sinptdtl<e,
a

YTO M TPe6OBaNOCh NOKA3ATH.

410. MpeacraBnenne QyHKuUHH uuTerpaioM dypne. Cosepuenso anaro-
THYHO TeopeMe n° 402 H 34eChb MMeeT MeCTo

Teopema. I[Tycmy Pynrgus f(x) Kycouno-duddepenyupyesma 8 KoM
KOHEHHOM npoMedicymie u, K MOMY Jice, & 6¢ 0 210 M H O UHMEZPUPYeME 8 npo-
xexcymre [—oo, + ool Toz20a 8 xasxiQoii mouxe x=x, ee unmezpar Pypve
cxofumess u umeem 3nayenue

s Lot 0) £ (x—0)
o= 2

(xomopoe, ovesudno, obpawjaemess 6 f(X,), ecau FYHKHUK 8 mMouKe X ==X,
Henpepuena).

OKA3ATENBLCTBO, YMHOXNB 06e YacTH pPaBeHCTBA
o

1=1§SinAtdt (A>0)

T t

In° 293, samevanme; n° 308, 2°] ma moctosmmoe wHCIO S, BHUTEM PE3YAbTAT
NoyneHHo u3 paseHcTBa (5); MH NOAYYHM

J(A)—so=%§ I (o )7 (e a—B—F (- 0—F (x0—0) L ar. (5)

BasB nmocrosnnoe yucao h>0, nepenuineM HHTErpanx sToT B BHAC

h .

[e2]

+;‘!_§f(xo+t)'i'f(xo—'t) smAtdt——gg‘ls sin A¢

7 dt.
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Crpemnenrie K HymXo Opn A— oo IepBOro WHTErpana yCTaHAaBIMBAeTCA TaK e,
KaK M Npu JoKasaTeabCTse Teopembl n° 402. Bo BTopom muterpane npoGHoe BHpa-
JeHHe, BMecTe C f, NpPEACTaBJAeT KYCOYHO-HENPEPHBHY QYHKUMIO B mOGOH
KOHeYHO#l yacTu mpoMmexyTka [/, oo]; k ToMy e 9ta ByHKUMA aGCOAOTHO HHTE~
rpupyeMa B Ha3BaHHOM npoMmexytke. CnexoBaTeNbHO, IO 3aMEYaHHMIO B KOHIE
Opefnyiero n°, ¥ BTOPOH HHTerpal HMeer nNpu A — co npegenoM Hyns. Ha-
KOHel, mojarad B NocCleHeM MHTerpaie Af=z, NpuseleM €ro K BUAY

25, ( si
_ Sos szdz,
n z
Ah

TaKk YTO M OH Npu A— oo crpemutca K Hymo. OTCIONA 3aKIIOYaeM, YTO BHIPa-
HeHHe S(G) npy A-+co HMeeTr NpejieaoM Hyab, T. €. CYLIECTBYET HHTerpaa (2) #
paBeH S,.

411. Paznnunnie BHAbl ¢opmyant Pypbe. Ilpennonaras BeIOIHEHHHMH
YKasaHHbIE BHIIIE YCHOBHSA NPUMEBUMOCTH (opmynn Pypbe, Gymem cynTaTh HIA
NPOCTOTH, YTO B paccMaTpHBaeMo# Touke X (yHKuuA f(x) HempephiBHA HiH,
€ClIM Pa3phiBHA, TO YAOBIETBOPSET YCIOBHIO

TOP}Ia BO BCAKOM ClIyyae HMeeMm

1+oo -+ o
flx)y=— § dz Sf(u) cos 2 (4 — x) du. M

Beuny Toro, uro BHYTpeHHMH HMHTErpan sBHO NpeNCTaBAseT COGOH YETHYIO
(QYHKNMIO OT 2, 3Ty QopMyny MOXHO NMepenucatb M Tak:
© 4o

1
F)=5 §dz Sf(u) cos z (. — x) du. ®)
-0 -
Jlerko moxasarh fHaXee, uTO HpH cledaHHHX B n° 410 o6mHUX NMPEANOAOXEHHAR
OTHOCHTENbHO QyHKUUM f ("f}). CYHECTBYET M HHTErpax
2]

S S () sin z (u— x) du. 9
-_0
JTOT MHTErpam, X TOMY e, ABNAETCA HeNPepHBHOR (QYHKUMEH OT 2 ¥, OYeBHIHO,
HeYeTHOH.
BooGme rosops, mas 3Toif (YHKUHM yiKe Heldb3s PYyYaThCA 32 CYIIECTEOBA-
Hie HeCOOCTBEHHOrO HHTerpaja OT — oo H0 - oo.
B cayyae, xorma naa KakoH-HuGYnb GYHKUMHE ¢ (2) He CYWECTBYET HHTe-
rpaira or —co 0 -+ 0o, T. e. Npefena
N

lim S ¢ (2) dz
M- 0
N—-w —-M

npun He3aBucuMOM crpemiesut M u N kK 6eCKOHEYHOCTH, MOXET OKa3aThCA
CYNIECTBYIOIULMM NpeLen, oTBeYalomuii YaCTHOMY npexnoloxesnio M=N.
Tako#t npemes, caenys Kowiw, Ha3biBaIOT 2AABHLIM 3HAYERUEM URMEZPAAd W
o6osnavaror 6ykeamu V. p. (Valeur principale)

+o0 A
V. p. S ¢ (2)dz= lim S 9 (2) dz,
M—bOO._M



411} § 3. MHTETPAJT $VPLE 405

Ecny ®HTErpan CymecTByeT B COTACHH C OGBIYHHIM ONpelelcHHEeM HecoGCTBen-
HOrO MHTerpana, TO OH, OUeBH[HO, COBMNANAET C €ro I'IaBHBIM 3HAYEHHEM.
Bpuny meyersoctu dynkuuu (9) or z, 6yaeM HUMeTb

M + o0
S dz Sf(u)sinz(u-—x)duzo,
—M —o

n B mpeaese npn M— co ToXe noayyumrcsa Hyab. MTak, Bo BCAKOM Cayuae

4o 4o
V. p. S dz S f(u)sin z (u— x) du=0.
-0 — o0
YMHOXKas 3TO PaBEHCTBO Ha 2—1 B CcKaazbiBas ¢ (8), mpugeM K COOTHOMIEHHIO
1 + +
fo=g § & | rwesesa, (10
-~ 0 - 00

IIe HADYKHHIM MHTerpal NOHWMaeTCA B CMHICAe TIaBHOrO B3HayeHHa. B sTom
Bune dopmyna Gelaa BuepBbie npexacTaBneHa Komm.
Bosspamasce k ¢opmyae (7), HanumeMm ee B BHIE

1 N
f(x)=—n— cos 2x dz Sf(u) cos zu du -~

~+ 0
sin zx dz s. f(u)sin zu du.

-0

e

St 8 Sy Q

Ecau f(u) ectb we THaa Qynxuua, 10

+ o0 (=] + 0
S f(u) coszudu=2 g J(u) cos zu du, S S (u)sin 21 du=0,
o o —
H MH NOJYYHM YHPOLIEHHYI0 (OPMyny, COAEPHAILYIO JHUUIb KO CHHYCBL
[eo] (o]
f(x)=% g cos zx dz s‘f(u) cos zu du. (11)
P .

Ananornyno, B ciyyae HeyeTHON ynkuun f(x) Mu npuxoguMm k dopmyne,
copepaued UMb CHHY C B

F== § sin 2 dz.\ f (u)sin 2u du. (12)
b

Mycts Teneps Qynxuua f(x) samana aumb B npomexyrke [0, - oo] u ymo-
BIETBOpAET B 9TOM JIPOMEXYTKE YCIOBHAM, AHANOTHYHBIM TeM, KOTOpHIE paHbile
Oblny IOCTaBAEHBI N0 OTHOIIEHMIO KO BCEMY NPOMEXYTKY (—- oo, - co). Torna,
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pacnpocTpanas GyHKuuio f(x) Ha npoMexyTok (— co, 0) ¢ NOMOmBIO PAaBEHCTB
(x> 0):

f(—x)=f(x) wam f(—x)=~—f(x),
MH NOTYYHM B NEPBOM CJyyae YETHYIO, @ BO BTOPOM—HEYeTH Y10 QyHK-
HHI0 B NIpoMexyTke (— co, - o). Jlus NoNOXUTeAbHHX 3HAYEHNUH X Ml MOXEM,
TaKKWM 06Da3oM, MOABL30BaThCA Kak opMynolt (11), tak u dopmynoi (12).

Ecaun B Touxke x =0 npeanonoxuts Gysxumio f(x) HenpepnisHOH#, TOo dop-
myra (11) ¥ B 9Toff Touke nNpUNOXHMa, HGO NPONONAEHHAA YETHHM O6DPaZOM
(YHKUNR COXPaHUT 31eCh HenpephiBHOCTh. Popmyna xke (12) Boo 6w e B Toyke
x==0 HenpuioxyMa: OHa BOCNPOM3BOZHMT 3Havenue f(0) aumb B TOM Cayuae,
€C/H_9TO 3HAYEHHE €CTh HYb.

3TH coo6paxeHusa BNOMHe aHANOTHYHW CKasaHHOMY B n° 405 o pagax Pypse.

412. Ilpeo6pazoBanne Pypbe. Ilpy Hamux npexanmodoXeHUsX (opMyna
Pyppe (10) HMeeT MeCTo ans BCEX 3HayeHH# x B NpoMemyTKe (— 0O, -+ CO).
91y dopmyay MoxHO ceGe NpeACTaBHTb, KakK CYNEPNO3ULHIO TAKUX ABYX QOpMYy:

+ +
F(z)=712__; S £ () el da, f(x)=VL2_n S F@)eldz®,  (13)

Pyuxyus F(z), conocmasaneman no nepsoii dopmyse dynkyun f(x), Ha3u-

saemes ee npeobpasosanuen Pypve. B cBow oyepens no Bropoh dop-

myae o&yekuna f(x) seasemca (06pamHum) npeobpazosanuen

@ypbe (passuua B 38ake npy {1) aaa Gynxnun F(x). 3amernM, yto dyukuus F

6yneT, BoOOUIE rOBOPA, KOMIIEKCHOM Jaxe NPH BEHECTBEHHOR f, BOpoueM,

MOXHO Oho OB 31€Ch M MCXOAHYI0 (PYHKUMIO f NpeXNnofOXUTh KOMIIEKCHOH.
Pasencrso

1

rae ¢ynxuns f(x) LaHa, MOXHO PaCCMAaTPHBATb, KAK URME2POALHOE YPOSHEHUE
OTHOCHTENbHO HEe M3 B e CcTHOMK Qynkunna F (2), crosiefi NOA 3HaKOM HHTerpaia.
Pemenne ypaBHEHHR focTaBageTca Gopmyinol

-+ 00
F(2)= %2_” S f(u) e¥%® du,

ECTCCTBEHHO, 3TH paBCHCTBA MOXHO M NIIOMEHATH POIAMH.

O6parumcst Tenepp k ¢dopmyre (11); ona BHNONHAETCA AAA BCEX NONOXU~
TeJAbHBIX 3HAYeHWH X, H €e MOXHO NnpenCcraBUTh, KakK CYNepno3nuuio AByX —
Ha STOT pa3 BEUIECTBEHHHX H COBEPHIEHHO CHMMETPHYHHIX! — QopMya

Fo(2)= ‘/g § f(u) coszudu,

]

l
e b (14)

f(x)=]/-—12? § F, (z) cos xz dz. l

]

#) Mocaensuit muTerpad, eCIM CHENaHH JWIIb T€ NPEANONOKEHHUA OTHOCH-
TenbHO f(X), O KOTOPHIX Oblda Peynb Bhilie, MOHAMAETCA B CMHIC/HE &IAaBHOIO
SHAYEHHA?.
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Ampanoruyso u dopmyna (12) moxmer GumTh pasnoxesa Ha JBe:

Fs(2)= .‘/—% S f(u)sin zu du,
i

fo= V% § Fg (2) sin xz dz.

Qyuxyun F (2) u Fg(2) Ha3oi8aiomest, cOOMBeMCMOeHHO, K OCUHYC-npe-
o6paszosanuexn umt cunycnpeobpaszosanuex Dypbe 018
dyuxgue f(x). Kax Buaum, q[;j'nxum f no F; (uan Fg) noayyaerca COBepPUICHHO
TaK xe, Kak U F (Fg) no f. Vnbimu caoBamy, ¢yHkuwn f u F,(Fs) B3auMHO
ABAAIOTCA KOCHHYC- (’cuﬂyc-) npeo6pa3oBaHuAMH. KonlM Ha3Ban napu Qynkuui f
n F, vau f u Fg, cooTBETCTBEHHO, CONPAXEHHLIMA QYHKINAMH IIEPBOrO H BTOPOro
porna. W spech takke kampgoe w3 paBeHcTB (14) [Bam (15)] Moxwuo paccmarpu-
BaTh, KAaK UHMEZpanbHOe YpasHeHue, B KOTOPOM (GYBKIHA BHe HHTerpaza AaHa,
a (YHKUHA NOX 3HAKOM MHTerpaja Pa3HCKHMBAETCA, PelleHHe JaeTca OPYruM pa-
BEHCTBOM.

Conocrapaaa ¢ynxuyn F, F, u Fg MoxHO cKazaTh caefyomee. B cayuyae
yeTHOH ¢ynkuny f(x) umeeM

(1)

F(2)=F,(2)
(na 3mavenna 2<<0 dysxuma F,(2) pacnpocTpaHseTcA Y e T HH M 05pa3oM), a
B Ciyyae HegeTHOH f(x)

F(2)=iF,(2)

(na 3Havenns z<<0 dynkuua Fg(2) pacnpocTpaHseTcAa HeYeTHH M o6pa3om).
B obmeM cayuae dysxknua f(x) pasmaraeTca Ha CyMMy ueTHOH H HeyeTHOH

GynKkuui:
g(x)=f(x)+2f(_x), h(x)___f(x)—zf(’—x)-
Torga
F(@)=G,(z)+iH; (2) ®).

B cea3um ¢ 9THM OGCTOATENbCTBOM JOCTATOYHO OTPAHMUMTBCA NPHMEPaMu
KOCHHYC- H CcHHYc-TipeoGpa3oBanufl.

1) Mycre dyHknua f{x)==e % (a>0, x >=0); Torza ee xocusyc-nmpeo6pa-
3oBandeM Oyaer GQyHKUHA

— -
Fo(x)= ]/%(S e“”coszxdz:l/-% E,_;i———x-,,

a cuHyc-npeoGpasoBanneM — QYHKUHA

)
Fs(x)=]/%$e“’zsinzxdz= %Z,—_EF.
]

*) G;(2) o6GosnayaeT KocuHYC-npeoGpasoBanue paa ¢ysknuum g(x), a
Hj (2) — canyc-npeo6pasosanue pas ¢ynxuuu h (x).
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Tak Kax ¢~2* unterpupyeMa B mnpoMexyrtke [0, co], TO HZOMKHH HMETh,
MECTO ¥ B3aHMHBIC COOTHOIICHHA

[ee]

2a (¢ coszx _

= Vagm =t 20,

9 T asi

zsin zx
—_pax
—-n:—Sa*’—{—zT z=¢ (x>0)
0
i
© o .
€OS X2 n zsin xz T
e (2 = e70¥, g 42 =5 %%,

S a® 2% 2a ! a® 422 2
0 0

Mu yaHaeM B 3THX HHTerpalax H3BEeCTHHE YXe HaM uHmezpaavt Jlanaaca
[n® 308, 4°}.
TaxuM 0oGpasoM, B aule nap GyHxOui

9% 2_8a_ n eax ‘I/l .
’ n 0% x? ! n 6% - x*®

Mbl MIMeeM 3Xecb NpPHMepH CONMPAXEHHB X (G YHKLUHUH Nepsoro U BTOPOro
posa (mo Komwu), Ecam O6n wmurerpanst Jlanmaca Ham He Ghlap H3BECTHHI, TO
H3/M0KEHHAS TEOPHA OTKpPha 6H NYTh K HX BHIYHCACHHIO.

2) PaccMorpuM Tenepb ()YHKIYIO, onpeleleHHYIO paBeHCTBAMH

(1 mma 0 <a

A x= (a>0)

B atom cayuyae
— O —
Fe(x)= l/-% S coszx dz= -l/-% ;smTa)_c.
0

Xenaa ¥ Ha 9TOM npuMepe nNpoBeputs dopmyay Pypbe, HalleM KOCHHYC-
npeoGpasoBaHue 114 NOAyueHHOH QyHKuUH:

o0 .
2 sin az
— \ ————coszx dz.
x, 2

Ecan nepenucarb STOT MHTErpan B BHAE

sin (a4 x) z s (@a——x)2

z 1

TO C€pa3y craHoBuTcs acHHM [n°® 293, samevanue], yTo €ro sHayenue, neitcTBU-
TeAbHO, COBMAajaeT ¢ HCXOXHOH dyHKumein f(x)!
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§ 4. 3BAMKHYTOCTb H MOJHOTA TPHTOHOMETPHYECKOM
CHCTEMbBI ®YHKUU

413. Npubauxenue GyHKuniH B cpeanem. IxcTpemMadbHble CBOfi-
cTBa oTpeskoB psaga Pypve. Ecam mna xaxoft-mubo ¢yuxkuun f(x),
B KauecTBe ee NpuOAMNKEHHS B mpoMexytke [e, b], paccmarpu-
BAlOT JAPYryio QyHKOuo g(X), TO mousocms 3Toro npubamKeHns MOXKHO
OLEHHBATb MO-Pa3HOMY. B OCHOBY, ecTecTBeHHO, KJajeTcd paccMoTpe-

HUE DasHOCTH
r(x)=71(x) —gx).

B Tex cayuasx, Koraa Msl OIWHAKOBO 3dMHTEPECOBAHH B MajioM
OTKJIOHEHHM OJHOM u3 STHX (yHKuUuHM OT JApyro# BO BCEX OTACILHO
B3ATBIX TOYKaX, 8@ Mepy OamsoCcTH NPUHMMAIOT HX MAKCUMAAbHOE OM-
KAOHeHue

3= sup |r(x)|
a=x<b

Ommako uyacTO TMpPENNOYHTAIOT, BMECTO «PABHOMEpHOH» G6/H30CTH
(yHKIMM BO BCEX TOUKAX, PacCMaTPHBATh JWHIb OAU30CTH UX <«B Cpell-
nem». B atoM cayuae sa mepy Gaumsoctd ux GepyT HX cpedHee omK.io-
HeHue

b
8’=b—£—‘-lS|r(x)[dx

naM, uero Mel u O6ylAeM JepwaThCH B MOCAEAyIOmEM, cpednee Kk 8adpa-
muyecrKoe OMmMKAOHEHUE

b
v 1
3 =]/b__a5r“(x) dx.
a

Bmecto sTOrO BHIpaNKeHHd, BIpOYeM, yAoOHee paccMaTpuBath Gonee
TIPOCTYIO BEJIMYHHY:

b
A= S r*(x)dx = — a) 3"

a

OGpaTuMcad BHOBb K PACCMOTPEHHMIO NPOM3BOJBHON OPTOFOHAJdb-
HoHt B mpoMexyTke [e, B] cucrems dyHxmu# {¢,(x)} (m==0, 1, 2,,.)
[n° 389). Ilycts f(x)— sadaHHas B TOM XK€ NPOMEKYTKe (yHKuus *)
1 n— (QUKCHPOBAHHOE HaTypaabHoe uucio. ITocraBuMm cebe Takywo sa-
lauy: u3 ecex Aureiineix womOunayul nepgsx n-+1 dyrxyui ¢

6, (x) = Co%o x) + Ci%1 (%) + cos + Co9n (%) 1)

*) Kak o6biyHO, MBI BC€ pacCMaTpHBaeMbie QYHKIMH, H ¢, H f GyxeMm
CYNTaTh HEMPEPHIBHBIMH HIH — Golee 061I0 — KYCOUYHO-HENpePHIBHLIMH,
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npu npou3sossHom Habope kospguguenmos C, Cy, ..., C, nalimu
my, KOmopas OCYU,ecmeasenm HAUAY4u,ee—B CMHCAE CPEIHero

KBaJIpaTHUECKOr0 OTKJIOHEHUs — npubaugcenue 1 @yniyun f(x). Vinuvu
ciaoBamy, TpeGyercs AOOWTbCS HAMMEHbLIErO SHAUCHUS IS BEJHYMHE

b
b= [ [/ () — au (1)1 dx.

NoacraBus ciofa BMecTO o,(X) e€e pasBepHyTOE BHIPANKEHHE,
NOJIyunM

A ——Sf*(x)dx——2 Y Sf(x)%(x)d)f-l—

m=0 a
+3 C’S¢m(x)dx+2 > CiCa Ssok(xm(x)dx.
m=0 a k<<m

TMocaennss cymMma wHcuesaeT BBHAY OPTOrOHANBLHOCTH Halllel CHCTEMH.
Bsonsi mocTosHHHE

b
A= { ¢h(x)dx
a
u (o6obmenHee) Koaddunnent Pypve dynkumu f(x)
b
1
Cm=1— jf(x) om (X dx,
a
MOXHO MNEpenmucarsh BBRIDAXCHHE HJ4 An B Buue
b n n
=\ fi(x)dx—2 MCrCn+ Y. ApChe
;5 mg() mz()

Yro6x MOA 3HAKOM CYMMH MOJYYHTh MOJHHE KBafpaTh, HYXHO BBECTH
TyAa eme WIEHB Ancr. JI0GaBMB X ¢ IUIOCaMM U C MHHYCaMH, OKOH-
YaTeabHO no.nyun-

A -Smx)dx—— 2 A€l - 2 A (C — )

m=0 m=0

Teneps scHo, 4TO A, AOCTHraeT CBOEr0 HAMMEHBHIET O BHAYEHUS
TOrA3, Korga ofpamiaerca B HyAb NOCJAeNHAA CyMMa, a 510 OyAer npu

Co==¢y Ci=¢y ..., Cp=c¢,
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Taxum oOpasoM, u3 6cex Mrozo04sen08 suda (1) uMenHo ompe3ox
(0600uennoz0) psda Dypse

8 (%) == €49y (%) = €191 (X) - ... -+ €190 (%)

docmasasem sesudune A, nauMeR s U ee BOIMONCHOE DASL Hee 3Ha-
yexue

b n
a,.———Sb[f(x —s@fdr={P@ir— Y lach @

CHoBa Halle BHUMAHWE NPUKOBHBAETCA K Kos(hduuuentam Pypve Kak,
B HEKOTOPOM CMHIC/E, <JyYyulHM» u3 Bcex BosMOxHuX! BaxHo ormeruts
NpH 3TOM, YTO KOI(HUMEHTH, OKasaBIIMECH <JAYYUIHMH» Npu (UKCHPO-
BAaHHOM 7, COXPAHSIOT CBOIO PONb ¥ Npyu OOJbLINX 3HAYEHHAX 7, K HUM
JALIB MPUCOEMMHSIOTCS €lle HOBHE KkOo3¢duuneHTH!

Papenicto (2) HaswiBaloT moowdecmsoxr Beccean. W3 Hero moay-
YaIOTCd HEPABEHCTBA

b
Aty < S £ dx
(i} a

L

n (ecau mepefiTn K mpeledy NpH 71— 0O)
@ b
D Mch< | P ax. ®
m=0 a

310 — Hepasencmso becceas. JhioGonutHo, uto psa B (3) OKaswiBaerca
BCeria cxofamumcd, Kakosa On Hu Onaa ¢yskums f(x) paccMaTpusa-
€MOro KJacca.

IIpu Bospacranunm n semuyuHa §, yOHBaeT, NOCKOALKY B €€ BH-
paxenua (2) A00aBAOTCA HOBHE OTPUUATENbHHE CJlaraemwie. Yem
Gonbumie n, TeM Oauke cCyMMa S,(Xx) <B CpeAHEM» MOXXOMMT K paccMa-
TpuBaeMol QyHkuuH f(x). EcTecTBEHHO BO3HMKAET BOMPOC: MOXKHO
AW 8a CYeT yBeaAnuYeHHd n AoOGHTHCHA CKOJAb YFOAHO
MalOro cpefHero KBaAPaTHYeCKOro OTKAOHEHHH, T. €
cmpemumen s S, k¥ 0 npu n—co?

Eciu 5T0 BHIOJHAETCH, TO TOBOPAT, YTO CyMMa S,(X) CXOAMTCH
K (Qyskmmm f(x) «B cpemueM» (UTO — NOAYEPKHEM 3TO — BOBCE He
NPEANO/araeT «TOYEeYHOH» CXOAUMOCTH S,(X) K f(x) B OOHuHOM CMHCIE
crosa). Us toxmaectsa Beccens sicHO, uTO cxodumocms 8 cpednes cyMMm
8,(x) k¥ dynxyuu f(x) pasnocursra nasusuw pasercmsa [cp. (3)]

© b
Y = S (%) dx. )

m=0
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Dro paBEHCTBO Ha3HWBAETCA ypasreHuesm 3amrxnymocmu. Ecam oHo
BHIIONIHAETCA AAs KaXAOH HempepsiBHOR ¢ynkuuu f(x), TO camoe cu-
cremy {¢,(x)} HasmBaoT 3amKHymol.

414. 3aMKHYTOCTb TPHUTOHOMETPHHYECKOH CHCTeMbl. IIpumenum
Tenepp BCE CKa3aHHOE, B YAaCTHOCTH, K TPHUrOHOMETPHUECKOH cucTeMe
pyHK g

1, cosx, sinx, cos2x, sin2x, ..., cos mx, sinmx, .., ()

B npomexytke [0, 2x]*).
Bmecro cymmnt Buga (1) 8Kecb NpHEETCH paccMaTpHBaTh T PHT O-
HOMETPDUYECKHE MHOTOYJEHH

T,(x)=A4,+ 2 (4, cos mx -}- B, sin mx). (la)
=1

OcyuiecrpisemMoe umn npuGamxenne X Qysaxuun f(x) <«B cpeaHeMm»
XapaKTepuayercss BeJUduHOM

In
b=V () — TP,
0

Kak cneayer u3 ofulero pacCymaeHus, npu (HuKcuposaxHoM n Hau-
MeHbU ee 3HAveHue 3MOY Beiuture 00cmasisent COOHLBEHCMBYI0-
wuii ompesox psda Dypse

n
8, ()= %"—I— Z (@, cos mx - by, sin mx). .

m=1

Camo e HanMeHblee 3HayeHUE BHIDAXKAETCA PaBCHCTBOM
2r
b= V() — sy ()P dx=
0 a2 s "
=\r@ic—={3+ ¥ @+om} @
0 m==1

KOTOpoe ® TpeAcTaBiaser mooidecmso Becceas nns cucrems (5). Us
Hero, Kak u B OOIEM CJyyae, BHITEKAET CXOAUMOCTb psAAa, COCTABJEH-
HOro M3 KBaAparoB kosdouunentos dypve, u Hepasencmso bHeccean

n 2r
4+ Y @tom=<t (P (3a)
0

m=1

*) Ham ynoGxee B panbHefimieM B KayecTBe OCHOBHOIO HMETh B BHAY HMEHHO
npoMexyTtox [0, 2=n].
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Ho nns paccmarpuBaeMoft KOHKpETHOM CHCTEMH TPUTOHOMETPHUECKAX
(GYHKIRE 3TOT pesyJpbTaT MOXKET OWTb yTOYHEH, M BONMPOC, NOCT2BJEH-
HHli B KOHIE NPEAbIAYIIEr0 HOMEp3, pEelaeTcs NOJHOCTbI0. MMeHRo,
HMEET MECTO CJeAyIomas BaXHas

Teopema. Kaxosa 6o Hu ObuiA@ KYCOYHO-HENPEpsiBHAS 8 NpoMe-
acymue [0, 2n] dyurngua f(x) daq Hee

2
lim 8, = lim S [f (x) — s, () dx =0,
0

max 4mo cymma S,(x) cxodumcn ¥ gysxyuu f(x) <8 cpednesn».
VineiMu  cnoamu: 04%  ynomsanymoi; gynxyuu f(x) écezda 8wnos-
HAECMCA YpaGHEHNE 3AMKEHYmMOCmU

e 2T
F+ 3 @t o= rea. ()

INpu mokasarenncTBe Mu OyAeM NO0Jb30BaTBCA OOEUMH DPaBHOCHJb-
HEIMH  (OPMYJIUDOBKAMH B 8aBUCUMOCTH oOT yAoGctea. Mml  nposeiem
JI0Ka3aTeNbCTBO B HECKOJILKO STaIoB.

1°. VcraHoBuM CHAauajta OIHO BCNOMOTaTeNbHOE HepaseHcTBo. Pac-
CMOTpUM JABE KYyCOuHO-HenpepsiBHbie ¢yukuun f(x), f(x), u nycrs
Jx)=F(x)E£F(x). Obosnauas uepTOYKaMu HABEPXy BEJIUUHMHH, OTHO-

cammecd K ¢ynkumsm f u f, oueugHo, Gylem umers
f—S,,:‘-OC—-S,,)i(f——n).
Ws osaementaproro mepasenctea (a5 << 2(a?-}-5% cuaenyer, uro

F—sr<2[(f—s+F — s
a OTcCraa
2r

23 2n
3(]’—sn)wdx<2{5(7'-—'§n)adx+ S(?._?n)‘ldx}. (6)
0 0

Ecan npn n— oo o6a mHTErpana Cmpasa cTpemstcs K 0, TO U uHTe-
rpan cnesa Oyzer crpemutbcss K 0. WHBIMU CaOBaMu: ecau ypasHenue
SAMKHYMOCIMU BLINOAHSEMCA NOPO3Hs 04 08yx ynwuyul [ u_f, mo
OHO Emnoansiemcss u 048 UX CYMMe wau pasrocmu f==f*f. Sror
pesy/bTaT, oOueBHAHO, OyAET CHpaBefyuB ¥ [JA CYMMBl HECKOJBKHUX
(yHKnuit.

#) XoTda pacCMOTPEHMe GIN3KHX K STOMY COOTHOINIEHHIO BONIPOCOB OTHOCHICSA
eme k wavaay XIX Bexa, HO mepBoe CTPOroe KOKas3aTenbCTBO €ro, MO-BUXMMOMY,
6bimo pavo mmmb B 1892 1. ne na Baaae TIyccenom OcoGernHo muoro
8anuMaacs o6mefi TeopHel 3aMKHYTOCTH ODPTOrOHANbHBIX CHCTeM QyHKkuuf H ee
NpUJOXKEHUAMH DYCCKHIt MaTeMaTHK akafeMHK Baazummp Anmpeesuy CTekKI 0B
(1863—1926). Emy npuHapnexuT U CaMblif TEPMHMH <yDaBHEHHE 3aMKHYTOCTH?,
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2°, PaccmMOTpMM Temeps npocTyl QyHKuao f,(x), NpuHUMaoulyio
JHb A Ba SHAYCHHA:

1, em 0<x<<a,

fa(x)={ 0<a<27)

0 — B npoumx TOYKax.

Jins Hee Jerko HEMOCPERCTBEHHO TMPOBEPHTb BHIOJHEHHE ypaB-
HEHASl 3aMKHYTOCTH, ONWPasAch HAa KSBECTHOE HAaM Ppa3joNeHue [CM.
1° 406, 4) u sameuanne]:

0
X2 mx Z cosnx —1
4 2 nt
ne=1

JeticrBurenmbho, Ma Hauwreft (yHKIHH

o

o
1 a 1 1 sinna
gQ=—\dx=—; g,=—\ cosnx=—- :
T T ™ 17 n
0
1 1—cosna
=
n n

TaK 4yTo

o] Lo
a3 2 1 sin® na 1 —cos na)?
S+ Y=t Y STl
1 ne=1

Lee]
o? 2 1—cosna__ of 2 [ma  af a
=mta Zl—T—ﬁ+§[7—T]—?*
ne=
2n

=1 5 [f. ()P dx.

Ouesunno, dopmyna (4a) ocraeTca BepHOH M B TOM Ciyuae, ecan
sHayenne 1 OydeT saMeHeHO NIOOHM APYTrWM NOCTOSHHHM 3Ha-
yeHueM c.

3°. Tycrs f“B x)= fp X)—f.(x) (0<a<B<2n);, nOCKOIBLKY
ans oysknut f, # fﬂ yPaBHeHHe B3aMKHYTOCTH BBHITIOJIHAETCS, OHO BHI-
noanurcd, B cuay 1% @ Bas ux pasHocTH f,,, KOTODad NMPUHWUMAET 3Ha-
ueHue 1 BHyTpu npomexytka [a, B] u snavenne O BHe Hero; H
8leChb 3HayeHne 1 MOXeT OHTL 3aMeHeHO M1060# NMOCTOSHHOMH C.

PaccmoTpum Teneph TNPOMBBOJBHYIO KYCOLHO-ROCMOSKHYIO (DYHKIMIO

f(x)*). TlockoabKy OHa—C TOYHOCTBIO JO B3HAUYCHHH B KOHEUHOM

*¥) IT0 3HAVMT, YTO OCHOBHOH NPOMEKYTOK PasiaraeTcd Ha KOHEYHOE YHC-
50 uacTedl, BHYTDPH KamIOH M3 KOTOPHX (YHKUMA COXPAaHACT MOCTORHHOE
3HayeHue.
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yucxe TOYEK — MOMeT ObiThb NpeACTaBlieHa B BUAE CYMMB HECKOMBKHX
(yHKnuH TOMLKO YTO DPACCMOTDEHHOrQ THWNA, TO M AAA Hee, B cuay 1°
paBencTBO (4a) cnpaBeiJuBO.

4°, TlepexoAs, HaKOHEW, K NPOH3BOJBHOR KyCOYHO-HENpepbsHOL
GYHKHUY, Ml MOXEM CHOBAa — C TOYHOCTbIO JO 3HAYEHHH B KOHEUHOM
uycle TOYEK — PAacCMaTpuBaTh €e Kak cymMy oyHkumit f(x), Kawnas
u3 KOTODHX HENpEpHBHA B HEKOTOPOM mnpoMexyrke [a, B], rae
0<<a<f=<2m, u pasHa 0 BHe Hero. B cmay 1° s noxasareancrsa
TEOPEMH JOCTAaTOYHO YCTAHOBATH CHPAaBEANUBOCTb YPaBHEHUT SaMKHY-
TOCTH A8 /oGOoH (PYHKIHMH STOrO THNA.

Ipeasaputensro npeobpasyeM Heckoabko HepaseHcTso (6). Vimenno
w3 Ttomaectsa Beccenn (2a) — ecau npumeHuth ero K ysxuua f —
fCHO, YTO

2

2n
(S () —5, ()P dx < 5 F (O dx.

ITosromy mepasenctso (6) /mmwb YCH/IMTCH, €CAM HANWCATh €r0 B Buie
2z 2n 2n
OSLf(x)-—sn rax<e{ | rf(x)—a(xnwog Feords}, @)
)

NpU 5TOM MH CUMTaeM no-npewxueMy f= f--f.
Bosspamascy x ¢yHxkuun f, o Kotopo#f peub Onaa BHIUE, MOKAXKEM,
YTO AJA Hee MOWET OHTb IIOCTPOEHa TaKas KyCOYHO-NOCTOfHHaA ¢yHK-

kA 7, 9TO BO BCeM OCHOBHOM mpomexyTke [0, 2x] Gyzer

F@-F@I<V & @)

Ie#cTeuTensHo, 1m0 chaeactemo u3 Teopemn Kantopa [n° 78], npo-
MexyToK [a, B] MOXKHO pasioXuTH Ha KOHEYHOE uuciaO yacTedh [a; B;]
(i==1, 2, ..., n) TaK, 4To6W B KaxaoH H3 HHUX KoJeOaHue (QyHKUHH

ObIIO MeHbLIe Tonoxnm Tenepp dyHKIHIO S pasrott f(a;) B

€
'87‘0
Kaxaom npomexyrke [a;, B;) Ana i< n u f(2,) B npomexytke [a,, B,],

a pHe npoMmexytka [a, B) nycts f==0. Ouesngno, ¢pynxuus f u Oyder
UCKOMOM.

Ecau Bsare 7—=f —7, 10 B cuay (8),

— —_ 2n _
1< ]/gi;, TaK 4TO S [f(x)]“dx<-i.,
¢
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Ho neperitt usHTerpan B HepaseHcTBe (7) chpasa mpu n— oo, BBEAY 3%
crpemutrcs K O w ans gocratouHo OOJbIIMX 3HAaueHuH 72 TOXe CTaHET

MeHbIle %. Jlaa Tex xe sHayeHui
2r
(@ —s@ra<s
0

YTO ¥ 3aBepIIaeT AOKa3aTeNbCTBO.

B uacTHOCTH, OTCIOA@ BHITEKAET, UTO MPU2OHOMEMPULECKAS CUCMEMA
dyuryuii (5) 8 npoxescymre [0, 2] 3amrnyma.

415. IloanoTra TpuroHOMeTpHUECKO#l cHcTeMmbl. JlokasanHas oOuwias
TEOpEMa HMeeT PAA CIeACTBUH, TaKke NMpPEeNCTaB/AfIOUIHX HHTEpEC.

C ee momoupio MOXeT OHITh JOKA3aHa

Teopema. Kpose hynryuu, mosxcoecmsenno pasroi Hyro, He €y-
wecmeyem Henpepel8Hol gynryuu, Komopas 8 nposescymre [0, 2w]*)
Osaa 6ot opmozonarsna [n°398) Ko 6cem pynxyuam mpuzonomempu-
weckoll cucmenel (5)

1, cosx, sinx, cos2x, sin2x, ..., cosmx, sinmx, ...

Wnnvn cnoBamy, ecau Henpepsigrast 8 npomescymre [0, 2x] ghynx-
yus f(x) umeem wrosgdpuyuenmer dypsve, 8ce pasHble HYAO, MO U
cama GyHKUUA CBOOUMCH MONCOECMBEHHO K HYAIW.

HeftcTBUTENbHO, COPJIACHO YPAaBHEHHIO  SaMKHYTOCTH, JJ4 Tako#
dynkuun 6yaer

2
S [f (%)) dx =0.
0

Tak Kak noAmHTerpaipHas (YHKUUS 3JeCh HEOTPULLATE]bH3, TO © IO-
JaBHO

X
{Uearas=o
0

nas Beex X B [0, 2x=). Iuddepennupys no BepxHeMy Npefeldy, ¢ yue-
TOM HeNpPEpHBHOCTH HOJAWHTErpadbHOH GyHKuuu, noiayuum [n°183],
YTO TOMAECTBEHHO

fx)=0,

CBOUCTBO TPUTOHOMETPHUYECKOH CHCTEMH, BHICKA3aHHOE B TeOpeEMe,
¥ HAa3HIBAIOT €€ MOAKOMOI: T'OBOPSAT, UTO MPU2OHOMEMPULECKAS CU-
cmemMa NOAHQ— 8 KAQCCE HenpepuleHsx QOyRKyuil.

#) Wy B KakoM-HHGYAb APYroM NPOMEMXYTKe AAMHBI 2.
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Hanee, ecau 0se nenpepoigHsie dhynxyun fr(x) u fa (x) urewm oonu
u me gice Kosgguyuenmo. Pypse, mo onw HEOOXOOUMO MONCOECH BEHHYL,
ubo ux pasHocTh fo(X)—fi(x) Gymer umers kospuuuenTs Pypbe,
cosols pasHpie Hymo. Takum oOpasom, wenpepsignas @Gyaxyus 00HO-
3HaUHO onpedeasiemcss ceoumu wosgguyuenmani Dypse. IT0 — UL
Apyras (OpMy/JMpDOBKAa CBOHCTBA MOJHOTH TPUrOHOMETPHUECKOH cH-
CTEMBHI.

3ampuanuEe. Bce ckasaHHoe cOXpaHseT cmay @ Aas  moGoH
83aMKHYTOH B HEKOTODOM INpOMEXyTKe [a, b] oproroHainHOH cCu-
crembl ynxuuit {9, (X)}: M3 ypaBHeHad 3aMKHYTOCTH MNOJYYaeTcs 110 I-
HOTa, H T. A

416. OGoGmenHoe ypaBHeHHe BaMKHYTOCTH. IIycTh JHauw ABe
¢yuxnuan  f(x) u g(x), HENpepHBHHIE WIH KyCOUHO-HENMPEPHIBHHE B
npomexyrke [0, 2x]; TakoBm ke GymyT um O¢yHkuuu f--g u f—g.
Ecan 0003HAYMTb COOTBETCTBEHHO uepes a,, b, ® a, B, Ko3dda-
uueHtst Oypoe ¢ynkuni f u g TO AN ¢yukumi f g ouesuamo,
Koapdunvenramn Pypve Oynyr a, = a,, b, 3 B,.

TlpumeHnB ypaBHeHWE B3aMKHYTOCTH NODPO3Hb K (yHKumsM f-}-g n
J— g noayunm

CESSN AN NI 3" U+ gl ds

m=1

0 — @
EIANE s 'y —@m)ﬂ——g[f g dx.
m==1
Ecau mousieHHO BHIUECTh 3TH JBa paBeHCTBA OAHO W3 APyroro, 1o, HpH-
HUOMasg BO BHHMAaHHE TOXIECCTBO
(a -}~ b) — (@ — b)* =4ab,

NpHAEM K 0000 EeHHOMY YPABHERUIO 3ammymocmu
N PR S f () g(x) dx. ®
=l

Vpasuenne (4a2) moayuaerca orciofa npu g==f.

3aMeuyaHuge. U B ofmem ciayyae ApOM3BOJBLHOR OpPTOrOHAABHOM
B npoMexyrke [a, b] cucrems @ynxuu# {0, (x)}, ecam ypapHenne
3aMKHYTOCTH (4) BHIMOJHAETCA AJA KaxAOH HempepsiBHOH (MM KyCOYHO-
HenpepuBHO#) (yHKIMH, TO AAS [ABYX Takux ¢YHKDMH MMEET TaKke
MecTo 0000LIEHHOE ypaBHeHHUE SaMKHyTOCT[/l

Y ducatn= Sf(x)g(x) dz,

m=0
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ecnd ¢, 4 Y, CyTb oboCwennne kospduuuenrs Pypbe dynxungt f
u g. JIOKashBaETCs 5TO B TOYHOCTH TaK XKe, KaK U TOJBKO YTO.

417. Tlounennoe wuHTerpuposaHue paga OPypse. IIpeanonoxum
dyukumo  f(x), Kak OGHYHO, KyCOUHO-HENMPEPHBHOH B IPOMEXYTKE
[0, 2=], n nmycrb

(o]
32‘1—1— 2 a,, Cos mx -} b, sin mx (10)
m=1
Oyaer ee pan dypee.
Bmecre C Hel paccMoTpuM (TOXE KyCOUHO-HENMPEPHBHYIO) GYHK-
Iy g(X), KOTOpas ONpeAeaseTcs TaK:

g(x)={

1, ecmn 0 << x << x,,
0 B mpouux TOuKax.

Ee xoa¢dduuuentnt Pyppe paBHH

1

= S dx, ayp==—\ cOsmxdx,
0
X0

Bu= %Ssmmxdx (m=1, 2, 3,..)
0

Ecau k 3TUM QYHKHUAM NPUMEHHTb OOOOLIEHHOE YDaBHEHHE SaMKHY-
Tocta (9), TO noayynm:

?%dx«[—— i )Sg(a,,,cosmx—l— b,,,sinmx)dx:?f(x)dx. an
0 m=10 0

Takum o6pasoMm, unmezpas om @yHxyuu f(x) noaysaemcs no-
YAEHHb M UHMe2puposanuesm coomsemcemsywoue2o el pada Dypse.
Tor ¢axT, uyro mou/JeHHOe WHTEerpupoBanue psaa Pypbe OKasmBaeTCs
Bce2da donycmumsim, Tem Oojee 3aMmeuareseH, YTO MB YCTaHOBHJIM
ero, Jaxe He JfeJass NPEANOJONKEHHT O CXOAMMOCTH cCa-
moro panma (10) k dyuxkuun f(x)!*)

MoxHo ckasats jaxe Ooavute. IToacrasue B ¢opmyny (9), BmectTo
koaduunentos dypee a,, B, (YHKUMM g HX H3BECTHHE BHIPAKEHHS

a,,,_-:% s'g(x) cos mx dx, pm=% S g(x)sinmx dx,
0 0

(m=0, 1,2 ..) (m=1,23,..)

*) [lepBYI0 MONBITKY KOKa3aTh MNOMYCTHMOCTb HOYAEHHOIO WHTErpPHPOBaHUA
paza Pypbe Haxoaum y JloGavesckoro (1834 r.).
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npuBelleM €e K SKBUBAJEHTHOH dopme:

2r © 2n

{Sear+ Y | @ncosmetbysinme) g(x)ydr=

0 m=1 0 .
= § S (%) g (%) dx.

910 paBeHcTBO MONET OHITh HCTONKOBaHO Tak: pad Dypse (10) dynw-
yun f(X) MONCHO nouisenHo unmezpuposams 0adKce NOCAE YMHONEHUS
€20 4AeH08 Ha (hyHKyulo g(X)-—B KadecTBEe CYMMB NOJYUMTCA Kak
pa3 mHTerpaj OT npoussedcHus ¢yskuuh f u g 3aece peup umer o6
nuterpuposanuun B npomexytke [0, 2x]. Ecau Mu 3auHTEpECcOBaHH B
awobom apyrom npomexytke [0, x3] (0<xg<{2%), TO HyXHO JHIlib
noJa0%uTh g(X)==0 BHE STOr0 NPOMEKYTKa,

418. TeoMerpnueckas wuHTepmperamus. MH XOTHM NO3HAKOMHTH
4uTaTeNs C COBEPWIEHHO HOBOH TOUKOH 8peHHs Ha TO, YTO M HS8y-
yanu B 3ToM mnaparpade. OrpaHuuuMcs pacCMOTPEHMEM HENMpPEPHIBHBIX
dysxuu#t f(x) B HEKOTOPOM KOHeyHOM npoMexyrke [e, b] u mnonoxum
B OCHOBY MpPOM3BOJILHYI0O 3aMKHYTylo [n°413] oproroHaipHyio Cu-
cTeMy (HenpephBHHIX ke) ¢yHknui {p, (x)}; AnA ynpomeHHs Mul Jaxe
DPEANIONONKUM STy CHCTEMY HODMaJbHOH, TaK YTO

b
(lenrax=1 @m=0 12 ). (12)
a

Hanpumep, uuratenp moxer ceGe NpenCcTaBUTh, UTO pPEub HMAET O HOP-
MHDOBAaHHOH TPHIFOHOMETDHUECKOH cucreme

1 cos X sin x o8 2x sin 2x cos mx sin mx
VZ_‘E, V?) -;‘*’ V“;’ V‘;)“" ; ’ -1-:" 3 e

B npoMexytke [0, 2«] win [—=, =] [cm. n°398, (17 %)].

-

Msi craneM paccmarpusath BCe QyHkuum f(X) Kak osemenmu f
HEKOMOpPO20 <BEKMOPHO20 NPOCMPAHCHLEQ», ONpENeass CAOXKEHHE
JBYX TaKHX BJEMEHTOB ¥ YMHOMNEHHE 3JEMEHTa Ha CKajxip ¢ ecTe-
CTBEHHBIM 00pasom:

Fre=rm+g), of =

Ton daunodi <BexTOpas f=f(x), uame Ha3nBacMOH €ro HopMO#, MH
OyZieM pasyME€Tb HEOTPHILATENLHOE YHUC/O

o
1Fi=y/ (Ueras ()

a
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9dra aianHa papHa 0, oueBnmHO, ToaAbko Ina ynkuun f(x), Toxne-
CTBEHHO paBHO# 0; COOTBETCTBYIOIIUH <«BEKTOD» €CTb <HYALBOl BeK-
mop» Halero NPOCTPAaHCTBA.

s toro uyroGH OMpaBAaTh HaspaHue <«IJAWHA», HYXKHO YIOCTOBE-
PUTBCS B BRIIOJHEHUN TAK HA3BIBaeMOH <aKCHOMEI TPEYroJbHHKa» [cp.
n° 125, (2)]

17 +gl<IFl+lgh

T. €. HepaBeHCTBA

)
l/ § U +gpar<
) I
.g]/ S[f(x)]ﬁdx—l—l/S[g(x)]%dx-

Ecnu Bo3pecTd 006e €ro uacTd B KBagpaT, TO OHO IpHBEIETCT K He-
PaBEHCTBY

b B /o A
{f@ew dxgl/ {rwrasy/ (lewre a9
nim
b . b b
{{7@ewa < {7 @pax- {lgerds.

S10 — usBeCTHOE Hepaserncm8o BYrAK08CK020 ¥), KOTOPOE CAYXKAT HH-
TErpaJbHBIM aHAJOrOM YiKe BCTpeYaBIUErocs Ham aareGpanyeckoro He-

pasencrsa Kown:
m m “m
Nab<< L > b
=1 i=1

i=1

[cM. n°1256 m cHocky Ha cTp. 222 nepeoro Tomal. JlokasaTeabCcTBO

¥) Axanemux Buktop SlkoBiesuy BynsakoBckut (1804—1889) — pycexuit
MaTeMaTHK. YMOMAHYTOEe B TEKCTe HEPABEHCTBO GHIO OMYGIMKOBAHO MM B 1859 r.
Yacto omKMGOYHO CBA3HIBAIOT ITO HEPaBEHCTBO ¢ uMeneMm lIIBapua, B paBorax
KOTOPOro OHO BCTpeyaerca aumb ¢ 1884 r.
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HEPaBEHCTBA BYHHKOBCKOI‘O MOXKHO OCYileCTBUTb TdaK K€, KaK »u He-
PpaBeHCTBA Ko KBaApaTHHIH TPEeXY/NeH OTHOCUTEAbHO IEPEMEHHOH 2

b
V@ +gepar=

b b 4
=2 (FPdx 22 { f g de+ { e ax

HE NPUHHMAECT OTPHLATENbHHIX 3HayeHul, CACAOBATENLHO,
b

b b
frerde (gera—{{rmemad’ =0

a a

H T A
Ypobuo BBectn nomstue «yraa» 9 Mewny «sekropamu» f n gt

0= (f, &), onpedenas ero u3 paBeHCTBa
b

S £ ) g () dx

a

b —
]/ S [f () dx - ]/S lg ()] dv

nepasenctso (14) mnokaspieaeT, yTO abCOMOTHAa® BEJNHYWHA BHPAKEHHUSA
cnpaBa He NPEBOCXOAMT eAuHHLBL. <«OpPTOroHaAbHOCTB» GyHKuuH f(X)
u g(x) [n°398]:

cosf=

b
Sf(x)g(x)dx:O

papHocHibHa ToMy, uto c0s0=0, Tak uyro yroam 0 oxa3sBaerca
IPAMBIM,
YuureiBag onpenenenue Hopmel [cM. (13)], u3 (15) nomyuaem

b
(r@ewae=171-12]-coso

9TO JaeT OCHOBaHME paccMaTpuUBaTh HHTErpan <CJeBa KaK CKaAAApHOE

—_

-
npou3gedenue <BeKTOpoB» f M g:

b
Sf(x)g(x) dx=f-g

a
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-
Ecan BexTop g €CTb <CAMHUYHNE BEKTOpP», WIA <OpPT», T. €.
ecam ero HopMma |lg]|==1, TO CKanspHOe NMPOUSBEAEHHE
- —_
f-g=|fll-cosb
-
MOXHO PaccMarpuBaTh KaK npoexyuio «gexmopa» f Ha smom <opm»:
mp. f.
g
-
Ecan JaHa MOCAENOBAaTENbHOCTb <«BEKTOPOB» {f,}, TO npedeson ee
Ha3hIBAETCA TaKoOH <«BeKTOp» f, A9 KOTOPOro
e —
fa— fll—0 npn r—co.

Bosspamasce K coorserctByomuym dynxuuam {f, (X)}, f(x), umeem, no
onpenenennio Hopmu [cm. (13)],

b
(a0 —searax—o,

TaAK YTO CX00UMOCME ROCACI0BAMEALHOCIU <BCKNLOPOG> {};} K npe-
deavnomy «sexmopy» f o3nataem He 4mo unoe, Kax cxodumocms 8
cpednen [n°413] nocaedosamessnocmu gynxgui {f,(x)} © npe-
deasnoli ghynxyuu f(x).

Bepuemca Temepp K HOMOMEHHOR B OCHOBY ODTOTOHaJdbHOMH H

HopmaabHo# [cm. (12)] cucreme ¢ynkuuti {o,(x)}. Ee moxwo
TPaKTOBaTh KaK CHCTEMY B3aMMHO ODTOrOHAaJbHHX <OPTOB>

{¢m}. BBugy mnpennomoMEnHOH BaMKHYTOCTH  YNOMSHYTOH CHCTEMbI
Gyukuuit ona Oyser Takke ¥ noaxo# [n°415, sameuanme], a sro
-

BHAYUT, YTO K OCHOBHOW cucmeme «opmos> {9,} Hess3s Goisue npu-
COEOUHUME HUKAKO20 HOB020 <OpMa», KOMOPHE Oua Obi Opmo2oHaeH

-
Ko 8cem @) .
PaccmoTpaM  MpOEKUMIO NPOW3BOJBLHOIO  <«BEKTOPa» f Ha KakoH-
-

Hu0yJb U3 OCHOBHHX <ODTOB» @,
b
ca=0p. f=Fon= {7 () pn(®)dx.
a

m

Mun ysHaeM B 5TOM BHPAaXEHHH TONPOCTy OAuH M3 (0606UICHHHX)
koa(punuentos  ®ypee [n°398] dynkmuu f(x)*). Ilockoabky dyux-

#) Hanomuunaem o rom, yro ¢yHKuun {¢, (x)} HOpDMHPOBaHL, TaK 4TQ Bce
yncaa Ay, =1 [em. (12)].
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uus f(x) onAHO3HAuHO oOnpesenserca cBouMn Koadduuuentamn Odypre
[n° 415, sameuanue], TO <gexmop» ; O00HO3HAYHO ONPedensiencsa €20

NPOCKYUAMU HA <OPMBL> OCHOBHOH cucmemst {;,,,}.
Ipousseacuue ¢, -9, (x), T. € BeKTOp c,,,;,,,_—.:f,,,, €CTECTBEHHO
- -

HasBaATb COCM ABAA W U e i <8eKmopa» [ no HanpasieHumw <opmay» @,
Kak e Tenepr MOMer OHTb HCTONKOBaH 0600mEeHHBH pax Pypove
¢ynkuun f (x) [n° 398]:

oo (X) 191 (X) - oo FCnPm () ..P (16)

OTMeTuM npexAE BCEro, UYTO BBUAY NPEANOJOXKEHHOH 3aMKHY-
TOCTH cuCTeMB {@,, (xX)} uacTuusas cymMa s, (x) psama (16) nmpu n— o0
cxonurcss B cpeaHeM K ¢ymxuud f(x) [n°413], a 310 3Haumr, uTO

6ce20Q uMeem Mecmo pasaoycurocms 8 pad dypse, ecau cxodumocms
—_—

HOHUMAME UMEKHO 8 cpeOKe M. VIHHMH CIOBaMH, <BEKTOD» S, CTpe-

-
MATCA K NPeNeNbHOMY <«BeKTOpy» S, 4TO MOXHO 3anucarb B dopme
PasJIoKeHns

e

F=cimtedit . +mpmt oo =FotFit oo Fmt .

-
— kasconl sexmop f npedcmagasemcs 8 sude cyM Mo 6CEX €20
COCIMABARIOWNX NO HANPABACHUSM OCKOBHHX <«opmos». Takos reo-
MeTpUUeCKn# CMBICA pasnoxenus B pan dypoe!

VpaBuenue 3amxkHyrtoctu [n°413], seumy (12), Hanuimuer-
ca Tak:

b 0
{Uerde= 3

a m=0
nna

2

17 = 3 17

Kgadpam 0aunst «8exmopa» OKQ3bL8ACMCS PABHLIM CYMMe K6a0pamos
daun  ecex e20 cocmasagouwux. 10 — eCcTecTBEHHOEe 06o0ueHne
teopemn Iludaropa (orseyatonmedd cayyailo ABYMEDHOTO BEK-
TOPS, PasJOKEeHHOr0 Ha JAB€ B3aUMHO NEPHCHAUKYJAAPHBIE COCTaBJAdA-
owue).

BeomiuM 1 0606meHHOEe YypaBHeHUE BaMKHYTOCTH

[n° 416, sameuanue]
>

b
{7 0ewdr= 3 catm

m==0
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rae ¢, — xospdunuentst Pyppe Qynkunu f, a7, — Ko3hQUILHEHTH
dypre ¢yuknud g. Ecan nepenucarb €ro Tak:

[oo]

Fg=

Cmm
m==0 T ’

TO 3J€Ch MOXHO YCMOTPETb aHAJOrHMI0 C MPUBHIUHBIM BHIPAXEHHEM CKa-
JAPHOrO TPOUSBEAEHHS MABYX BEKTOPOB B TPEXMEDHOM NPOCTPAHCTBE
uepes uX MPOEKIMM Ha TPH B3AUMHO NepneHAuKyJspHuie ocu [n° 388, (1)].

s yrayOneHust aHaJdOrM¥ MeXAY pacCMaTPHBAEMBIM <IPOCTpaH-
CTBOM» (YHKUHH K OOBIUHBIM 3IBKJMAOBBIM IPOCTPAaHCTBOM MOHALO6H-
70Ch OBl, BO-EPBHX, PaCWIMPHTh KJIaCC pAacCCMaTPUBAEMBIX (YHKLuH H,
BO-BTODHIX, 00OOWIMTb HCNOJB3YEMOE oONpeneneHue uHrerpata. Y to u
apyroe BnocaeAcTBue OyJer CIeNaHO B Kypce TaK HasbiBaeMo# Teopun
¢bynxuuii BemecTseHHOH nepemenHol [cM. 3axJamueHue, pasgen VI)

3amMeuAaHHuE [lapaanespHo ¢ BeKTOpPHOH wuHTepunperanuei
MHONeCTBa {f} BCeX HenpepHIBHRIX (YHKUMH MOXHO OmA0 OM paccma-
TPUBaTh €0 TOUEUYHYIO HHTEPIPETAUNIO, CYUTasd OTHEJbHHE HENpe-
puiBHble QyHKuuR f=f(X) Kax €H <«TOYKaMu» COCTaB/JEHHOI'O U3 HUX
«IPOCTPAHCTBA». B 9TOM cayuae 1eneco06pasHO BBECTH NOHATHE pac-
cmosnusn p(f, g) mexny BymMs <«Toukamu» f=f(x) n g=g(x) cie-
Aytomum o6pasom:

b
o (, 9=|7 —Ell=]/ S [f () — g(x)Pdx.

To, uro BIIe OO HA3BAHO OAUHOL <«BEKTOPa» 7, ectb we uro uHoe,
KaK paccmosrue <TOUKM» f OT HauanpHOH «rouku» 0.

Ecmu f, g h cyThb TpM <TOUKM» HAILIErO <«NPOCTPAHCTBA», TO HMEET
MECTO <«aKCHOMa TpeyroJbHHKa» B (opme

p(fi <<e(f, 9-+0p(g h).

Bra dopMa NOAYuaeTcs W3 NpewHeH, eCAM SaMEHHTh Tam f Ha f —g,
a g—Ha g—h.

§ 5. OYEPK HCTOPHH TPUIOHOMETPHYECKHX PA1OB

419. 3apava 0 KoneGaHHM CTPYHBI JTa 3HAMEHWTass 3a1aya, NpPUBIEKIIAs
K ce6e BHMMaHue psfna Bopaomuxcs MareMmarukos XVIII Bexa, cwrpana Baw-
HYIO POJb B CaMOH MOCTAaHOBKE 80RPOCA O 803MONCHOCHIL MPULOHOMEMPULECK 020
Pa3nodicerus npoussosvrolt gysxguu. To3TOMy Mbl CHayaZa HO3HAKOMHM YHTa-
Tead C yNOMAHYTOH 3ajaved U ee pelleHHEM.

[lycTs omnopomnas cTpyna Hauubl [ 3aKpernjieHa KOHINAMH B TOUKax x =0
M x==/ OCH X ¥ NOI KeHCTBHEM HEKOTOPOr0 HATSXEHHUA PACHNOJaraeTcs B pas-
HOBECHH BIOJZb sTOH ocu (puc. 81). TlpemcraBum ceGe, uTo B MomenT £{=0
CTpYHa BLIBOJMTCA K3 NOJOKEHHA PaBHOBECHA B INIOCKOCTH Xy (KOTOPYIO, HampH-
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Mep, Oymem npennonarath BEPTHKaiABHOH) ¥ MpefocTaBiseTcs camMa cefe *),
Torna TOYKH CTPYHbI HayHYT KOAE6aThcA B BEPTHKANLHON e MIOCKOCTH. Ecau
JONYCTUTh, YTO KaxJaa TOYKa M cTpyHsl ¢ a6cuMccolt x Kome6rercs CTporo
BEPTHKalNbHO, TO €€ NOIOXEHHE B MO-

MeHT Bpemenu ¢=0 onpexeanrca ee y

opnuMHaTOH y, KOTOpas MNpPEACTaBHT ee M

OTKIIOHEHHE OT MOJOXEHHA PpaBHOBECHS. i

Jra opauHara Gyzer Qynxkumelt ot ofenx Y

llepeMeHHbIX X U £ iz 3 *r
y=y(x t) ) Puc. 81,

KOTOpas H  HNOLICHUT onpexereHUIC.
npﬂ HEKOTOPHIX — YHPOIWIAIOIHUX BONPOC — IIPEANON0KEHUAX SABICHHE ONM-
CHIBAETCA CAENYOUMUM N pdepeHuManbHEM YypaBHEHUEM B YacT-
HBIX NPOH3BOAHHIX
0y __ 20

= g @

rfiie @ — NMOCTOAHHASA, 3aBUCAMAA OT (H3UYECKHX CBONCTB CTPYHHI

Kpome storo ypasnenud, uckomMasa QyHuua y (x, f) IOMKHA YROBIETBOPATH
eme pany TpeGosauuit. Tlpexme Bcero, JOMKHbl BLIIOIHATBCA TaK HasblBaeMble
npexeabHbLEe YCAOBHS:

y0, =0, (4 )=0 (£=0) @)

BHpaxaiomue (GaxT 3aKpenIeHNA KOHIOB CTPYHHI. 3aTeM, AL 8 HA 4 A Ab H bl il
Momenm t==0 OMKLOHEHUSL MO4eK cmpyHl xapaxmepusyiomes dynryued f(x)
(0<< x <), a ckopocmu pasHol Hyao *), T0 HAAAEXHUT NOTPE6OBATh BHIMONHE-
HUf M HaYalXbHBX YCIOBHH

9 (5 0)=F(x), "y—(o’;'—-o_)=0 O<x<l). (4)

Taxum 06pa3oM, OKOHUYaTeabHO, 3a1aYa CBONHUTCHA K PA3LCKAHHUIO
rakoH pyukuuu y(x, ), koTopaa nas 0<x<</ m £t=0 ynosuxe-
TBOopsaAa 6w ypaBHeHHD (2) M ycaosuam (3) u (4)

3aMEYAHUE [lockonbky dynkuus y (x, t), oOpawawomasncs npu t=0
8 f(x), momkHA YHOBAETBOPATb YpPaBHeHHIO (2) W ycuosuaM (3), 8 4wacmHocmu
11 '8 HAYAAbHBIL MOMeHm 8pemenu, TO caMoe (YHKUMIO f(X) HEOGXOAMMO IIpH
3TOM NPEXMONOKUTb NBAX AN AHGGepeHUNDPYEMOH B NpOMEXYTKE
{0, ] u, xpoMe TOro, MOAYMHHUTL €Ml€ YCIOBHAM

£(0)=0, f{)=0, (5a)

F(0)=0, F(@)=0. (56)

420. Pemienne JanamGepa H Jfilepa, STUMH YUYEHHIMH H GLIIO BIEpBHE
ABHO copmyaupoBaHo ypasHeHHe (2). Ero o6uee pemenme o06a oHm— cHayana
Janam6ep (1747 r.), a sarem Dinep (1748 r.) —nmpexcraBuad B Tako# Qopme:

y=¢(x+at)+¢(x—ar). ©)

a TaKxe

*) Mbl 1A ONpeleNeHHOCTH OTPaHHYMMCA NpPeXNoNOXeHHeM, YTo KoneGanus
CTPYHbHl HAYMHAITCA M3 COCTOAHWA NOKOA. VIMEHHO 5TO NpeamosoxeHne NEXHT
B OCHOBE pelicHUA 3ajauy, AasHoro JiiepoM (cM, caexyomu#t HoMep).
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3necs ¢ (#) n ¢ (v) 03HAYaOT «NpPOU3BOAbHBIE> (YHKUMH, 3aJaHHbHIE IIA BCexX
3HayeHu# aprymentoB. [as Haule# wesH JOCTaTOYHO HEMOCPEHACTBEHHO
npoBepurb, YTO Bhipaxkenne (6) npu Bcex 3HAYEHHAX X W ¢ YIOBIETBODAET ycno-
BHIO (2), KakoBH Onl HH 6Ll NBaX AbH ANDPepeHUUPYeMbl e DYHKIMY

H 4.
? %enepb BO3BHHKAET BONPOC O BhiGOpe 3THX (YHKUMH Tak, wroGu yaoBae-
TBOPeHH GHIIN Takke IpellelbHbieé W HayalbHbie YCHOBUSA, T. €. UTOGH ObLIO

[cM. (3)]
¢lat) +4(—at)=0, g{l-+ta)4¢(—at)=0 (t=0) (3a)
u [em. (4))
P+ = (%) ¢EW)—V =0 (O<r<)). (4a)

Mpu stomM, oveBunHo, GYyHKUMIO ¢ (2) KOCTATOYHO onpeneauTs aas =0, a
¢ynkumo ¢ (v) — s v << /.
Tlpexne Bcero, uHTErpupys BTO P O € M3 paBeHCTB (43), Halinem

p(x)=1{ (x) ¥ O<x<))
Torxa, B cHIy NepBOro W3 STHX PABEHCTB, 06€ QYHKUHMM PaBHH %f(x): Ta-
kuM o6pasom, B mpomexytke [0, /] onn yxe ompenenens (rpadux Wx Ha puc, 82

y
M

Puc. 82.

<w

uzobpaen xpusoit OMA). Tax kak (YHKUAA ¢ HOMAEKUT eule ONpexeNeHHIo
TOAbKO B NpoMexyrke (/, - oo), a QyHKUHA ¢— B HEHANEraomWEeM Ha Hero
npoMexyTke (—co, 0), TO INA YNPOINEHNA 3aNMHUCH MOKHO (YHKUHOHANLHYIO
XAPAKTEPUCTHKY { 3AMEHUTH HA ¢ W oNpeleNuTh (QYHKUHIO ¢ (X) B STHX npoMe-
KYTKaxX, HCX0AA M3 ycaoBuH [cM. (3a))

— x)==0, 7
? (%) +- 9 (—x) (x=0) ()

e +x)+e(l—x)=0. ®

Mpewne Bcero, uaMeHas B (8) x or 0 go [, Mbl onpeleauM ¢ B IpoMe-
wyTke (I, 20}

1
pUF+N)=—g(—x)=—5fU—2x)
(xpusan ANB na uepr. 82). Temeps, Koria GYHKUHA ¢ HONHOCTHIO OnpefeneHa
*) Bes ymanenus oGIIHOCTH MOXHO He BBOAMTH HOCTOSHHOM WHTerpHpoBas

1
mna C, u6o, oTuas TC 0T ¢ H npubasus -2—C K ¢, BCeria MOXHO oCyuie-
CTBUTb MMEHHO YKa3aHHO€ PaBeHCTBO.
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B npomexytke [0, 2/}, npuuem—B cuny (5a)— BpoGasok ¢ (0) =1 (2/)==0,
MH JIOKaXeM, YTO OHa BOOOmlE HMeeT me pUOJ 2/, H TeM CaMbM ONpeleauM
ee yxe BO BCeM NMPOMexyTke (— 0o,

).
Ilycre cnavanza §=—/; noxoxns B (8) x==£-/, noayunm [c yuerom (7)]
$E+22)=—¢ (=5 =9 (.

Ananornuno, mpy £<<-—! BosbMeM B (8) x=—(+/) n [cuoBa onupasch
na (7)] mpunem k Tomy *ke. B obmem, B kayecTBe rpaguka GYHKUMH ¢ MBH 10-
nyyrM (mo BHpawenuio Jinepa) «3MeeBHIHYIO KPHBYI0», H3SOGpaMeHHY©O Ha
puc. 82. OHa CHMMETPHYHA OTHOCHTENbHO Hayada, KaK H JOAXKHO OHITh, GO
B cuay (7) dynxuua ¢(x) HevueTHan

Tak kak ¢ynkuua f(x) umeer B npomexyrxe [0, /] nBe npoM3BOgHHE H
K TOMY Xe yjoBieTBOpser ycnosHam (5a) u (56), TO — KaK MOXHO NOKa3aTh —
onpefieseHsan yKasaHHHM 00pa3oM QyHKuus ¢ (x) 6yzer MOBCIOAY ABAXIH
autdepennupyema, He HCKmouas Tovex Buma kI (k=0, =1, 2, ..) rae
«CKIEHBAIOTCA» OTHENbHble KYCKH KpuBoH. Uepes sTy GyHKHMIO MCKOMOe peme-
HHE€ OKOHYATENbHO W NPEIACTABHICA B BUIE

y=¢(x+at)+¢(x—at) ®)

421, Pemenne Teitnopa u Ji, Bepuyaan *). Eme 8 1713 r. Teltnop mayvan
BONPOC O JABHMEHHM HATAHYTOM CTPYHH M ompelensn MNepHOX ee KoneGaHHA.
OTﬂpﬂBHOﬂ TOYKOH Al HEro CaAyXHuia0o HCKOE€ HpealoXeHne, PABHOCHIbHOE NI O
cymecrTBy ypaBHenuw (2). B pesyabTate OH NpHINeNT K BHBOARY, YTO €cAu
cmpyra Kosebremest KK yesoe, TO OHa B KaXIHH MOMEHT mMeceT (OPMY apKu
CHHYCOULHL.

Pasymeercs, 9TO— JMIb OfAWH M3 BO3MOXHBIX A8 CTPYHW BUJOB Kone6a-
nua. Ua paccymnenuit Tefinopa BeiTekaer CYLiecTBOBaHHE OECYMCIEHHOTO MHO-
MECTBA TaKWX BHIOB: CTOMT JHMilb, pasfiielHB CTPYHY Ha n (==2) paBHHX yyacCT-
KOB, K KaXJZOMy B OTAGNbHOCTH NPHMEHHTh MPeXHH# BHBOL B TakoM cayvae
(dopMa CTPYHH NPEACTABHT COGOH £ MOCAEROBAaTENbHHX CHHYCOMIANbHEIX apOK.

Mzur nonyyuMm BCe STH YaCTHb € PEeNIeHHA ypaBHenua (2) yucro ana-
JAWTHYECKHM NYTEM, HCXOAA HENOCPENCTBEHHO W3 ypaBHeHus. CTaHeM HCKaTh
ero pemieAne (OTAHUHOE OT OYEBHIAHOrO, HO HE WHTEPECHOr0 HaM peire-
HHA—H Y 1 8) NOJ BUAOM NpousBelieHusa ABYX (QYHKuMH, H3 KOTOPHIX OjHA 3a-
BHCHT TOJbKO OT X, a JIpyras— TONbKO OT £

y=X(x)-T(¢).
YpaBHenne (2) B 3TOM ChAyyae npUHHEMaeT BHX
XT"=a*X"T
(rae MTPUXH O3HAYAIT NPOM3BOAHLIE MO TOH mepemeHHoff, oT KoTopo# dyHKunA
3aBHCHT) WIH, HAKOHEN, Y .
T s X

Sr=a=s, 10
T X (10)
Tak Kak nepasi yacTh 9TOrO0 PaBEHCTBA HE 3aBHCHUT OT X, a npaeas—oT [, T0
Hx ofuiee 3Hauende (aKTHYECKH He 33BHCHT HHM OT X, HH OT f, T. €. CBORHTCH
X HOCTOAHHOH, KOTOPYIO ME BO3bMeM B dopMe — a®A® (mpu A > 0). Tornma ypas-
nenne (10) pacnazaerca Ha ABa:

T + a2\ T= 0, Xu + )\QX,: 0;

*) Januan BepHynawu (1700—1782), cuin Horawna Bepmynsm W Apyr
dttnepa. B nepruon ¢ 1725 no 1733 r. nesreabHo paGoran B ITeTepGyprcko# aka-
HeMHH HayK.
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ofiipe pemeHusa 9THX — yXe OCLIKHOBEHHBIX — Au(depeHuranbHbX  ypaBHEeHHH,
COOTBETCTBEHHO, HMEIOT BHI:

T=Acosaht+Bsinart, X=Ccos\x -+ Dsin Ax.

Jan Toro yto6n dynkuua y= XT ynoBneTBOpAZa M NPereIbHHIM yCIoBHAM (3),

UM JOmXHa ynoBaersopath Gynxkuua X. Ilomaras B He#t x=0, cpasy Bumum,

yro C=0; nonaras XKe X==1{ W yyuThBas, 4T0 D yxe He MOKET GHTb HyIeM,

npugeM K ycrnoBuio sin Al=0, oTkyla A =—nn npH HaTypanbHOM n. TakuM 06-
pasoM, A MOxeT MMETb IMIUb OJHO M3 CIeAYIOUUX 3HayeHHi:

T 2z nwm

)\1=T! )‘2=T: veey )\n=T;

Ecan cunrath YTO HayalnbHB € CKOPOCTH BCEX TOYEK CTPYHH DPaBHBI

uyno, To I"(0)=0, a orciona B=0. O6osnavaa npum A==»X\, nocrosunyn AD

yepes b,, Mbl ¥ TIpHAEM K YNOMAHYTOHM MOCHELOBaTelb=

)

7 HOCTHM YaCTHHX pemeHHN ypasnenns (2)
nma . nm
Yn=">b,cos -l—t  sin - X
2 Ecip cTpysa ocymecTsaser KoneGaHue MO TaKOMY
@@ BaKOHY, TO 8¢€ €€ MOYKu KOAeOAMCA ¢ OOHUM U mer
gice nepuodom
o
2 " na?
=< KOMmOpomy omse4aem moH onpedeseHnoll 8vicome. AMniu-
TyAa ¥e KomeGaHm#i KawJOH TOYKM 3aBHCHT OT €e Mouxo-
‘ MEHHA B DaBHa
e by sin 2%
' SIN T X,
Puc. 83. Best cTpyna pas6uBaeTcs Ha n PaBHBIX YYaCTKOB, npuyeMm

TOYKHM OLHOIO YYacTKa HAaxXONATCsS BCe B OJMHAKOBHX (ha-

3aX, 4 TOYKH COCEZHUX YYacTKOB-—B NPOTHBONONOKHBIX
(basax. [locrenoBaTenapspie NONONEHUA CTPYHH Has cayvaeB n=1, 2, 3, 4 uso-
6paxennl Ha puc. 83, Toyxw, orjgensomue OLMH YYacTOK OT IPYyroro, okassl-
BAOTCA B NOKOE, 9T0— TaK Ha3biBaeMble «y3ilel». CepemuHE YYaCTKOB — «IyY-
HOCTH» — KOJe6MoTCA ¢ HanGonbIiel aMILTUTY O,

Mocne mossienus o6mux uccaerosanuit JanamGepa m diinepa o xoaeGanuu
CTpyHH ¢ paGorolt Ha Ty *ke Temy BoicTymun [, Bepnymam (1753 r.). Hanomnus
0 TOM, ¥TO MHEOXECTBE€HHOCTDH BHIOB KojeGanus CTPYHbl Obina Hebesnis-
BecTHa eme TeHnopy, BepHyMIH — OCHOBHBAACh Ha QU3MYECKUX HaGAIJIEHUAX —
BHIIBUHYA YTBEPXAEHHe, UTO BCE IMU KOACOGHUS OCYwEcmBASIOMes ¢pa3y u
cmpyHa 00HOBPEMEHHO u30aem MOHb. pa3audnoil evicomest. TIpOUCXOAHUT, OO ero
BHIDAXEHHIO, «CMelleHHe» (Mbl CKa3anu Gl — HaNOXEHHe) OTAedbHBX KoaeGaHuit,
Tak YTO NOJNHOE KoxeGaHHe CTPYHE MOXeT ObiTh 0XapakTepH30BAHO PAaBEHCTBOM

(=]
y=2 b,tcos'l;—‘ftsin E;Ex. (11)

n=1

*) Ecan 6p1 Ml B3ANM MOCTOAHHOE 3HayeHue orHomenul (10) B dopme a%)%,
TO TpPEeAeNbHBIM YCIOBHAM Moria Gbl YNOBIETBOPATH TOAbKO (PyHKuHA X, TOXK-
LECTBEHHO PABHAA HYTIO,



421} § 5. OUEPK MCTOPUY TPUTOHOMETPMYECKUX PSIOB 499

OCHOBHOH TOH ONpENeIseTCA NepBOi cocraBasomed y,; €A OTBeYaer
1
nepuox T = OcranbHbie TOHB, M3NaBaeMbie CTPYHOH, Mad 0GepPTOHBI,

1
XapaKTepUsyOTCA APYTHMH COCTABAAOMUMY; HM OTBEYalT NepHombl Ty = 5 Ty,

1
T3=§ Ty «o. Ecu npukOCHYTBCA MansueM K cepelvRe CTPYHH, TO Cpasy 3a-

rI0XHYT KaK OCHOBHOH TOH, TaK M HeyeTHble OGEpTOHH, Aas KOTOPHX TaM Gblia
NyuHOCTh. YeTHnle OGEPTOHM, A KOTOPHIX Ha CePEIHHY CTPYHBI NPHXOXHMTCH
y3el, BCé COXPaHATCA; JIAA HUX PONb OCHOBHOrO GYAET MIpaTh BTOPOH 0GepTOH,
W CTpYHa CTaHeT M3[aBaTh OKTaBY NepBOHaYanbHOro ToHa. ViMeHHo 6orar-
CTBO (PU3NUECKOro CONEPKAHUA, NPH HOMNHOM COrVaCHH C SKCHEPHMEHTOM, 3a-
crasuno BepHynnn npeamoyects pemerne (11) séinepoBy pemennio (9). Hyxno
CKa3aTh, YT0 JUnep M caM yhoMmHHaeT o pemenuu (11), BO auMmIb Kak o BO3-
MOXHOM vacTHOM pewmeHud. [aa Bepuymim B Ty nopy—mo cOGCTBEHHOMY
NIPU3HAHMIO — BONPOC 06 OGLIHOCTH €ro pellleHns Obll emie HEJOCTATOYHO fCEH,
HO OH OTKa3HBaeTCA MOHATb, KaKOH (QU3HUECKHH) CMBICI MOraM GHl MMETb Opy-
rue pemenus, ecay Gbl OHM CYLIECTBOBAIM.

Mu moxaxeM cefiyac, ONHpasachb HAa PA3BUTYI0 Bhillle TEOPUI0, YTO— NP U
nadaseawawen slb6ope koadPuyuenmos s dopmyse (11) *)—ona
npocmo. moviclecmeenna ¢ fopmyaoi (9). [1pu sToM MBI IpeAnonaraeM, KOHEYHO,
BLIIONHEHHHIMH Te YCIOBHS OTHOCHTENbHO OQYHKUMH f(x), KOTOpbie paHblie
6bL1M Ha Hee HamoxeHH [n® 419, samevanue].

Hayuem uMenHO ¢ Bu6opa KoadouuneHToB b, Ecau Mbl X0THM, yTOGH dop=~
myaa (11) maBaza peluienne, yNOBIETBODAIOUlEE HAYANBHOMY YCHOBHIO (4)

y(x, 0)=F(x) O<x<i)
10, nonaras B (11) £=0, omxub uMerh

Zb,,sin Tr=fx) (O<x<). (12)
i

Tax kak ¢ynxnus f(x) anddepesnupyeMa B Ha KOHNax mnpoMmexyrka [0, /]
obpamaerca B HYlb, TO TaKoe pasjomeHue, HeHCTBUTENbHO, MMeeT MECTO BO
BCEM NPOMEMyTKe, eciu B3ath [cM. n° 405, (22)]

/4
b,,=—?—Sf(x)sinE—1;£dx (n=1,23, ..
0

yTo MBI W GyleM Npeinonarathb.
Ho pax (12) cxoauTes npu B CeX BHAUEHHAX X, U C ero NOMOLIbIO BO BCEM
NPOMEXYTKE 0T ~—0Q 10 - 00 MOXeT OuThb ompejeneHa (QYHKLHAS

1 o
. nnx
(P(x)z:? Z b,,sm———l .
n=1
1
Takum o6pasoM, B mpomexytke [0, /] sta dynxuns pasHa 5 f(x); xpomMe Toro,
K3aK Jerko HeNoCPEACTBEHHO IIPOBEPHTh, HJAA HEE BHITOMHAITCA ycaosusa (7) H
(8). Orcioma yxe BBITEKaeT, YTO OHA B TOYHOCTH COBMAJAET ¢ TOH (yHKHued ¢,

3] KOTOpOﬁ bljla peYb B NPERLIAYHIeM HOMEpe, ITIOCKOAbKY BCE YNOMAHYTbie
ycnoBHsA, BMECTE B3AThblIC, ONpEACHAAN €€ ONHO3HAYHO.

*) Bonpoca o Kos(¢uuuenrax BepHyann He 3aTparuBaer,
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B TakoM cryuae yke M3BeCTHOe HaM 3inepoBo pemenune (9) Teneps Moxer
GbiTh MPEACTABACHO B BHIE

[ee] o0
y.—_—lz- 2 b,,[sin m:(xl—]—at) + sin 2% (x[—at) ].—: 2 bpcos =2 ¢ sin "% x,

[] [}
ne=1 n=1
Tak 410 pasioxenue (11) npu yxaszannoM BbiGope K0shdHUHEHTOB NEHCTBATEABHG
JaeT pelleHHe ypaBHeHHs (2), # NPUTOM — TOXAECTBEHHOE C INPEKHHM.

422, Cnop no noBoxy 3ajxayd © KoneGaHMH CTPYHbl. ITOT CIOp pasro-
pedcs no XBYM HanpaBIeHHAM.

[Ipexae Bcero, HecMoTps Ha (POPManbHOE CXOACTBO pelleHHH, NpERTOKEH~
nbix Janam6epoM H DiinepoM, BCKOPE BHACHUAOCH, YTO MEXAY OGOMMH YUeHBIMHA
cymecTByeT rmy6oKoe pacxoxjeHHe NOo BOMPOCY O TOM, Kaxue @yrxyun 0o-
nycmumo pacemampusams 8 AHAAU3C, W— B YaCTHOCTH — KaKOH JOMKHAa OBITh
(¢yHKunsa f, XapakTepuaylomas HayalbHYI0 (HOPMY CTPYHHL.

d#inep He TpeboBan, ytobn 5Ta (YHKIMA ONpeReNAnach BO BCEM NpOMe-
wytke [0, /] eqvHHIM aHaAWTHYECKHM BHIpaxceHueM (nonoGHyo dyHKuHBL Direp
Ha3blBal <HENMpPEpHIBHOMN»). J1a GYHKUMA MOTAa ObITh M <«CMeWlaHHOK», T. €. 3a-
JaBaThCl B DPa3HbIX YacTAX DPOMEKYTKA Da3NUYHLIMM BHIPaKeHHsMH. Dfaep
CYNTal BO3MOXHBIM JLaXe ONpelensTh HAYafbHOE IIONOMXEHHEe CTPYHbI IIPOCTO
<KPHBOH, HayepTAaHHOH CBOGOLHLIM JBHMEHMEM DYKH»: Belb M B 5TOM cayvae
6BII0 OCYMECTBHMO YKa3aHHOE MM TOCTpoenue rpaduxa ¢ysxuun ¢ (puc. 82),
a MO HeMYy yxe Jerko Obi0 reoMeTPHYECKH YCTAHOBHTb BHA CIPYHH B J0GOH
MOMEHT BPEMEHH.

Wuo#t 6bina nosuumsa Hanzambepa: He Tonbxo ucxopHas GyHkuus f(x), HO n
onpenenseMas o He#f yxe B 6eCKOHEYHOM NMPOMEXYTKe QYHKUHA ¢ (X) KOMKHA —
110 ero yGexIeHHIo — NOLYNHATLCA eIMHOMY aHANMTHYECKOMY 3aKOHY; pelleHue
3axay# CpeACTBaMH daHAAW3a BO3MOXHO JHIIb B TOM Chyuyae, KOrjia <pasiavyHHe
nONOXeHUs KoleGmomeHcs CTPYHB MOTYT ObITh 3aKIOYEHH B OJNHOM M TOM e
ypaBHeHu#». Brocaenctsun [Jasambep COCPeNOTOYMN CBOM BO3PaXeHHA Ha BO-
npoce O KPHBHM3He, KOTOpas JAOMKHA GBITh ONPENeNeHHOR BO BCEX TOYKaX, HO-
CKONBKY B CaMOM YpaBHeHHMH (Urypupyer BTOpas IPOU3BOLHAA g%; MEXNY TeM
NPOU3BOALHOCTh 3aaHMA f M <CKIeHBaHHME» rpaduka ¢ U3 KYCKOB ee CyuiecTBo-
BaHNA He 00ecneyuBaioT.

Ecan mo6uBathCa BHIONHEHMA ypaBHeHHS (2), TO mocaegHeMy cooGpaxeHuio
Helb3f OTKa3atTh B yOemuTelbHOCTH [CpP. Te€ OrpaHUYeHHs, KOTOPHE Mbl BHIle
panoxuad Ha Gynkumio f (n° 419, 3ameuanwue)}

Bonpoc o XapakTepe <IpOM3BOAbHHIX GYHKHUM», BIepBHEe BCTPETHBUIAXCA
NpH peleHHd Iu@depeHnyalbHBX ypasHeHMH B YACTHHX NMPOM3BOJA-
H B X *), eme foaro xe6aTupoBaica cpein Matematikos. B 1787 r.— yixe nocae
cMepTd O060MX NPOTHBHMKOB — [leTep6yprckasa axaxeMusi BHIIBMHYJNA HMEHHO
3TOT CHOPHHH BONPOC Ha COWCKAHHME NpeMuy, Kortopas B 1790 r. Gbiia mpucy-
wnena Jlyn ApGora, GiM3koMy IO CBOMM B3rAsjaM K Ditnepy.

[lepelizeM Temepb KO BTOPOMY NpeiMeTy CHopa, MMEIOUIEMY YXe Henmocpem-
CTBEHHYIO CB3b C OCHOBHHIM COJEPXaHWEM HacTosero ovepka. Ha sror pa3s
B OJHOM narepe okasanuch Jfinep u Janambep, xotropsie 06a BHICTYNUIM NPOTHB
Bepuynny, yTBepxaas, YTo €ro pemieHHe He ABAfETCA OGWIMM, TaK Kak JaneKo
He MCYepNLIBaeT BCeX BO3MOXHBIX 3aKOHOB KoneGaHHA CTPYHBL

ditnep sCHO NOHKMal, YTO BCe CBOAMTCA K BOMPOCY: MOdicem A Aw06as
ynryus f(x) (xapakTepuayoman HauaIbHyio GopMy CTPYHB) Gbimbs pasroscena
8 pAd no cunycam kpamrux Oye? CaM OH OTBeyal Ha 9TOT BONPOC OTPHIUA-
TeabHo. [Ipexne Bcero, HauanbHad KPHMBAs, N0 KOTOPOH pacHoxaraliachb CTPYyHa,

¥) Hanmono6ue nmpoy3BOALHLIX MOCTOAHHBIX, Yie BCTPEYaBIIHXCA NPY peiue-
HAH OGLIKHOBEHHBIX AuddepeHUBanbHEX ypaBHEHWH.
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Moraa 6bl OKasaTbCA BOBCE HE BHIPa3sWMON HHKaKUM YpaBHEHHEM, SHAYNT, B YACT-
soctd — H ypaBHeHueM (12) Bepuyamu. Ho gaxe ecam oma m npexcrapasnach
2HAMUTHYECKHM BHIPAXEHHEM, TO 3TO NOCHENHEEe MOrA0 He 06JafaTh TEMH O C O~
GeHHOCTAMHU, KOTOPHE OTAHYAWT KakAYI0 KPHBYIO, BHPAXAEMYIO ypaBHe-
nnem Buja (12). K TaknM OCOGEHHOCTAM NPHHALAEKHT, BO-NEPBHX, HEYETHOCTH
opnmm'mz2 lxax GyHknuu 0T aBcuMCcCH, W, BO-BTOPHX, HaiWuMe Y 5ToH dynkumm
nepuoma 2.

Bospawenne itnepa Tpe6GyeT noscHeHMH: Benb GyHKuma f(x) samaercs
apmb B npoMexyTke or 0 o I, rRe 9TH 0COGEHHOCTH BOOOME W He MOray Ou
npossuthcal Ho B 1y mopy eme cyHtanoch camo co60K0 pasyMeOmuMCH, YTO
088 GHAAUMUYECKUX BUPAAHCEHUS, NOIYIAOWRX PABHHE 3NAYCHUS
NPy USMEHEHIL NEPEMEHHON 8 KAKOM-AuG0 NPOMEIHCYMKE, MEM COMBM OMONC-
decmsasiomess u_ nosciody ese Hezo. TlostoMy, Hanpumep, eciu dymxuma f(x)
B npoMexyrxe (0, [) Guia 3afaHa ¢ MOMOWBIO A ArTe6PAKYECKOPO BHPa-
X € HY fl, KOTOPOe HHKOrJa He 06JagaeT BTODHM M3 YHOMSHYTHX CBOHCTB, TO —
B CHUlly CKAa33aHHOrO — Jaxe B MNpejesax ORHOro STOTO IIPOMEXKYTKAa OHA yke
E€ MOTJIa COBNajaTh C BHpaxkeHHneM Buma (12).

Jlanam6ep B CBOMX BO3paXKeHMAX IIOHIEN €MlE€ JNaable: 110 €ro MHEHUIO,
Jaxke ecid OTHeAbHBIe YaCTH SHNepoBOH KPHMBOH OKa3bBRIOTCA BCE CBA3AHHBIMM
eNUHHM aHalWTHYECKHM BHIDAXEHHEM, TO OHA BCe e He 00A3aHa clneposaTth
3aKOHY, yxasanHoMy Bepuyanu. Tak HanamGep oTBepr pelieHHe, KOTOpoe Kax
Pa3 M OCYIeCTBAAIO ero CO6CTBeHHOE TpeGoBaHMe, YTOOH PA3NHYBLIE NONOXKE-
HUS KoxeGaomeics CTPYHH GHIN <3aKNIOYERH B OHOM M TOM Xe ypaBHeHum»!

Co csoeit croponk, Bepayanum Tenmepb yxe ¢ Géabmleit HaCTOMYMBOCTHIO
yTBEpXkJal, YTO ypaBHeHHEM BHJa (12) O0XBaTHBAIOTCA BCEBO3MOXHLIE KPHBHE:
pacmonaras 6eCKOHEYHHM MHOMECTBOM KO3(@HUMEHTOB, MOMXHO Belb 3aCTaBHTh
BLIPAXKAaEMYI0 BM KPHBYIO NpOfiTH uepe3 n060oe YHCIO Hanepek 3alaHHHX TOYEK.
Tipu sToM 0COGYI0 HEHHOCTh B €ro raasax BCe e, MO-NPExHEMy, NpeicTaBasia
GU3HYECKAsA CTOPOHA fiena, a HMEHHO <BO3MOXHOCTL NPHBECTH CYH\eCTBYiO-
uiye B NPHPOAE IBHXKEHHs, KOTOPble KaXyTCA HENONYMHEHHHIMH HUKAKOMY 3a-
KOHY, K NPOCTHM H30XPOHHHM [IBHXEHHAM...».

423, Paznowenne GYHKUHA B TPHTOHOMETPHYECKHE DPSAbI, ONpejielieHHe
Koo pHidenToB. CaMbiM YAVBHTEIbHHIM BO BCeH 9TOift XMCKyccHM GuIO TO,
uTO JHJAEp B 9TO BPEMs YKe CaM pacnoiarax NpHMepaMM Pa3NoMeHHA HMEHHO
anre6panvecKuXx QYHKUMH B TPHrOHOMETPHYECKME pambl (KOHEYHO,
NONYYEHHBIMH COBEpIIEHHO GOPMaTbHO).

B «Juddepenunansiom mcymcaenuu» (1755 r.) Mbl HaxonuM pasnoxeHue

sin 2x , sin3x , sin4x T—X

sin £ 5 =T (13)

fcp. n® 406, 1)}, o koTopom finep eme B 1744r. coobman B nucbMe
csoemy apyry loappbaxy. B 1760 r. smma B cser pa6oTa 2iinepa, HanuCa-
naa B 1754 r, rae, HCXOAA M3 Pa3noOXEHAR

cos X—a
14 a*—2acosx
W, momaras a==-t 1, OH CHayala NPHXOJHT K PACXOX ALK MC A pANAM

=08 X -+ acos 2x + a?cos 3x + a¥cos 4x ...

cos x -}~ cos 2x -}~ cos 3x -+ cos 4x ...=—-%,
(19)
€08 X — €0s 2x - ¢os 3x — cos 4x+...=%,
a 3aTeM HHTErpupyer HOYMEHHO BT OP OR U3 HHX M NOJYYaeT pe3ynbTar:
. sin 2x |, sin 3x = sin4x x
— — = 5,
sin x 5 + 3 1 +.us 5 (19
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[cp. n° 406, 2)]. <Her mapoGHOCTH NMpPUCOENMHATH IOCTOAHHYI0, MOACHAET Diuep,
u6o npu x=0 cama cymma mncuesaer». Hukakmx ykasaunuif Ha 061acTh mpHMeE-
HHUMOCTH STHX M NMOXOGHBIX UM Da3NoMeHUH y Dfimepa Her.

WnrepecHo, uto Diaep He noayyaer pasnoxenus (13) nyreM nounesHoro
VHTETPUPOBAHUS U epBOTr o u3 pagos (14). dto aummp Bnocmepcrsun (1772 r.)
poimoanna 1. Beprynan. On moguepkHBaeT Npexjae BCero, YTO ONPexeleHHE
NOCTOAAHHON HHTErpHUPOBAHNA B PAaBEHCTBE

. sin 2x | sin 3x | sin 4x X
sin X + —5—+4 — +—7 _[-,,,:C—?

Tpeﬁyer «OCMOTPUTENbHOCTH». HANpUMED, HE TOUUTCA AJaa aToi neam npocTo

T
noncrasuts x=0; Bepuyaan nonaraer X=- W, HCUOIb3YS M3BECTHHIH pAaL

Jleit6uuna [n° 255, (20)], mpuxoOOUT K PaBEHCTBY

T

'2_-

Bepuynnn (snepsblel) TOUHO yKa3kiBaeT 06GHacTb NPHMEHHMOCTH NONYYEHHOro
pasnoxeHds — npomexyTok or 0 po 2z, mpuyeM mad x=0 (2r) paBeHCTBO
Mecta He mMeeT. Boubie Toro: Ias APYLMX HPOMEXYTKOB: OT 2n 10 4w, oT 4m
10 6z ¥ 1. 1. NPUXOUUTCA ITOCTOAHHYI0 WHTETrPHPOBAHHA COOTBETCTBEHHO H3Me-
HATH (XOTA 9TO M <KaXeTCA NPOTHBOPEYALINM 3aKOHY HENPepbiBHOCTH?).

BaxHbilt BOmpoc 06 onpedeseHun KOIPPULyULHIMO8 MPUZOROMEMPULECK 020
pasaodicenuss Haneped 3a0aHHOl PYHKyuu—B OCWEM BUIe — N0-BU-
IuMoMy, BIepBelie mocraBux Kaepo B 1757 r. B ommoit pa6oTe mo TeopeTHyecKoH
acTpoHOMHMH. Peyb B Helt MIeT 0 pasnoxeHUH QYHKUMH B NpoMexyTke or O fow
B pan no xocudycam. CHayana aBTop pelnaeT HHTEPHOJAUMOHHYIO 3alayy, orpa-
HWYHBAACh KOHEYHBIM YHCIOM 7 YJIEHOB pAfA M NOGMBASACH COBNAJEHAA UX CYyMMBI
Co 3HayeHueM (YHKUMM B TAaKOM K€ WYHCIEe PABHOOTCTOAIMX TOUEK; KO3(du-
LUUEHTH TOJYYaloTCAd B BHAE HCKOTOPHIX CyMM. 3aTeM JAMiIb OH «GepeT n Gecko-
HEYHbIMY», T. €, 10 CYIeCTBY, NEPEXONUT K Ipeneay, M YCTaHABIHBAET «TOUHbIE
3Ha‘{EHH516KOZ;1J(DHLlHeHTOB B BHIE 3HAKOMHX HaM HHTErpalbHBIX BHIPaXEHUH
[n® 405, ( .

Taxue );Le dopmyawr B 1777 r. noayuun cam Diiaep, Ha STOT Pa3 — UMEHHO
mesm memooon, KOmOpuli Ham menepy npusbider, M. e. ¢ NOMOUDBIO NOY.LeH~
HOo20 unmezpuposarus. (Pabora dfinepa Gbira omyGINKOBaHA €O 3HAYUTEAbHBIM
onos3nanneM — aumib B 1798 r.) Ceo#t pesyabrar Diinep dopmymupyer B BHle
«o6miell TeOpeMHI», B YCIOBHE KOTOPOH BXOIUT NP e NN 00 X € HU e, YTO QyHK-
uusd JONyCKaeT PasiomeHue B paAj Mo KocuHycaMm. O mom, 4mo npou3 604 b=
#a s ynKyus e20 donycxaem, u 30ech peyu Hem.

[TepenoM B caMoM OTHOIWI € HUM K 9TOMY BONPOCY ObiT CO3MaH YKe B Ha-
yajge NPoLLIOro BeKa HccaegoBaHusaMu Pypbe, MOCBALIEHHBIMM MaTeMaTHYECKOH
TEOPHH DPACNPOCTPAHEHHMA Temna. JTU MCCAENOBaHWsA, KOTOpHE NOKIAaNbIBANHCH
TMapmxckod akageMud B BHIEe OTNEAbHBIX COOGIIEHMH ¥ MeMyapoB, HauHHask
¢ 1807 r.,, 6hmH B 3HAUMTENLHOH YaCTH TNOXLITOXEHbl B COMMHEHHH <AHamutu-
ueckas Teopus Ttennar (1822 r.), 6bicTpo NoJyuuBIlIEM M3BECTHOCTH.

®ypbe, nomoGHo Ditnepy, TakKe YCTAHABAMBAET WHTErpaibHble QOPMYIbE
A& KO3(Q(UUHEHTOB TPUrOHOMETPHYECKOro pasiOoWeHUss (YHKUMH € IOMOmBIO
1I0YJ€HHOTO0 MHTErpHpoBaHua. B nerkolt BO3MOMHOCTH BBIUHCIATL 1O 3TUM ¢op-
MyiaaM KO3QQUUYeHTH NI <«COBEpIIeHHO NPOU3BOJIbHLIX (QYHKIMIT> OH MOUEPNHY &
YBEDEHHOCTb B OOMYCMUMOCHU CAMO20 PA3A0JNCEHHUs IAA BCEX TAKUX (PYHKUUH.
CunbHoe BrevaTIeHHe Ha COBPEMEHHHKOB Pypbe NPOHMSBOAMIM PABNOKeEHUA

1,1
C—%:l——-—g—[-?—- =—Z—, otkyna C =

*) Wutepnonsunonnyo 3amayy —B CBA3U C BONpOCOM 0 (hopMe KoaeGao-
1leHCA CTPYHb! — HECKOMbKUMH TOJlaMu Mo3xe pewan # Jlarpanxk,
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(YHKUUH, TNOAYHHAKIMUXCA B Pa3HBX YaCTAX INPOMEXYTKA Da3HHIM 3aKOHAM,
HanpuMep: -

™
1—cosna 5 Lad l<x<a
Z —— Sinnx=
n=1 0 m1a a<<x <<m.

dypbe pasnaran (B npomexyTke or 0 no =) yeTHY 0 (DyHKUMIO COS X MO CH-
HycaM, a HeYeTHY 0 QYHKUMIO sin X N0 KOCHHYyCaM. Bcem atuM Hanocmics
pENIHTENbHEIM YHAD N0 NPEeXHHM BO33PERUAM: 8edb C2AAXCUBAAGCH PA3HLLG
MENHCOY  <CMEUWGHHBIMU> U CHEnpepuieHsiMuy> PyHxyamu (N0 TEPMHHONOTHH
dnuepa). Bvecre ¢ Tem cmapuiii cnop 0 mpuzoHOMempPUHecKOM PA3NOHCEHUL
«npou380asrOly PYHKYUU ¢ onpedeseHHOCNbIO paspeuiancss 8 nosb3y Bepuyaau!

B psane ciyyaes MOXHO OHIO HENOCPENCTBEHHO IIPOBEPHTH CXOXUMOCTH IMO-
crpoenHbix Pypbe pasnoxenuil K coorsercrByomuM @ynxnuam. C xpyro# cropomnss,
STH PasNONEHHA HAXOLMIH BCe Gojee IMMPOKOE NPUMEHEHHE B MaTeMaTHYeCKOH
¢usnke. OnHako, HecMOTpA Ha Bce 370, Hien Pypbe mo Hayamy BCTpeTHIM
Malo COYYBCTBMA: NOYJCHHOE HHTErpHpoBaHHe ObIO B OOblyae TOTO BPEMEHH,
HO OHO BeIb He NOKa3mHBaeT, a NpejHnonaraeTt JONYCTUMOCTh pad~
7OXEHMS, ¥ OCTAaHOBKA OblIa HMMEHHO 33 [0Ka3aTenbCTBOM 3TOH RomycTuMocTtul

424. Jloxa3aTeJbCTBa CXONMMOCTH psinoB Pypbe H JApYrHe BOAPOCHL.
IpaBpa, cam Pypre B KOHUE CBOETO COYMHEHWA JenaeT HOMBITKY NOKasaTh
CIPaBELINBOCTL TPUIOHOMETPHYECKOr0 DPasmoxeHus (QyHKUHMH, HO €ero paccymie-
HUA GbIM HaleKH OT AHATHTHUECKOH CTPOroCTH, XOTA OCHOBHAA €ro uied, KOTo-
poit oH npHIax reoMerpuueckyio GopMy, ¥ Geiia MpaBHAbHOH 3areM
TIOCAENOBaNH MOMBITKY NPYLHX aBTOPOB, B ToM yuciae Koiw, HO M OHM BbI3BaNH
BO3DaXeHUA.

IlepBoe meHCTBUTEABHO CT P OT O € NOKA3aTeNbCTBO YTBEPKAEHHS, BHICKA3AH-
noro ®ypbe, npupamaexur Jupuxiae (1829 r.); oHo Mo CymecTBY HCIOAb3YET HAEIO
camoro Pypbe. Xoth B 3aronoBKe oTHOCAMeNCA Cioga paGoThl *) enle YNOMHHAETCA
0 «IPOU3BONLHON QYHKIUMM», HO HA nede JlupHXie TOYHO OTPaHMYHUBaeT pac-
cMaTpuBaeMbll MM kiaacc (QyHKuUMH: 9TO (yHKUMH, ONpeleleHHHE W KOHEYHHIE
B NMPOMEXYTKe [—m, m], KYCOUHO-HENPEPHIBHEE H KYCOYHO-MOHOTOHHbIE *¥), Ecan
@yHkuns f(x) y@OBIeTBOPAeT STUM TpeGOBAHMAM, TO —XKaK JOKa3bBaerT
Jupuxie — TPUTOHOMETPUYECKHI AN, COCTaBAEHHHA JId Hee IO (opMyram

Pypbe, CXONUICE K CyMMe
Fx+0)+f(x—0)
2

opn —a<<x <m H K CyMMe

£t 04760

mpa X =+

P Yepes koportkoe Bpems (B 1834—1835 r.) JloGaueBckuit Tome aanm moxasa-
TENbCTBO TEOPEMbI PAa3NOXEeHHs, HaJOXUB, ORHAKO, HAa QYHKIUIO YCIOBHSA APYroro
Tuna, yem [Hdupuxie. Vimenso JloGaueBckniét npepnonaraer (QyHKUHIO BOOOHie
JupdepeHtupyemMoit, 3a HCKIOYEHHEM pa3Be NHIIb KOHEYHOIO YHCHa CKAYKOB,
a Takike TOYEeK, e caMa (YHKUMA MIM ee IIPOM3BONHAA OOPAINAETCA C ToX H
C Apyro#t CTOPOHH B -+ O0; NPH 3TOM (YHKUHS JOMKHA OCTaBaThCA MHTErPUpye-

#HT. Jlexen-lupuxne, «O CXOZUMOCTH TPUrOHOMETDHY €CKUX DPANOB,
caywalux AAA NPeacTaBleHUsa B NAHHHIX Mpelelax NPOUSBOAbHOH GYHKUHHY
(Xapbxoggxaﬂ Mamemamuyeckas Oubruomexa, cepus B, ¢6. Ne 2, 1914,
crp. 3—23).

#¥) Sr)o 3HAYUT, YTO OCHOBHOH NPOMEXYTOK MOWKET OhITh Ppa3nOKEH Ha
KOHEYHOE YMCIO YacTed, BHYTPH KaXIOH M3 KOTOPHX B OTHAEAbHOCTH (YHKIUHA
H3MEHReTC MOHOTOHHO.
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MOH — B COGCTBEHHOM MM B HecOoGCTBeHHOM cMuicie ¥), Ycunosua Hupuxae u Jlo-
GaueBCKOro B3aMMHO He TNEPEKPHBAIOTCH.

BriocaegcTBHH APYTHMHM aBTOPaMH Gl YCTaHOBIEH Leawlll pax Gozee o6uux
AOCTAaTOYHH X NPU3HAKOB CXOAUMOCTH pafa Pypbe K HCXomHOM (yHKIUH.

Baxnoe MeCTO B Pa3BHTHH TeODHNM TPHIOHOMETPHUECKMX DANOB 3aHWMaeT
u3BecTHan Jucceprauus Pumana **) (1854 r.; omyGnuxosana B 1867 r.). Hayu-
HaeTCs OHA OYEPKOM HCTODHH BONPOCA. 3aTeM aBTOP OCTaHABAMBAETCA HA yTOYHe-
HHM TMOHATHA ONpEfeleHHOrO HHTErpaja W YCTaHaBAHBAET YCHOBHA €ro cymie-
CTBOBaHH#. JTHM Ghila pacmhpeHa o61acTb NpPUMEHHMOCTH pspnoB Pypse
(B vYaCTHOCTH, HaIrpuMep, CTana ACHOH HEHYXHOCTb KaKHX-IM60 NpenlonoxeHuit
O HempepH BHOCTH QyHkuun B Teopeme [upuxne). Ho raaBroe comepxkanue
paGoTH CBA3AHO C PACCMOTPEHMEM TPHIOHOMETPHUECKMX pafioB ofmero BuUAa

0
a .
T4 Zl a, cosnx -+ b, sinnx (16)
ne==

M BHISiCHEHMEM HEOGXONMMHE X YCIOBUM NPEACTaBICHHA NONOGHHIM DAXOM
npouasoabHo# Gynkuuy f (x) ¢ mepuonom 2=. Pany (16) Puman comocraBaser pan

a, cos nx - b, sin nx
4 - ne ’
n=1

KOTOPHifi W3 Hero moayyaerca ¢opMaibHO MOYNEHHBIM JBYKPATHHIM HHTErPHPOBA-
nueM. B mpennonoxenuy, yTo a, — 0 u b, — 0 (2 X 5TOMY Cayvaw BCeraa MOXHO
CBECTH JeN0), MOCIeXHHA DAX CXONMTCA PAaBHOMEPHO BO BCEM HPOMEXYTKE OT
— o 10 -+ 0o ¥ onpexenaseT B HeM BenpepmBrylo ¢GysKuMio F(x). CsofictBam
¢yuxnuu F(x) v ee cBasu ¢ Qysxuuedt f(x) mnocesmeHa MnociesHsa yacTb pa-
6otn. K muccepranun Pumana npuMbiKaeT paj paGoT APYrHX aBTOpPOB, HCIOMb30-
BaBIIUX €ro METOX McclefoBaHuA pama (16) ¥ noayyesnne MM pe3ynbTaTHl.

Tipexae BCEro BOSHHK 60nmpoc 00 eQUHCMEERHOCMU MPUZOHOMEMPUYECKO20
pasaodicenus ynxyguu: Benb @opMynst dftnepa — Pypbe, naiowmwe kosddu-
HMEHTH TaKOro PasfOXeHus, OB YCTAHOBIEHH C NMOMOWBIO IOYIEHHOrO MHTE-
IPUPOBaHUA Psia, a BO BTOPOH NOJNOBHHE NMPOLUIOTO BeKa yxke Obira 0CO3HaHa
HEJIONYCTHMOCTL Ge30FOBOPOYHOrO HCMNOAL3OBAHMA NOAOGHOTO mpueMa. [lepBuiM
ynoMsaHyTei#t Bonpoc mnocraBua B 1870 r. Tefine *¥*), Ho moaHoe pemenue
ero Torga e fax Kawtop, nokasaBmimi crenyiomyo om0 Teopemy: ecau
Oss1 Pyuxguun f(x) 8 npomesxcymie [—m, n] 6000uje 803MONCHO pa3so-
oicentie 8 psad euda (16), mo maxoe paszsoocerue eduncmsenno. Enun-
CTBEHHOCTb COXPAHACTCA W NPY HaNMYUK B YKa3aHHOM NPOMEXYTKe HCKIIOYH-
TeJbHKX TOYEK, MJIA KOTOPHX HUUEro He H3BECTHO O CYMMe palia M Jaxe 06 ero
CXONMMOCTH (AWIIb €CIN MHOXECTBO TAKHX HCKMOYHTENbHHX TOYeK 6 e CK o-
HeyHO, OHO MONIEXKHT elle HEKOTOPHM OrpaHUYeHUaAM).

Kakopbl xe x03(@HUHEHTH 9TOT0 € XMHCTBEHHOTI O Pa3sNoXKEeHAs PyHk-
uup f(x) (ecam HOMYCTHTh €ro BOSMOXHOCTH)? Bce2da au Onu 6yoym umMenno
Koagpuyuenmanu Gypve? KoHEYHO, STOT BOIPOC MOXHO GHIO CTABUTH TONLKO
no OTHOLIEHHI0O K TakuM (QyHKLWAM, IJA KOTOPHX MHTErpaus, (QUrypupymouue
B Gopmynax Ditnepa — Pypbe, Booflle HMEOT CMBICI. BechMma 3ameuyaTennpHO,

¥) H. U. JloG6auescxui, «O6 ucyesannn TPUTOHROMETPHIECKUX CTPOK>
4 «CnocoG yBepaTbCs B MCUE3aHUH GECKOHEUHBIX CTPOK...» ([loaHoe cobpanue
coqunenuii, 1. V, 1951, crp. 31—80 n 81—162),

#¥) Bepurapn Puman, «O BO3MOXHOCTH npejncTaBieHHa (YHKUHA
NOCPEACTBOM TpUroHOMeTpnueckoro psaga» (COOPHMK, YKasaHHHH B CHOCKe Ha
npexwaymedt crpannue, crp. 27—85, wmam Couunenus, 1948, crp. 225—261).

*#¥) [enpux dayapn [eline (1821—1881) — HeMenxkuit maTeMaTHk,
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YTO OIngem OKA3aACS YmMeepOumenssHsim, Kak 9T0 CHavajza ycraHosun B 1872 r,
Afis Henpeps BHBHX QyHkuukt Ackoan®), a 1874 r. ana GyHxuuit, uuterpu-
PYeMBIX B COGCTBEHHOM CMHICAE,— a0 Bya-Pefivon *#). Bnocnencrsunm srtor
peaynbrar Gbln PaCHPOCTPaHEH WM Ha QYHKUWH, HHTerpHpyeMbie B Gonee o6miem
cMbicie. Smusie pabomamu Ouar0 6nepsvie Y0eOUMENbHO MOMUSUPOBAHO MO
UCKAIOHUMEesbHOE BHUMAHUE, KOMOpPOe Y0eASIA0CH UCCLe008AMeRIME PASA0IICe-
HUw Pynxyuii umenno 8 paods Pypee.

OcranoByMCA enle TUdib Ha OXHOM Bompoce. Jlupuxae 6b11 yOexIeH B TOM, YTO
Kawpnas HenpepHBHaA QYHKHNHA, C NEPHOAOM 27, Da3NOKHMA B PAX
Pypbe, XOTA H He MOT 3TO KOKa3aTb. IJTO yOexJeHHe, NO-BUAMMOMY, pasmensin
u npyrue mMatematukd. Opmako mpo Bya-PeitMon, nocae pspga GecIuionHbIX I1ONb-
TOK JiOKa3aTb CHpaBelIHBOCTb mpexnoioxenus Hupnxuae, B 1876 r. npumepom
ONPOBEPT €ro, MOCTPOUB TAKYI0 HeNPEPHBHYIO QYHKLUHMIO, I8 XOTOpO#H pan Py-
pbe pacxomurca B 6ecuHCIeHHOM MHOXXECTBE TOUEK B npeunenax CKolb yronso
MAJIOr0 NPOMEKYTKA.

Ha sTOM MH 3aKaHuy¥BaeM Hail OYEPK, TaK KaK — XOTS 9JeMEeHTapHas YacTb
TEOPUU TPHIOHOMETPHYECKHX PALOB HECOMHEHHO OTHOCHTCH K OCHOBaM aHaam3a —
B JaibHeHINEM CBOEM DasBHTHH 5Ta TEOPHs YXe OKa3hBaeTcs CBR3aHHOH ¢ 60-
jee TOHKUMY NOHATHAMHM ¥ YTBEPXICHUAMH, KOTOPbIC YHTATEHI0 HE3HAKOMBIL

425, 3akX0UHTEe bHble 3ameuaHusi. Mol xoTend 6bl MOLYEPKHYTh 31€Ch TO
HCKIIOUMTEIbHOE TONOXEBHe, KOTOpOE B MCTODHU aHalH3a S3aHHUMaeT TeopHa
TPUIOHOMETPHYECKNAX DPANOB.

Ilpexne Bcero, TECHO CBA3aHO C STOH TeopHel! YTOYHEHHE CaMOro
noHatTHA pyHxuuu Crop diinepa u [l bepHynnn no moBOxy pasioXeHHs
<{IPOM3BONILHOH» (QYHKUMHM B TPUIOHOMETPHYECKHMH pAX MHOro cone#cTeeBan
YCTPaHEHHI0 HEKOTODHIX NPENB3ATHX W HEBEPHHX Mbiciel, DONyYHBINEMY 3aBep-
meHue B paborax Pypse. CoBpeMenHoe ofuee onpeneneHre PyHKUUHA
Mbl He cayuaitHo HaxopuMm y JloGaueBckoro u Jlupuxne HMCHHO B MX HCCHelOBa-
HHAIX N0 TPHTOHOMETPHYECKHM psajaM!

B cBa3u ¢ norpe6GHOCTAMU Teopun paxnos Pypoe, 6b110 PuMaHoM yTOYHEHO
¥ 0600LieH0 MOHATHE ONPENeNEeHHOro MHTerpana. [lepsuie maru
Kantopa B co3ganHOif MM TeODHUM 6ECKOHEYHH X MHOXECTB OblIu cle-
NaHBl 1O NMOBOAY BONPOCA 00 E€IMHCTBEHHOCTH TPHIOHOMETPHYECKOrO pasioxe-
pus. CoBpeMenHas TeopHs 0606 EHHOr0 CYMMUPOBaHNa pacxo-
NLALUXCA PANOB BEeET Hayano OT uccneRosanmit Ilyaccona *¥¥) no cymmupo-
BaHMI0 TPUrOHOMETPHYECKHX PALOB. ﬂa)xe €CIN T€ HIW APYrue TOHKHE NOHATHA
aHanusa (HanmpHMep, a6CONIOTHasA M HEAOCOMIOTHAaA CXOAMMOCTb YHMCIOBOIO PsjA,
paBHOMEPHAA W HEPaBHOMEPHas CXONHMOCTb QYHKIHOHAALHOIC PANa) MOABAAINCH
¥ BHe CBA3M C Teopuelt TPHrOHOMETPHYECKHX DAINOB, TO OHK HEMEHACHHO NpHMe-
HSUINCh K 3TUM PAJaM, KOTOpbhie CAYXHAH KakK Gul OCEeAKOM T UCNbITAHUA HX
sHayuMocTH. Takoe moxoxeHue BemeH COXpaHAeTcs M IO CHIO NOPY.

TpHuroHoMeTpHuyeckye psagbl HAXOAAT ce6e HENocpeACTBEHHOE INpHMeHeHHe
B MaTeMaTHyeckol (usmke (HexoTOpoe mpencTaBieHHe 06 STOM YHTaTedMb MOXKET
COCTaBUTh Ha NPHMEPe pAacCMOTPEHHOH BHMIE 3aJaud O KoAeGaHWA CTPYHbI)
M BO MHOIMX pa3nenax Texauku. Ho eme Goree mupoxyo o61acTh NpUMEHEHHs
HMET TaK HaduiBaeMule <ofoGuieHHEIe PAXN Pypbes, T. €. Pa3MOKeHUS MO Pas-
JINYHBIM XPYTHM CHCT€MaM OPTOOHAMBHBIX (YHKUMHA, 1A KOTOPHX o06pasuom
CAYXAT TPHFOHOMETPHYECKHE DA3NOKEHHA U TeOpHA KOTOPLIX TECHO neperae-
TaeTCs ¢ Teopuedt pamos Pypoe.

#) Oxyauo A ckonan (1843—1896) — vranbanckuii MaTeMaTHK.
%) [loap nio Bya-Peiimon (1831—1889) — nemeukuii maTeMaT®k, WO
NPOUCXOKIACHRIO MBeHIapel.
*#%) Cumon [lenw [Iyaccon (1781—1840) — Buumatomuiica ¢paniysckul
MeXaHMK, QU3HK H MaTeMaTHK.




SAKJIIOYEHHE

OYEPK JAJIbHEHIIETO PA3BUTHS
MATEMATHYECKOTO AHAJIM3A

locne ocBoeHUA O CH OB MaTeMaTMYeCKOro aHaNW3a IIfA YUTATeNs NMpeacTa-
BUT UHTEpPeC O3HAKOMHTHCH, XOTa bl B CAMBIX OGLINX YEPTax, C TEMH MaTeMa-
THYECKUMH RUCHUMIHHAMHA, KOTODHE B IlJOM HblHE W COCTaBIAIOT MaTeEMa T M-
YecCKHUN aHa U3, NOHUMAEMbI B INHPOKOM CMHICIe.

I. TEOPHS IHOSEPEHIUAJIbBHBIX YPABHEHHUI

C sToit oTpacablo aHaNTM3a YMTATeXb YXe 3HAKOM W3 YHUBEPCHUTETCKOro
Kypca, YTO JaeT HaM NpPaBO GbiTh B AAHHOM Clyyae KPaTKHMH.

Eme B npexucTopuyu guddepeHnnasbHOro M HMHTErpaibHOrO HCYHCHE-
HHA BCTPEYaNCh — KAaK MX Ha3HBAaAH TOrAa — «oGpaTHble 3a71ayd Ha KacaTejb-
Hble», T. €. 3aJayy, B KOTOPHX MILYTCA KPHBble HO 3aJaHHOMY CBOHCTBY Kaca-
TenbHbIX K BMM. O6 3THX 3afayax yNOMHHaeTCs B M3BecTHO! nepenucke Hborona
c Jlei#6uunem [n° 228]; ram smepeeie JIe6HUI npuMennx TepMuH <auddepesuu-
anbHble YPaBHEHUA».

Bropas ocHeBHas npo6nema, sniaBuHyTas HelotronoM B ero «Mertose daox-
cuii»: N0 OGHHOMY YpasHeHuio, codepocauiemy @drioKcun, Halimu cOOmHOwen e
Meoicdy frwoInmamu, KaK Mel YKadatn B n° 225, W ecTh ofmias 3aaya HHTErpH-
POBaHKA 00blKHOBeHHO20 Oudepenyuarvnozo ypasuenus. HpoTon, Kak npasuio,
pelraeT ee ¢ MOMOLIbIO CTENEHHHIX PAJOB, HE CTPEMsCh NPENACTaBUTH peIueHHe
B BHIE <KOHEYHOTO» AaHANTHTHYECKOro BHIPaWeHHs. MHOro 3aHMMAamuCh nudde-
peBuManbHLIMKM ypaBHenuamu Jleli6uuu u Gpatbs Bepuymny, mHOM pa3 Takke
noan3yAch 6eCKOHeyHmIMHM pagaMu. Ho B TO e BpeMms mMenHo MM mpHHajjexar
nepBLle CHCTEMATMYECKHE MOMNBLITKU PEIICHHs HEKOTOPHIX THIOB YpaBHEHHH nep-
BOTO MOpANKA IIyTeM CBeJEeHHA K XKBajapaTypawm.

Jlmup B XVII Bexke Tteopus nuddepeHuuaibHuIX YypaBHEHMH DasBHIACh
HACTONbKO, YTO €€ CTAaid PAacCMaTpMBAaTh KAK CaMOCTOATENbHYIO HAYYHYIO AMCIH~
nanHy. Boabuiyo poab B 3TOM CHIpanH MHOIOYMCIEHHHE H Pa3HOOGDasHEIE TPYAbI
dinepa.

HanomnuM, yTo uMeHHO 3finep BBeN NMOHATUS <IOJHOrO» (0 6 Ul e T 0) H «ya-
CTHOrO» pelienys OOLIKHOBEHHOrO AM(p@depeHIHanbHOIO ypaBHEHNA; MHOLO 3aHH-
Maics OH ¥ pELIeHHHMH, He CONEepKAIMMUCH B IOJHOM HHTerpaie (0 c 0 6 b M H).
OH UIMPOKO Pa3BHI METOX MHTErPUPYIOIMEro MHOMHUTEAA HE TONbKO
IS YpaBHeHUi nepBoro, HO M BLICINEro MOpAnka. Dillepy NpPUHALIERUT METONL
pelientsa OHOPOAHOro JuHeitHoro nudyepeHUNATbHOrO YPaBHEHHS C NOCTOAH-
HBIMH KOS(Q)(QUUHEHTAMH C NMOMOMmMbI0 XaPAKTEPUHCTHYECKOrO ypaBHe-
H¥ A U BoiiCHEHHE QopMul ero ofuiero Hurerpana. B csa3m ¢ npoGaemoli Koxe-
Ganua KpyroBot MemOpambl Diiiep nepsbiM HpHIIEX K PAacCMOTPEHHIO 0O6um(ero
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YpaBHEHHS UM AHHBIAPHYECKHUX PyrKuUUHA

s B 1lduw | du_
(a rs)u+rdr+dr9—0

(nosnnee Ha3BaHHOro <«ypasHeHueM Beccens»), mpeicTaBHB pemieHue ero B Buue
GeckoHeyHoro psaga. Jinepy ke NPHHALTEKHT NEPBHY MeTON IPHOAUKEHHOFO
pelieHNs OGLIKHOBEHHHX HUddepeHUHatbHbIX YpaBHEHHH,

PaGors Jditnepa, BMecTe ¢ paGoramm Kuepo, Jlarpamxa u Apyrux mareMa-
tuxoB XVIII Bexa, nanexo nponBuHyan GopMaldbHYI TEOPHI 00 bl K KO-
8e HH b X Oufdeperyuarvroix ypasHenuii.

O6parumcs 1enepb K OudepenyuasbHoln YPasHeHUAM 8 4 A CM HbL X NP O-
#3600Hbx. I B oToll o6nactu Ditnep MMeeT 3HauMTenbHBle 3acayru. Papm wc-
cnefOBaHHH OH IOCBATUA YpaBHEHWAM IepBoro mnopspka. C JIpyrodl CTOpOHHI,
MHOrMe 3aJlay¥ MEeXaHWKW ¥ (QU3UKM YyacTo NMPHBOXMAW Jfiiepa K PacCMOTPEHHIO
ypaBHeHURt BTOpOro (u BhICIIero) mopsixa ¥). OCOGeHHOCTHIO YPaBHEHHHl B yacT-
HbIX TNPOW3BOIHHLIX ObIIO NOABIEHHE B COCTaBE PEIUEHHA M POMBBOAbHB X
GYHKUMHE DTO mepBLIM 3aMeTHN Ha IIPIMepe YPaBHEHHA KOJeGaHUA CTPYHHL
Hanam6ep [n° 420], Ho mMeHHO Dfijep MCIOAbL30BAJ NPOU3BOAbHBIE QYHKUMM NIA
TOro, YTo6hl YAOBIETBOPUTH HAYaNbHEIM NAHHEIM, BBITCKAIOUUM U3 paccMaTpuBae-
MO} 3afaud, U TeM JIOBECTU MCCIeNOBaHHe NO KOHMA.

Bonsiuoe BausHME Ha mMoCAaelyioliee Pa3BuUTHE MaTeMaTHYeCKolt QusHKu OKa-
3anM Takixe pasHOOOpasHbie paGoThl cOBpeMeHHUKA Jiinepa — Jannuna BepHynau.
Emy nmpunannexur o6umm#t MeTOX AnA pelleHHA 3a4ay O KONeGaHWW YNPYrux CH-
cTeM, IPM KOTODOM HCKOMOE pelieBNle COOTBETCTBYIOIIETO YDaBHEHHUA pa3fda-
raercs B PsL N0 NPOCTEHLIAM ero pelicHUSAM; MPUMEPOM 5TOr0 MOXKET CAYXUTh
pelieHyie ypaBHeHUs Kone6anus CTpyHH [n° 421]. Pacuser MaTeMatuyeckoit GuanKn
DPUXONNTCA Ywe Ha Havamo XIX Bexa u cBasah ¢ uMmenamu Ilyaccona, Pypsbe,
Komu u Octporpaackoro.

OG6iiee cTpeMieHHe K MOBBILIEHUIO CTPOTOCTH €CTECTBEHHO NPUBIEKIO BHH-
MaHHE K BONMPOCY O CaMOM CYIL€CTBOBAaHMWY pemeHus anddepeHIUanbHEIX
ypaBHeHHI (MM COCTaBJIeHHHX U3 HUX cucreM). [lo oTHOmIEHHIO K O GBI KH 0=
BeHHE M YPaBHEHHAM NepBHE pe3ynbTaThl 3lech Guau moayyens Komm, a no
OTHOIUEHMIO K YpaBHEHHSIM B YaCTHHX NpPpou3BoxHHX— Copueit Kopa-
JeBcKol #%),

B KoHle mpOILIOro BeKa, B CBA3M C IOTPeGHOCTAMM MEXaHHKH M acTPOHO-
MHH, NOABUAUCH HCCAEHOBAHMA NO KAYECMBEHHOU meopuu 00blKHOBEHHbLX Oug-
depenyuarb Holx YPasHerul u wx cucmest, yCTaHaBAMBAIOLINE Pas3IiyHble CBOHCTBA
pelleHnit — HO CaMUM YPaBHeHUAM, 6e3 ux naTerpuposanus. OCHOBONONOXKHUKAMH
sto#t Teopun Gblau [lyankape u Jlanynos **#), Vigen JlanyHoBa moayumam paab-
pelilee pasBUTHe yXe B TPYJaX COBETCKHMX MaTeMaTHKOB,

OrmetuM emie, YTO B NOCIeHEee BPeMsA IIPOSABHAOCH ONpeleleHHOE BIHAHHE
Ha Teopu JAMpQepeHUUaTbHHX ypaBHeHHH (0COGEHHO — B YaCTHBIX NPOM3BOA-
HbIX) CO CTOPOHBI MOJIOAKLIX aHANUTHYECKHX RUCLHMININH — meopun gynxyui seue-
CMBEHHOL NEPeMEHHOU ¥ (PYHKYUOHArbH020 aHaau3a (cM. pasgeant V u VI).
DTO BAMsAHNE HE TOILKO OTPA3HIOCh Ha OGLIMX TOYKAX 3PEHMS M IIOAXONE K OC-
HOBHBIM TIOHATHAM Teopuy AuddepeHUNANbHHX ypaBHEHHH, HO M NPUBEIO K BaX-
HbHIM KOHKDETHHIM pesyabTaTaM B STOH TEOpHH.

#) [MonoGHble 3aflayi M pellleHHe COOTBETCTBYIOIUX YPABHEHHH# COCTAaBAAOT
npefMeT TaK Ha3HBaeCMOH mamemamudeckoi dusuru.
#¥) Codmna BacumbesHa KoBanesckasn (1850—1891) 6riza nepsoit xen-
HMHOH, NonyyuBIIEeH 3BanHe nmpodeccopa MaTeMaTHKH.
##¥%) Ppannysckut yuennt Anpu Ilyankape (1854—1912) u pyccknit axa-
neMux Anexcannp Muxaiinosny Jlanynos (1857—1918) — suimanomuecs Mare-
MaTHKH.
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II. BAPHAUHOHHOE HCYHCJIEHHE

Bapuanuonnoe wucyucaenne BosnuKio B koHne XVII Bexa, Bckope mnocae
CO3JaHUA CaMOro <aHaam3a GECKOHEYHO MalhiX», HO BMeCTe C TeM OHO COCTa-
p  BAA€T Kak OW TAaBY TaKk HAa3bIBAEMOTO (PYHK-
y YUOHAAbHO20 AHAAU3Q, KOTOPHH pasBHACA yxe
B HameM Beke (cM. pasgex VI).

,f"" [na ACHOCTH M3NIOXEHHS, yCTAHOBUM CHayana
Y OJIHO NOHATHE, MPHHaAJAeXamee HMEHHO

A QYHKHHMOHaNbBHOMY aHaRU3Yy,
[lyctb umeeM mnaockylo kpusyio (puc. 84)

y=Frx) (H<a<sx,).

Pacemorpum: 1) maowmaxbs P orpaHnyeHsHolt
€10 KDPHBOJNMHeHHON Tpameumun, 2) nauuny S
KpuBoH, 3) nnomanb Q NOBEPXHOCTH, MOAY-
YeHHOH NpH Bpal\CHUHM KPHBOM BOKpYr OCH X, M,
HakoHell, 4) 06beM V Teaa Bpamenns, orpa-
HUYEHHOIO 3TOH noBepxHOCTLIO. BCé 3To mpm-
MEpHl BeTHUHH, 3a8UCAUUX OM 810G KPpUGOTL
Puc. 84. HAM—YTO TO We—om 6udae Ppyrryuu f,
T. & ¢pa3y om 6¢Cex ee 3HavdeHudl.
Jus npuBeNeHHHX BENHYMH MH MMENIH B CBOE BpeMA MHTErpaibHbie Npencrasiae-
Hng [n° 196, 201, 205, 198]:

N

X1 x!,
P:Sy(x)dx, S=\ VIF @OFdx,
X9 Xg

@

X1

0= {y() VTFF@Fax, ver | ylan
Xo *o

Mu BuIHMM, 4TO QYHKIMA y MFpaeT POib CBOEOGPA3HOrO <apryMeHra»: e 3add-
Ruex OOHO3HAYHO onpedersiemcsi 3Hauenue Kaxcdodi u3 smux eesudun. B mo-
IoGHOM cnyuae, Koz0e dynkyuu Y=y (x) omuocumcss nO ONPEOCAEHHOMY npa-
8ULY HUCLOBOE SHAYECHUE HEKOMOPOL 6eAUdUHB, 3IMY BEAUYUHY HO3BEAIOM
dyHLKyuonaron om dyukyun y 0 0603Haga0T

U@ .

Bee @ynxumonans (1) comepiarcs, Kax YacTHHE CIYYaH, B CACHYIOMIEM:
X1 X1
Ui)={ Fis, 5y ax= | Py 00, v (o ax, @
X0 X0

rie noj F pasymeercss faHH aa QYHKUMA OT TPEX apryMeHtoB, a y=3y (x) —
n10 6 asa (HenpepuiBHO Au(depeHUUpyeMan) GYHKLHA OT X, st KOTOPOH MOJHH-
TerpagbHOe BHIPAXEHHE M CaMbif MHTErpal MMEIOT CMBICH

OrpaBRYMBAsACh ga3 KPAaTKOCTH MMEHHO (YHKUMOHANAMHU THINA (2), MBI MOXEM
Tenepb cHOPMYIHpOBaTL MPOCTEH 1N Y 10 BapHAUMOHHYI0 3ajauy: ¢pedu 8cex

*) Heab3a nyrath GyHKUMOHAA ¢ GyHKuued o1 HyHKHHR
T. € COCIOXHON PyHKIHeE N, KOTOPAA KAKAOMY 3HAYCHHUIO X B OTAEIbHO-
CTH OTHOCHT YHCIO, B TO BPeMA KaK (yHKUHOHAA OTHOCHT YHCAO BeeH QyHKUMH
y(x) B ueaowm!
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2sa0Kux KpuBHX Y=y (X), cOedunsowux 08¢ MouKy (X, ¥o) it (Xy, ¥,), Haiimu
my, das Komopoi Pynxyuonar (2) umeem naubonduiee (Hausensuiee) sHadenue,

Yaute, BnpoyeM, PYHKUHOHAN UCCAENYETCH HA <NOKANbHBIH> MAKCHMYM (MHHN-
MYM)— 3HayeHue (QYHKIMOHANA Ha MCKOMOH KDHROK CPABHMBAETCA C €ro 3Ha-
YEHUAMH JHMIIb Ha KPHBBIX, HOCTaTOYHO «OIM3KUX» (B TOM HIM HHOM CMHICAE)
K MCKOMOH. Jlerko YCMOTPeTb 30eCh aHAJOTHIO C ONPENENEHHEM <IOKaNbHBIX»
9KCT emymcin B cayyae (QYHKUMM OT OAHOH HAM HECKONBKHX HEPeMEHHMX
n° 112, 151].

[ 3apoxenne BAapUALHOHHOIO YICYMCICHHA OOHYHO matupylr 1696 r., xorma
V. Bepuysan 6pocHa BHI30B MaTeMaTHKaM CBOErO BpeMeHH Ha pemienue (mo-
craBnennoi eute I'anuneeM) 3adauu 0 6paxu- 2

cmoxpone (<KpHBOH KpaTyafimero Bpeme-
BU»). BOT B yeM OHa COCTOMT: u3 6cex Aumnuil,
coedunsionux 08e Oawwvie mouxy A u B
(puc. 85), He sedcamue na 00HOl sepmuxaiu,
mpebyemcs Halimu my Kpusyiw, no Komopoi
MAMeEpUaLbHas MOYKA cKamumest u3 moyxu A
6 moyky B— 0e3 HauaavHoii ckopocmu u nod
Oeiicmsues OOHOE .Auwb cuabl  MANHCECMU —
8 kpamuaiimee spems. Vickomo#t kpuBoi
OKa3ajgachb UMK AOHM XA OCHOBAHUE KOTOPOH Puc. 85.
TOPU3OHTAIbHO, @ OCTPHE HAaXONUTCA B TOuKe A.

Tloxaxem, yT0 ¥ B 3TOH 3ajiaye MH ¥MeeM Jen0 C (yHKIHOHaNOM THNa (2).
I[lycte KoOpAWHATHEE OCH DAcNONOXEHH, KAaK YKa3aHo Ha yeprexe. [Ipu mepe-
Mel[eHHH MaTepHaNIbHOM TOYKH MACCH m M0 TPOU3BOILHOH KPHBOH y=y (),
coenunapmest Touku A0, 0) u B(x,, y,), u3 nomoxenus A B NONOKEHHE
M(x, y), cana TaEeCTH npoussener paGoTy mg-y, KOTOpas — IO 3aKOHY XM~

BBIX CHI— JOMXHA OHTb PaBHA KUHETHYECKOH SHepruu --- mou? Toykd. OTCIORA

2
ds S
v=5=V%

di= ds 1 V1fy?
Vi V2 Vy
Hurerpupyem mo x or 0 no x;, u Torma mas Bpemenu 7T, 3aTpauuBaeMoro Ha
BCEe nepeMelieHue u3 AsB B, OKOHYAaTEAbHO TONYYUM BbIPaWKCHHE

Al
T=T() =—— d. 3

) Vi OS vy @
suna (2).

3a sroft sajaveli mocrenoBamM JPYTHE; BCe OHH PeINAiUCh NO-PA3HOMY H
Tpe6oBanu Kaxlas 0CO60ro NOAXONa: CO3XANOCh NONOKEHHE, HAIIOMHHABIIEE NPEel-
HCTOPUIO €CAMOr0 aHaAM3a GECKOHEeYHO Majbix!

C 1726 r. B usnanuax IletepGyprckoft akafeMuu Hayvaacs pam myGnukaumit
ditnepa, MOCBAIMEHHBIX 9KCTPEMalbHBIM 3ajlayaM 5TOrO HOBOI'O THNA. OHH Gblan
NOALITONKEHE B 3HAMEHWTOM TpakTaTe «MeTOX HAXOXIEGHHA KDWBHX JWHHMI,
o61ajalomuX CBOACTBOM MakCHMyMa nuGo MusmMyMa,...» (1744 r). *). 3gpecs
BHEPBHE JNAeTCA <npAMOH> OOMMHA METON pelNeHHA PasHLIX THIOB BAaPHALHOH-
HHIX 3a1la¥. 3aMeHAA KDHBYX IHHHIO IoMaHOH, Diinep CBOAWT BapHALMOHHYIO
3aflavy K 3ajaue HA PashICKAHHE 9KCTPEMYMa (PYHKUMH HECKOJNbKHX NepPeMEHHBIX.

#) Ecrb pyccknit nepeson ([TTH, 1934),
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Hanpumep, B ciyyae npocTe il et BapuaudoBHo# 3afayy, peyb HAET 06
IKCTPEeMYMe CYMMBI .
() yth ay® [§3}
2 F(x Y Ao <Ax
i

kak (QyHKumM or opmuHat ¥ nomasoit. IlpupaBHAB HYNO NPOU3BOIHYIO STOTO
BbIPaMEHUs 10 M0G0# opiunaTte, diiaep B KOHEUHOM cueTe NPHXOAMT K I H (-
GepeHIMAaNbHOMY YPaBHEHHIO BIOPOro Nopsjxa

’ d v
Fy—a}Fy,—O

UMM — B Pa3BepHYTOM BHAE —

Fy—Fiy —Fyy ' —Fyy 9" =0,
J10 ypaBHEHHe, TakUM o06pa3oM, BhHpaxaer HeoOGXORXHMOe ycioBHe Haa
TOr0, YTOGH KpHBasg y==y (X) AocraBisna QyHxuuonany (2) skcrpemym. Ecum
yraercsa pemnTh puddepeHunanbHoe ypasHeHue Jilmepa, ¢ YUETOM NpeRelbHBIX
YCHOBHIL: ¥ (Xg) =4 ¥ (X;) =23y, TO Yauie BCEro Cpa3y ¥ IOAYYAeTCH HCKOMasg
xpuBas. Tak, B cryvyae 3allaud O GpPaxHCTOXPOHE MOXHO B3ATb [cM. (3)]

F=Y1Ey®
Vy
7 ypaBHeHue Dilnepa NPUHUMAeET BHI
2y +y* 4 1=0.
Ortciopa, MOHMKAA NOPANOK, JEIKO HAHTH MepBHH HMHTErpan
Yy +1)=2C,

— ¥
dx= ‘/_-——2 roppm—r dy.

MNonaras snecs ¥ = C, (1 —cos £), natinem, yro dx=C, (1 —cos ¢) d¢, caemosa-
TenbHo, X =C, (¢ — sin £) 4 C,. Cunras, yro npn t=0 KPHBas NPOXONMT Yepe3
Hauano, uMeeM Cy=~0; nocrosannas xe C, onpeneauTcsa U3 TpeGOBaHuA, YTO KPH-
Bas NPOXOAMT M Yepe3 BTOPYIO JIaHHYI0 TOuKy. Tak ¥ HOAyYyaeM yHOMAHYTYIO
BhOIe HLUKIOHUIY.

Hecmorpa Ha rpoMo3nKocTh MeTonoB Jjtnepa H HECTPOrOCTb €ro paccyxie-
HUH, NMEHHO MU UCCACOO0BARUS NOAOHCULUL HAHAAO BAPUALUOHHOMY UCHUCAE-
Huw0 Kak 00060l mamemamuieckoil ducyunaute.

Heckossxo mo3axe Monomo#t torga JlarpaHsx OTKPHI HOBYIO CTpaHMIY
B MCTOPHH BapHALKOHHOrO MCYHCIEHHA CO3NAHHEM Memooa sapuayuti, OTKyHa M
CaMO HCYHMCIEHUE NONYyYWIO CBOe HauMeHoBanue, B 1755 r. oH coobmua ero
ditnepy, KOTOpHN B MO3NHEHMHUX pa6oTax M CaM yxe MOAb3YETCA HOBbHIM METO-
oM. [lonsTue Bapuaunu CPOAHM MOHATHIO AuddepeHnuwara B 0GHYHOM aHaaumse,
HO CBH33HO He C U3MEHEHHEM IePeMeHHOM X, a C M3MeHeHHeM (<BapbUDOBaHHEM>)
suna dyskuuu y(x). Ecau dynkuus y=y (x) nocraBaser oynkunonaay U(y)
9KCTpeMyM, To Bapuauus U, 3U, obpaimjaercd B HyJb (CHOBAa — JHIIb He 06X 0-
LU MO e yciaosuel).

ITpepriBaa Ha 3TOM MOMEHTE MCTOPHIO BapHamHOHHOI0 HCYHCIEHHA, Mbl yIO-
MfHEM JMIIb, YTO JarpaHieBa Teopus Obina pacmpoctpaneHa OCTPOrpagcKuM
Ha cayyalt KpaTHBH X HHTErpanos; B JaldbHeHureM OLAN YCTAHOBIEHH Y [ 0-
CTaTOYHBI € YCIOBMA SKCTPEMYMa; HAKOHel, B NOCIeAHHE JeCATUIETUSA BHOBb

TAK YTO
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BOSHHK MHTEpEC K HieaM JHnepa, ¥ ero MeTois! NOCAYXHIM NPOOGPa3OM Mna
«NPAMBIX> METOAOB pelleHHs BAaPHAUMOHHHX 3ajay (B SHAYMTEABHOH Mepe —
B TPYHEaX COBETCKUX MAaTEMaTHKOB).

[ToyTn BCe OCHOBHbIE 3aKOHH MEXaHMKM M (U3MKH OGBIYHO (GOPMYIHpYIOTCA
KaK «BapUalMOHHblE NPUHLUMIEY, YCTaHABAMBAIOLIME, YTO BapHalha TOrO WK
WHOrO (YHKUMOHANA AOMKHA ObiTh HyseM. B CBA3M C 9TMM BapHAaUHOHHOE HCYH-
ClIeHHE JOCTaBifeT pelIeHHe MHOTHMX BAXHHIX 3a1ay (QU3UKM M TEXHHKM.

I TEOPHSl ®YHKUMI KOMIJIEKCHOH NEPEMEHHOI

Komnaekchbie yucria noaBuauch B MaTeMaTHueckoM o6uxofe ¢ Hayana
XVI Beka, HO OCBaHBaMNCh OHH HA NPOTAXEHMH CTONETHH MEIJIeHHO ¥ C TPYAOM.
Jlums B XVIII Beke Ditaep (cHOBa MBI NOMKHBI Ha3BaTh UMA 3TOrO EHUANBHOI'O
K CTONb Pa3HOCTOPOHHEIO YyueHOrol) Cralx paccMaTpUBaTh KOMTIEKCHY 10
NnepeMeHHY 0 # QYHKUHU OT Hee. B TeyeHMe TPHINATHIX M COPOKOBHIX I'OLOB
OH pa3paGoTal BCIO MEOPUI IAEMEHMAPH U X PYHKYUL KOMNAEKCHOE ne-
PEMEHHOM, NCNONB30BAB LJA ITOTO HE TONbKO ammapaT CTeNEHHHIX psoB (W3Be-
cTHHI co BpeMen HploToHa), HO Takxe GeCKOHEUHble TIPOU3BENEHUS U PALH NMPO-
cteix mpoGefl. Vim xe, Kak Mbl yxe 3HaeM [n°254], 6bhina ycTaHoBieHZ 3aMeya-
TenbHad CBA3b MeXAY NOKA3aTeNIbHOHM M TPUrOHOMETPHUECKHMH (DYHKUHAMH.

Jpyro#t BawHbI# HUKI paGoT Ditnepa OTHOCHTCA K UHMEZPUPOBAHUIO N O
KOMRAEKCHOU nepemernHod (34ecb—B CMbHCICE BB UHCIEHHUSA
nepsoo6pasHoi). B onno#t u3 nux, npencrabnenHo#t Ilerep6yprckoit axa-
nemuu B 1777 r., HO omy6aukoBaHHo# aumbp B 1793 r., Diirep paccMatpuBaer

uTerpaxr \ Z(z)dz, pasymeanon Z(z) dyHKknMwo, 3aJaHHY 0O aHa-

AMTHYECKH (HAaNPUMeEp, CTENEHHLIM PANOM), U INOIACTaBAAET Clofla BMECTO 2z
MHUMYI0 BeauyuHy x - yi *). Torma caMm murerpan npunuMaer sun P (x, y) -
-+ Q (x, y)i, a noxHHTErpambHOE BHIpaKeHHE Npeobpasyercsa Tak:

(M (x, 9) 4+ N (5, 9) ] [dxc +dy i) =[M dx — N dy} + [N dx -+ Mdy] i

CpaBHenue NMOPO3Hb BEIECTBEHHHIX ¥ MHHMBLIX uacTel NOMyyaemMoro PpaBeHCTBA
NPUBOAMT K ABYM HHTerpaiam

P=Sde—-—Na’y, Q=SNdx+Mdy.

Tax xak nubdepenunanpurie Bupawenus Mdx —Ndy u Ndx-+ Mdy oxkasm-
BAalOTCA, TAKUM 06pa3oM, ToyHbIME AuddepeHnuanaMu (COOTBETCTBEHHO, mia P
H Q), T0 M ¥ N Heo6X0ONMMO CBA3aHK XapaKTePHLIMH [ TOYHHX AuddepeHun-
anos [n° 350] cooTHomeEHHAMH
oM __ oN u ON _ oM @)
dy  ox oy ox’

Tak BmepBbie BoGmeM BHJe NOABIANTCA COOTHOLIEHUA MEXNY YacT-
HLHIMH NTPOM3BOAHLIMU BEIECTBEHHOW H MHHMMOH yacTell QYHKUMH Z KOMIUIEKCHOR
nepeMesHol #¥). DTUM COOTHOUIEHHAM CYKAEHO GBIIO CHIrPaTh BaXHYIO POIb KaK
B HanbHefilieM DPa3BUTHH CaMOil TCOPHMHM QYHKUHH, TAK M B €€ NPUAOKEHHAX.

CraBy CO3/aHHMA 3TOH TEOPDHMM KAK CAMOCTOATEAbHOU M Goratok
cConepXaHHUEM HaAaYYHOH RUCLHHUNIUHH pasgersior Kown u Puman.

*) Mnl pas KPaTKOCTH 3eCh ¥ Jgaablie nUIeM NpHUBLIYHOE HaM i, X0THa
B 9ToM MecTe Dinep muumer eme ) — 1. Bckope HMEHHO OH BBex oGo3Hauenue i
KOTOpOe, ONHAKO, NPHBHIOCH JaneKo He Cpasy.

#¥) TlonoGHble COOTHOIIEHHS, BHPOYEM, yike BCTPEYANHCh B [HAPOMEXaHHYE-
ckux uccaeposanuax HanamGepa (1752 r.) m camoro Jitnepa,
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B camMoM Hayaze cBoero «<Memyapa o6 onpeHeneHHbX HMHTerpanax, B3ATHIX
Me Ay MHUMbIMM npefenamu» (1825 r.) Komm ycranaBaupaer NoHATHE onpe-
desrerHHO20 unmezpesa

X4 vi
f(z)dz ()

Xo + Yoi

KaK mpejena WHTerpafpHBIX CyMM —Hanono6ue KPHBOJHMHEHHOTrO WHTE-
rpana [n° 330]. BnpoyeM, yHOMHHaHHE O <KDHBOH» MBI HaXOI¥M B JpPYroM Me-
cre MeMmyapa, a sgech Kolm npocTo paccMatpyBaeT IBE MOHOTOHHEIE Henpe-
pbiBHbIE (QYHKUMH, UMeonve (HENpepHBHLIE) NPOU3BOIHbIE:

x=¢{t) y=1) (t,<t<T) )

NOA YCIOBUEM, UTO

e(f)=xp ¢(M=X; r{)=Ys (=Y,

¥ cBOXMT mHTerpaa (5) K OGHIKHOREHHOMY MHTErpaly IO BelleCTBEHHOH IepeMeH=
Holt ¢ [cp. n° 331, (6)]

T
S FeO+1BDE O+1 @) dt.
o

3xecb xe — B NPEANONOXEHHHN, YTO QyHKUUA f(2) MMeeT (HENpPEpHIBHY) mpo-
M3BONHYIO — YCTaHABANBAETCS (QYHNAMEHTalNbHasd TeOpeMa O He3aslcuMocmi
unmezpanra (5) om swbopa dynxyuii (6) (1. . oT MyTH MHTErpUpoBanus). Joka-
3aTenbCTBO TeopeMmbi KONIM HPOBOAMT BapMalMOHHKIM METOHOM.

[Ipu stom xe monyuienHn oTHocuTedbHO Qynkumy f(z) Komu B nanbHelt-
WIAX MyOJIHKALHAX U B CBOMX JEKUHAX yCTaHaBAWBaeT (aKT OOPAWEHUS 6 Hyrb
UKRMESPAAA NO 3AMKHYMOMY KOHMYPY, a TaKXe BHIBOXUT 3HAMEHUTYO dopmyny,
HOCAILYI0 €r'0 HMA:

rer=o { L2 ar

2i Jt—z '

©)

rae uHTerpan B3aT mo kourypy (C) o6uractn (K) Ha KOMIIEKCHOH MIOCKOCTH, a
z—nio6as BHYTPEeHHAA TOYKa 9ToH o6ixacTd. Mbl CTaakuBaemcs 34eCh
C 3aMeyaTeNbHbIM CBOMCTBOM pPaCCMaTPHBAEMOro Kiacca (YHKUMH KOMIIEKCHOH
nepeMeHHoOH: 3nayenus Pynxyuu 8Hympu oO6aacmu O0HO3HAYHO oOnpedessomes
ee 3HaYeHuAMU HB KOoHmype!

Xora ¢opmyna Komu Obima pokasaHa UM OpH OQHOM AHIIL OPEXNONOXEHUH,
410 Qyukuusa f(z) uMeeT B paccMaTpuBaeMol 061aCTH (HENpPEepPLIBHYIO) HEPB Y IO
NPOM3BOAHYIO, HO U3 CaMOH (HOPMYIB, HanpuMep, C MOMOIbIO NOCIENOBATENb-
HOro nuddepeHNNPOBAHNA NO 2z IIOJ 3HAKOM WHTErpana, HeNOCPEACTBEHHO BHIBO-
JMTCSH, YTO 0451 f(2) OOHOBPEMEHHO CYWEcmsyom U npou3soonbe 6cex nopsad-
xo08! Bonpnie Toro: NpuHuMas 3a o6zacte (K) KpYr panmyca r C UEHTPOM B TOY-
Ke 2, MOXHO YTBEPXIaTh, YTO 8 IMOM Kpyee Mynkyus f (2) pasrazaemes 8 psd
no cmeneHsxm z-—z, Komopuii oxasvgaemcs ee padom Teiiaopa [cp. n° 277)
Orciona soiTekaeT ¥ ofuiee yTsepxIenue, cielaHHoe KomiMm OTHUCHTENLHO pa-~
nuyca cxoxumoctd pama Teitnopa: amom paduyc écez0a pasen paccmossuio om
mouku z, 00 6audicaiiueii <oco60li» moyxy f(z) — B OKPECTHOCTH KOTOPOH f(2)
nepecraer GbiTh OAHO3HAYHOH yHKUHMeH, HMeloU el (HeTPEPLIBHY ) NPON3BOAHYIO.
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DTuM npoausaerca cBeT, HANPUMED, Ha TO 3arafioyHOE OBCTOATEABCTBO, UTO
dyHKumA arctg X ¥ ee NPOWIBOMHAA

T PasnaraloTCa B PAL 1O CTENEHSM X

JAlb BHYTPH MpoMexyTka oT — 1 o <1, ¢ pagmycoM CXONMMOCTH eguHMNMA.
Ha BemecTBeHHONH OCH Yy HHX BOOOme <«OCOGeHROCTeli» HeT, HO ecin
nepefiTH B KOMIIEKCHYI0 00IacTh, TO IAS COOTBETCTBYIOIUX GYHKUMA KOMINeKC-

Holt nmepemeHHOH 2 arctgz M T <OCOGHIMH» TOYKAMH GYAYT TOYKH 2= - {

Ha MHHMOW OCH, BCACICTBHE Y€ro PalHyC CXOXHMOCTH DABEH MONYNIO OGOHX
9TUX yucen, T. e. efunnne. Tax Teopus pysknuii koMunaexcroi nepeMenHoH
N03BONSET MHOH pa3 OCO3HATH BAKOHOMEPHOCTH, OTHOCAWHECH K GYHKUHAM B -
uiecTBeHHOH mnepemenHof!

Tlonesno math ceGe oTyeT B TOM, UTO TPeGOBARME CYMECTBOBAHMA IIPOH3-
BOAHOH OT QYHKUWH @W=f(2z) N0 ee KOMMAEKCHOMY aPTYMEHTy z HECpa B-
HEHHO TAXeaee, yeM GOPMaNbHO AHAAOrWYHOE TPeGOBaHME B OTHOLIEHHH
(QYHKUHH OT 6eujecmsenno20 aprymenra. Beap npemen

Az -0 Az~ dz

JomxeH ObTh ONHAM W TEM e, HE3ABUCUMO OM HARPABAEHUSN, NO
xomopomy z -} Az npubausicaemcst ¥ z. B 9TOM H COCTONT WCTUHHOE O6bACHE-
HHE TeX ITOPasHTEAbHHIX CHENCTBHH, KOTOpHIE BaeyeT 3a COGOH NpocTod (akr
CyneCTBOBaHUA (HENPEPHBHOH) UPOHSBOAHOA OT QYHKUMM 10 KOMNAEKCHOMY
aprymenty. Bonpoc o6 ycaosusix cywecmsosanus maxoii eOuncmeennoi npo-
43800K0fi BOBHHK CPaBHHTENbHO mO3AHO: KOIIM NPUXONMT X 3TOMy BoOmpoOCY
B 1847 r,, a Puman B 1851 r. WMeHHO C Hero HauuHaeT CBOW JAMCCEPTAIHIO
«OcnoBnt 06u1el Teopun QYHKIHI OXHOA KOMIAEKCHOM MepeMeHnolts %), Ecan no-
HOXATh Z2==X-}-yi ¥ W=u--0l, rRe u, U CyTb BewecTBEHHHE (YHKUHA OT
HEBYX BEUIECTBEHHHX HEPEMEHHWX X, ¥, TO YNOMAHYThE YCIOBHA CBONATCA
K COOTHOMIEHUAM ou dv 9o u

=0 x= oy )

B KOTOPHIX UMTaTeab y3paeT SHneposnl ypaBHeHHs (4). DTH COOTHONIEHHA H CIY-
AT OCHOBOH ANA TeX NpUMEHEHHH, KOTODHie HAXONAT (QYHKUHM KOMOIEKCHOM
NepeMeHHOR B SAEKTPOCTAaTHKE, TUAPO- W a9POMEXaHHKe, TEOPHUH YHPYrocTH W,
HaKOHeH, B TEOPHH DAaCNpPOCTPaHEHHs Temia.

Ecnn KoMnzekCHue NepeMeHHbe z M W HCTOJKOBaTh KaK TOYKHM Ha COOT-
BETCTBYIOIUX INAOCKOCTAX, TO QYHKUHMOHANLHAA SaBUCHMOCTb MEXIY HHMHU
w==j(2) OTHOCHT KaXJIOH TOYK e 2 B 065ACTH Z HA MIOCKOCTH 3HaYeHHH apry-
MEHTa — ONPENeCHHYI0 TOYKY w B o6racts W Ha NMIOCKOCTH 3HayeHHH (yHK-
uui. VHEIME ca0BaMu, QyHKUHA w==f{(z) OCYHIECTBIARET mOYEYHOE npeobpaso-
sanue obaacmu Z 8 obaacmy W (puc. 86). Ma cymectsoBanus B o6nacTh 2
1A QyHKUBA f(2) enuHCTBeHHOR Npou3sojHOH (aMme 6b OHa me o6pamanach
B Hyxb!) PHMaH BHWBOIHT Takoe 3aMevaTelbHOE CBOHCTBO 9TOr0 NMPeo6pasoBaHHMs:
ecau 83amb 8 002acmu F 08e nepecexalouyuecs kpusse (22, M zz, Ha puc. 86),
a ¢ obnacmu W—coomeememseywuue usm xKpusie (ww, u ww,), mo
yean MeHcoy HuMU 6 000ux cayiasx 6ydym oOHn v me e (IPH OXMHAKOBHX
HalpaBNEHHAX OTCUETd): INPeoGpa3sOBaHHE OKA3LBACTCA COXPAHANIMUM
y I a1 B, HIH, KAK TOBOPAT, KOHG O P M H bl M!

Kongopmunie npeo6pasoBanys, B CBA3M C BONPOCOM O YEPYEHHWH KapT, pac-
cMatpuBanuch inepom, Jlarpansenm u Fayccom samonro xo Pumana. Ho Puman
nepBHil OTYETAHBO CBA3AN CBOHCTBO ()yHKUMHM w ==f(2) coBepaTb KOHQOpMHOE
npeo6pasoBaHMe C HaIMYHEM Y Hee onpeAeneHHod npoussosHol. O xe

#) Cm. Bepurapa P u M a B, Coqunenus (ocrexnagar, 1948), crp. 49—87,
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NOKa3al OCHOBHYIO B TeOpHH KOH(ODMHEIX NIpeoGpa3oBaHH TeopeMy O 803MOJC-
Hocmu (a UDH ONpEAENEHHBIX YCIOBHAX — U €IHHCTBEHHOCTH) KOHPOPMHO20
npeoOpa3osanus Kpyaa 8 npou3sosbHYI0 OOHOC8S3HYI0O o6racms, 1 O00PGMHO.

¥ v

0 z ) u
Puc. 86.

IMonoGubIMY NPeoGPa3OBaHUAMA YacTO NMOMb3YIOTCA B Pa3ANYHBIX NPHIOKEHUAX
TeOpuU (YHKUHMH KOMIIEKCHOM IepeMeHHOH. DTa HMEHHO MbICHb W Jexana
B OCHOse co3janHo¥ YXXyKoBckuM ¥) TeopHu Kpbuia camonera.

Ha naapHefimeM GrecTauieM pPa3BHTHM TeOpUH GyHKUMH KOMIIEKCHOH mepe-
MEHHOH MEl y)e He OCTaHaBIMBaeMCA.

IV. TEOPUSI HHTETPAJIbHBIX YPABHEHUH

YpaBHeHHe OTHOCHMTEIbHO MCKOMOH dYHKUUH, COxepXaulee 3Ty QYHKIHIO MO
3HAKOM MHTErpana, HasblBaeTCH UHMeEpasbHoim ypasHenuex **). [lpn paswickanun
HEN3BECTHON! (YHKUAM YacCTo GnhiBaeT yxoGHee MCXOAWTh MMEHHO W3 WHTErpaib-
HOI'0 ypaBHeHHs, NPeINouTHTeNbHO nepen xuddepennuaabHbiM. C TaKUM 1010~
JKEeHUeM Belel yuratenb YXe CTaIKHBAJXCs NPU NO0KalaTeqbCTBE «TE€OpPEMbI Cyle-
CTBOBaHMsA» B TeopHHM IH(depeHNUaabHbIX ypaBHEHHH: TaMm, Hanpumep, ypaBHe-
Hue y' =Ff(x, y) BMeCTe C HaYaJbHEIM YCIOBHEM Y (X,)==y, 3aMEHANOCh OIHUM
PHTEerpalbHb M YPaBHEHHEM

X
y= Sf(x, y)Yax 4y
Xo

K KOTOpOMY 3aTeéM ¢ YIOGCTBOM NMPHMEHSICA MeTOX NMOCIENOBaTeNbHHX MNpubin-
weHui. B Hamiem Kypce Mbl yxe, OPManbHO rOBOPs, HMeNH REIN0 C HHTErpalb=
HbHIMH YDaBHCHHAMY, KOIJa u3yuaru npeo6pasoBanua Pypoe B [n° 412
bopmyan (13), (14), (15)].

BaxHyo poab B TPHUBICYECHUH BHUMAHHA MAaTEMaTWKOB K HHTerpagbHEIM
YPaBHCHHAM ChHirpana OJHAa MeXaHWyecKas B3ajaya, [MOCTaBJICHHasAa H pelleHHas
AGenem (1826 r.). B Heit Tpe6oBanoch Haiimu maxyw Kpusyw AB 8 sepmuraroroil
naockocmu  (puc. 87), 4molv. spems =T, 8 mMEYEHUE KOMOPO20 mMANCENAS

#*) Huxona#t Eropomy XK yxoBcxuit (1847—1921) — snamenutnit pyc-
CKHMH yyeHblil.

#¥) DT0T TepMuH BHepBhie BCTpevaeTcs B 1888 r. y no Bya-PefiMmona;
NOCTEAHHA OTYETAMBO IOBOPHT O TOM, UTO YCNEXH B TeopuH HuddepeHnuasbHsix
YPaBHEHHHl B YACTHHIX MPOU3BONHBIX CBA3AHH C H3YYEHWEM HHTErPANbHEIX yPaBHe-
HUH, <0 KOTOPBIX, OJHAKO, HAYELO HEH3BECTHO?!
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MAMEPUAABHAST MOUK A, BUNYWEHHAS U3 210008 mouku D 6e3 HavarvHoib cko-
pocmu, cxameigaemes 80026 N0 Kpusol 00 Hauxusweid ee mouku A, npedema-
BLAM0 HaAneped 3a0 aHHY 10 HENPEPHIBHYIO PYHK IO OM 8bicOmbl @ mouKu D:
©=¢(a). PacronoxuM KOOpANHATHbIE OCH, KAK YKA3aHO HAa PHCYHKE, W IIyCTh ypaBHE-

HHE HCKOMON KpuBofi OyAeT y=y (x). Ilpn nepe- g z
XOie TOYKM M3 HayalbHOro noaoxenus D B M, mo
3aKOHY KHBBIX CHN, GyIeM uMeTb (KaKk H BHIE —
B 3ajaye 0 GPaxHCTOXPOHE) a
D ___________
1 ds
Fmt=mg@—x) v="t=—V2ga—x *,
OTKYHa
72 it z
dt _— '—rd=s.__—,
V 28 (a—x)
e s
2
e 1“5V1+(y<x>1 dr. z i
Vg Va—x Puc. 87.
OGosnavas V' 1 -|— "(x)F uepes V' 2gu(x), @18 ONpeNENEHHA HEH3BECTHOH
dyHKOua # (x) 6yNeM HMeTh HHTErpaibHOE YpaBBEHHE
a
u(x)dx
—— a) 7
Vo ¢(a) M
AGenb ¢axTHyecku peman naxe Goree obuiee ypaBHEHHE
u(x)dx !
S PN —p@) O<a<ly

Mbl 18 NPOCTOTHI OrpaHMuMMcA ypaBHeHueM (7).

Vz—a

d 9 (a)da S‘ S _uxdx
Vi—a Ve—a@—x) °

[lepecraBuM HHTErpUPOBaHMA B MOBTOPHOM HHTerpaixe Cmpasa, o dgopmyae (9)
n° 344 #*):

YMHO%HMM 0Ge 4acTu ero Ha ¥ npounTerpupyem no a or 0 go z:

14 z
* da
5 u(x)dx S —————-—V .
z—a)(a—
; JVe—a@—x
*) Hamomunaem, yTo C BO3pacTaHueM { gayra S—
= AM yG6uiBaer.
®k) Oénacnxo (P), o xoTopolf ymoMHMHaeTcs B 3aMe-
yauuu 1 n° 344, 3gechb CIyXHT TPEYroabHWK, H306paXeHHbIH
Puc. 88. Ha puc. 88. BmpoueM, BBHAY OOGpPAalleHHS NOABIHTErPaib-
HOW QYHKIEM B OO NPH @==X HIH a=2, HYXHO
6bi10 6H eme  NOMONHATEAbHO OGOCHOBaTH  IIEPECTaHOBKY  HHTErPAIOB.
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Tax kax BHYTPEHHH# MHTerpan sgech paseH = [n° 292, 1)}, To mpuzoamm k pa-
BEHCTBY

z

ZM z \ u(x)dx
Sy

¥ — nuddepenunupya 0o z-— OKOHYAaTENbHO TMONYYaeM TaKoe BBIPAXEHHE RAA
HMCKOMOH (YHKHMH:

z
_ 1 d ¢ (a) da
“O=zar | Vite

3uas u(x), HETPYAHO YKe 3aTeM ompeneautb H ¥ (x).

Ypassenue AGensi— € cOXpaHeHHeM NPUHIUNA €ro PeHleHUA — 3HAYUTENbHO
no3xe (1884 r.) 6uino o6obumeno CommHeiM ¥). Bonpoc xasamncsa 3aBepiieRHLIM,
xorga B 1896 r. BoanTeppa *¥) payan nyGaukauuio psja HCCrejloBaHuH, B KOTO-
PHX M3jarazach OGI{aA TEOPHA MHTErPaNbHLIX ypaBHEHHH BHla

x X
S N(x, e ds=F(x) 1 o(x)+ S N (%, 8)o(s) ds=F (x),

NONyYKBUINX BNOCAEXCTBHH HANMECHOBAHNE <HHTErPadbHBIX ypasuennit Boabreppas,
COOTBETCTBEHHO, MEPBOr0 H BTOPOr0 poja. 3ReCh HUCKOMOH (yHKNHEH sBaserca
9(x), a N(x, 8) u F(x) cyrb nanuple ¢ynkunu. Bckope xe nocae sroro, B
nepron ¢ 1900 no 1903 r., nosBuaMCh 3aMeuaTeabHble pabornl Ppexronpma #+%),
HOCBAUICHHbIE YPABHEHHAM

3 13
SN(x, s)e(s)ds=F(x) n ¢(x)+ SN(x, s)¢ (s) ds=F (x).

Ar1n «yparHeHusa PpeiroabMa» NepBOro M BTOPOro pofa OTAMYAOTCA OT <ypas-
Henull Boabteppa», TeM, YTO 3HeCb B MHTerpajgaXx 06a mNpexeira NOCTORHHMIC,
(BupoueM, MOXHO CYMTaTh ypaBHenua BoabTeppa YaCTHRIM CIyyaeM ypaBHEHHH
dpenroabMa, ecan MonoxuTb N(x, s)==0 naa s> x.)

He Bxoaa B uanoxenne tTeopuu PpeiroabMa, OrpaHHUMMCA YKasaHHeM, uTo
OHa NpENCTaBisieT B HEKOTOPOM CMbICTe Kak Obl NpefedbHbA CIyyall Teopud
anreGpanyeckux THHEHHBIX YpaBHEHHH.

B Teuenue wcTeKHIeH NMOAOBHHB HAIEro BEKA TEOPHA WHTErpanbHBIX YpaB-
HeHM# NMONYYMIZ WIHPOKOE PasBUTHE B PAa3HHIX HaNpaBleHHAX ¥ NpuoGpena Baw-
HOCTh KaK MOL'YIECTBEHHOE CPEACTBO HCCAENOBAaHHA ABNEHHA NPUPOAbL.

*) Axamemuk Hukonai flxkosnesuu Conun (1849—1915).
#*) Buro BoabTeppa (1860—1940) — uranbanckufi MaTemaTuk.
##%) Jpuk Vsap Ppearoanbm (1866—1927) — msexckuit MaremaTH.
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V. TEOPHS ®YHKIIHI# BEWECTBEHHO! NEPEMEHHOi}

Xora Bech KypcC MaTeMaTHYeCKOro aHaJjan3a (3381 MOCBALLEH HWMEHHO H3yye-
B0 QYyHKUHH OT BEMECTBEHHB X MepeMeHHH X, HO ITO] YKA3aHHHM
B 3arOMOBKE HAa3BaHMEM DAa3yMeOT He 9Ty <KIACCHYECKYyIO» YacCTb aHaNH3a, a
Gonee BO3BHINCHHYIO ¥ TOHKYIO Teopmo, NOABHUBINYIOCA JHIIb C Hayajad HalIero
cToaetus. BnpoueM, ¥MCTOKM €€ MOMXHO YCMOTDEThb B TOM KPHTHUECKOM
HampaBiaesud B MaTeMmaTuke, BosuukuleM B Konue XVIII n B navane XIX Beka,
0 KOTOPOM He pa3 yIOMHHAROCh. JTosuluiaiomuecs mpe6osanus K cmpozocmu
Mamemamudeckux 00KQ3AMELbCMS 3GCMABASAL YCOMHUMbCS 8 PROE HAUBKHX
paceysicoenuii cmapux mamexmamuros. Hanpumep, nonsitka Amnepa (1806 r.) u
ele HEKOTOPHIX aBTOPOB JOKasaTh aupdepeHunpyeMocts n060H HenpepuBHOR
(YHKIHA, HCKIIOYAs Pa3Be JMHb OTAEAbHBE TOYKH, BH3BaJa K XM3HH NPOTHBO-
pevaiue sToMy npumepn Boabnano, Be#tepmrpacca m xmp. [cp. n° 271]. C mpy-
TOIl CTOPOHBI, B03HUKUIEE CMPEMAEHLE K OO wyHocmu u camo no cebe co3da-
8040 BHMEPEC K PYRKGUAM € PASAULHBMU NAMOA0ZULECKUMIUY OCOGCHROCTSMU,
YacTo HAYHIAMM Bpa3pe3 ¢ Hamed HMHTyHuued.

Bce 910 manpaBieHHe, HOCHBIlee HeTaTH BHBH i Xapakrep (U, KCTaTH CKa-
3aTh, BLI3HBaBHIEE APKOE HENOBOMALCTBO €O CTOPOHH INpeiCTaBUTENeH xKaaccu-
YeCKOro» aHalin3a) OTHOCHTCA K NpPeNuCTOpMH 3anuMaomed Hac ceifyac
HAYYHOH RMCHUNIUHLL. [Iepexoi OT KPHTUKM CTaporo M yBieYeHus <maToxormefi»
K NO3WTUBHOMN Teopun ObN B BHICOKOH Mepe CTHMYIHpOBaH meopueil Oec-
KONEYRBLX MHOJICECMS, CO3NAHHOM B CEMHJECATHX H BOCbMMUECATHX TrOJNAX
npomnoro cronetus Feoprom Kautopowm. Ero mmem, roxe scrperusmmve mo-
Hayaly CO CTOPOHH COBDEMEHHHWKOB NPOTHBOLEfICTBHE, BMOCICACTBHH 0Ka32iau
Gonpmioe BIMsHME HA Pa3BUTHE MHOrMX o6aacTeli MaTeMaTHKH, B OCOGEHHOCTH
we — meopun EYRKYUl 6EUECNBERROE NEPEMERROH.

dr1a NoCAeNHAN KaK CaMOCTOATEAbHAA HayuHas NUCUMIIMHA OQOPMHIAch Ha
py6exe XIX u XX crometn#ft B Tpymax (panumy3ckoff MaTeMaTHYeCKOH NIKONHI,
BHAHeHHINMH ngencrasmenmu KoTOpo# aABAsATCA IMuab Bopean (1871—1956),
Pene Bop (1874—1932) u Anpu JleGer (1875—1941).

Baxnyio ponb curpano Beegennoe Bopexem (1898 r.) u JleGerom (1902 r.)
TIOHATHE MEPHl LUK EULH 020 MOUEHHO20 MHONCECMEA, TIDHMEHAMOE K OY € Hb
WHPOKOMY KIACCy TaK HA3LIBAEMBIX WU3Mepumbix MHOxecTB, Mepa mE
ToyeyHoro MHOoxectBa E oGoGuaer noHatHe AAuMEH npoMexyrka. Ilogo6Ho
IAvHe, OHa O6aafaer CBOMCTBOM a AAMTHUBHO CTH, HO B elle Golee WINPOKOH
cTeneHu: MMEHHO, eCAH OrpaHuueHHoe MHOXecTBO E mpexcraBaser coGoit oOLenn-
HeHHe KOHEeYHOro Yucia MiM Jaxe GeCKOHEeYHOro (HO B 9TOM ciyyae —
HENPEMEeHHO HYMEPOBAHHOIr0) MHOX ECTBA H3MEDPHMHX MHOXECTB

Ep Eg woey Eny oo

He UMEIOIIHX MOMApHO OGUIMX Touek, TO E nm3MepuMo, npuueM mepa E pasHa
cymme (MIM CYMME P A 1 a) mep mHOdcecms Ep:

mE=Z‘mE .
n

Ecan ToueyHOe MHOXeCTBO E MOXeT OblThb MOKPHITO KOHEUROH HIM (Hyme-
poBaHHOH) GECKOHEYHOH CHCTEMOH MPOMEXYTKOB C MPOMU3BOAbBHO Mano#
cyMMol 1auH TOeromepapaBHa Hyal. [lycts dynxunsa f(x), 3a-
nanHas B npoMexyTke [a, b], o6namaer ompexeseHHHIM CBOHCTBOM BO BCEX TOY-
Kax NpoMexyTKAa 3a HCKNIOYeHHEM pa3Be NHIIb TOYEK HEKOTO-
POro MHOXECTBa HyJZeBOH MepH; TOrKa roBOPAT, YTO GYHKINA HMEET
9TO CBOMCTBO <IIOYTH BCIOZY» B Ha3BAHHOM NPOMeXyTKe. Mel ucrmonb3yem sTo
BHpaxenne B GOPMYIHPOBKAX CIeAYIOLHX ABYX Teopem JleGera:

I. @yuryus f(x), Monomonnes 8 npomexcymke [a, b}, umeem noumu
8C100y 8 IMOM NPOMEIHCYMKe QBYXCMOPOHHION KOHEUHYIO NPOU3EOOHYIO.
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Il Henpepvisras cnpamanesmas xpusas y=f(x) (a<x<b) umeem
noumu 8¢i00Y ONPEOEACHHYIO KACAMEABHYIO.

DTu TeopeMsl NPUBEICHB! KaK NPHMEPH M O3 M TH B H bl X PE3YAbTaTOB HOBOH
TeopHH; KaK BWAHM, B HUX HET PEYM O <NATOJOTHH», a YCTAaHABIMBAWLTCA OGuine
1 BeCbMa TOHKHE 32KOHOMEDHOCTH, U NIPUTOM B TaKHUX OGNaCTAX, re Me-
TOAB KIACCHYECKOTO aHAaTH3a OKA3aMHCh GECCHILHBIMHU.

Boabuioe 3HayeHHe B COBDPEMEHHOM aHanu3e NpuoGpeno NpHHAAIEKAIEe
JleGery ofofuienne MOHATHA ONpeAeNEeHHOTr o HHTerpauaa, Iycrs ynra-
Tedb BCIOMHWT DPHMaHOBO onpexeseHme srToro moHsrtus [n° 176]. Hdus caywas
HenmpepHBHOH ®YyHKUYUN*) OHO BIOJHE €CTECTBEHHO: FOBOPA reoMeTpu-~
yecKH, IpH Ma i oM Ax; Bce OPOUHATH KPUBOH y = f (¥), OTBeyajoUiie H3MeHe-~
HUIO aGCHACCH MEXIY X; ¥ Xj;, MAXKO OTANYALTCA OT NOG60H U3 HUX,
F(§;), B, 3aMeHsA NPHOGAMKEHHO EMEHTaPHYIO MOJOCKY SHEMECHTAPHBIM MpPAMO-
yroabHEROM € naomanbio f (§;) - Ax; MOMHO XIaTh, YTO NPeXeN CYMMH

JJm T 602

M JaCT TOYHO BeIHUMHY miomann nox kpuoi. Ecam xe Pyskuus f(x) pas-
PH BHa, TO LI YIOMAHYTOH 3aMeHbl Yxe HeT ocHoBanufil B neitcTBHTeNbHOCTH
ke ompeneneHne PnMana okaspiaerc (OpPMajsbHO NPUMEHMMBIM MHMIbL K Y3KOMY
KIaCCy pa3pbIBHHIX (DYHKUUI, B HEKOTOPOM CMLICIE <MaX0 PasHAIMUXCA» OT He-
npepuiBHbIX (2 WMEHHO, Kak nokasax JleGer, —uaumb K QYHKIHAM, KOTOpHIE
«MOYTH BCIOAY» HeNpephiBHb).

B 970t CBA3Y YMECTHO BCHOMHHUTb, YTO ecad QyHKUuA F(X) mMeeT B mpo-
MexyTKe [g, bl Henpep s BHY 10 NPou3BOAHy0 F' (Xx), TO MO 3TOH mMPOM3BOI-
RO TiepBoO6Gpa3Had (YHKIUA JErk0 <«BOCCTAHABAMBAETCA» C MOMOLIbIO ONpene-
neHHoro unrerpaia [n° 155 u 183, (12°)]:

F(x)=(R) S F' (x)dx+C. (8)

Oznnako B ciyyae pa3pH BHOMN (x0T G M OrpaHHYeHHO!) MPOM3BOZHOU STa
(hopMYyla MOXET OKasaThCsi HEeNPUIOXHMOHR IPOCTO M3-32 TOro, UTO DHMAHOB
unterpan xas F' (x) ne cymecrsyer. Takoit umenno mpumep eme B 1881 r. mo-
crpoun BoabTeppa.

Bce a1n 06CTOATENLCTBA ¥ NMOCHYWWIM OCHOBAHHMEM N CO3NaHMA HOBOIO,
06 06U eHHOT 0, ONpelleleHNA [OHATHA NHTerpaia.

BrisichuM ocHOBHYIO Mielo se6erosa OnpelenieHHst MHTerpasa Juii Or P @ K H-
yeHHOH dyHKUUK f(x):

A<fx)<B (a<<x<b).

JleGer mpoGUT Ha YacTH He NPOMEXYTOK M3MCHEHMA He3aBUCHMOH nepemeHHOM,
a upomexyrox {4, B], B KOTOpOM COJepKaTCA 3HAYEHHA CaMOH QYHKuMH:

A=) <P <Y< 00e <P <Y1 < 000 <Yp=2>5,

n paccmarpusaer (npu i=0, 1, ..., n—1) mHOXecTBo E; TeX TOYeK, B KOTO-
pLIX 3HAaUeHHs QYHKLUMHA JeiaT MeXAY ¥; U Y.

W< (%) <Yigse
Ipu manom Ay;=y;,—y; BCe STH B3HaueHus, NeHCTBUTENbHO, GAM3KH

*) HanoMHHM, YTO UMEHHO AiA 3TOrO caydyas OHO M Gblao Buickasano Kommn
sagoaro o Pumana,
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Mexxy coGoH M Ma o PasHATCH, HANPHMEp, OT ¥; 3aMeHAA MX BCe Ha y; u
YMHOXasi 9TO YHCIO HA M € P Y MHOXecTBa Ej; COCTaBHM CYMMY

2 Yi-mE; (9)

KoneuBo, npy 9TOM HYXHO NpENNONOXHTb, YTO MHONECTBO ToueKk x W3 [a, ¥,
I KOTODPBIX 3HayeHHA QYHKHHMH f(X) newar MeXNY KaKHMMH-HMGYNb UHCAAMH a
n B (B>a), Bcerna M3 Me p M MO; TOIbKO Takde Qynxnun JleGer u paccmarpu-
B4eT, HasniBasg ux usmepumvimu. Ina cymmu (9), KakoBa 6b HM Obia OrpaHH-
yennag M3MepuMasa GyHKuua f(x), BCerna CYmWecTBYeT KOHEYHWH mpenen
npn Ay;— 0; oH u npencTaBiaseT coGoit se6e208 unmezpar @ynxyun f(x) om
a 00 b v o6o3HAYaeTCA CHMBOJOM

b
o { 7@ ax

OG6aacTb NpUMeHHMOCTH MHTerpaza JleGera HeCpaBHEHHO MIMpe, YE€M MHTerpana
Pumana. B yacTHOCTH, C €ro NMOMOIBI0 BCEeT K2 MOKHO <BOCCTAHOBHTbY» mep-
BOOGpasHylo QyHKUMIO F(x) HO ee OorpaHM Y eHHOH NpoussosHod F' (x):

F(x)=(L) S F'(x)dx+C. (8a)

JleGeroBo ompeneneHHe PacOpPoOCTPaHAETCs M HA CIyYa#i HeorpaHHUYe H-
HOoMt & YyHXHHUY nojyyaeMblil IPU STOM UHTErPal OKa3kBaeTCa a6 CONIOTHO
cxonAmuMca. BrocaescTsun OblIHM NPeRIOXKeHb N JajabHeliine 0606ieHHs MOHsA-
THs MIHTerpaia, NpH KOTOPHIX MHTErpal MOMeT CXONUTbCA M HeaG6COXIOTHO,
HO HH OJHO M3 HUX He Hallli0 TaKOro WHPOKOr0 Y IIOXOTBOPHOI'O IpPHUMEHEHUs
B pasHHX 06JacTAX aHanu3a, kKak unrerpax JleGera.

HanbHefimne ycmexum Teopuu (GYHKUME BelleCTBEHHOH MepEMEHHOH Cye-
CTBEHHO CBf3aHBl C JeATENbHOCTBIO MOCKOBCKOHM MaTeMaTHYeCKOMH
DI K OB, OCHOBaTensMH KoTopo#t Obian JImurpuit Pegoposuy Eropos
(1869—1931) n axagemux Hukoma#t Huxomaesumu J1y3amn (1883—1950). [Ipuso-
AuMble HW¥e, B BHIe NpUMepa, JBe (YHIaMeHTaJbHble TeOpeMhl NPUHALJexar:
nepsas — Eroposy, a Bropas — Jlysuny. OHM NOKa3bBalOT, YTO — HECMOTPs Ha
Yype3BHYaHHYI0 O6GULHOCTb 00DBEKTOB, H3YYaeMLIX COBPEMEHHOH Teopueit
(QYHKUHMI — CBASH € KJACCHMYECKHM aHANH30M, B HEKOTOPOM CMBICIE, He yTepsHa.
Bor 3T TeopeMbr

. Cxodunmocmos 2 10 6 0 ii nacredosamervrocmu {f, (x)} usmepusox Pynx-
yuti Kk npedeavHol Pyrxyun f(x) oxasvisaemcs paeH o MeEpH O i, ecau npe-
Hebpeyb HeKOmopolyM MOYEUHOM MHONCECMBOM NPOU3BOALHO MANOW MEPHL.

IL Jwb6asn usmepumas dynxyus f(x) oOkxa3viéaemcs Henpep o 6-
RO, ecau npeHebpedv HEKOMOPHIM MOYCHHOLM MHONCECHBOM NPOUIBOALHO
MaA0U Mepol.

3acayroif MOCKOBCKOH HIKOJB ABASETCH HE TOJAbKO HanbHeliniee pasBuTHE
caMolt Teopuy QYHKUMH BeIeCTBEHHOW MepeMeHHOH, HO U BHeIpEHHE €€ MOHf-~
THH M METONOB B Apyrue oO6NaCTH aHaNM3a, a TaKKE B TEOPHMIO BEPOATHOCTEH.

Jlo cux nop Mbl Beau peyb NHIIb O TaK HasblBaeMol mempu4eckoii meopuu
@yrixyuid, CYmeCTBEHHO HCIOAb3YIomeH MOHATHE M e P bl TOYEYHOIO MHOXECTBA,
Ipyras BeTBb HOBOH Teopuu (GYHKuUHMH, Ha3biBaeMas decKkpunmugHol, BeLeT Npo-
ucxoxaenne or pa6or Bapa (1899 r.) u JleGera (1905 r.), B KOTOPHIX W3YualoCh
CTpOEHHE B CBOHCTBA Pa3PhIBHBIX (QYHKIMHA C TOYKH 3peHHMA HMX 06pa30BaHUf
M3 HeNpephIBHLIX QYHKUMH C TIOMOMIBIO IOCHENOBATENbHBIX NpefelbHbIX Hepe-
XOJI0B. ITH MCCAENOBAHUA TECHO CBA3AHBI C QeCKpUNMUSHOL meopueli MHOKHCECMS,
rie wu3yyaloTca BCe Gonee W Gojee CHOMHbHIE KINAaCChl TOYEYHBIX MHOMECTB,
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NoAyyaeMbIX C MOMOUIbIO PANia NpOCTeMIMX onepanuit U3 NPOMEXYTKOB (MPAMO-
YroabHUKOB H T. I.). Bexymas poap B fanbHefiiieM pasBUTHH M YrAYGIeHHH Has-
BaHHOW TEODHM TaxkXe NPHHALNEXHUT JIy3HHY M ero yyeHHKaMm.

KocneMca 35ech ke eme ONHOHA BETBH MaTeMaTHYECKOro aHanysa, Hasbl-
BaeMoll xoHcmpykmusHoi meopueii dynxyuti, OHa 3aHNMaeTca BONMPOCAaMH IIpPH-
6NMXEHHOro NpPeNCTaBleHUA (QYHKUMH C HOMOMIbIO PA3TUUHLIX AHANMTHYECKHX
annapaToB, NPOCTeHHIMMH NpPUMEpPAaMH KOTOPHIX CAYXKaT aireGpanyecKkde HWIK
TPUFOHOMETPHYECKHE MHOIOWIEHHI.

IMagpuyrnit JIbposuy Ue 6 b1 1 € B B paboTe «Teopus MeXaHuaMoB, H3BECTHBIX
NOJl Ha3BaHMEM TNapajaenorpaMMoOB» ¥) (p1854 r.) OTMEeTHJ, YTO OTPe30K psala
Tentnopa dynkumu f(x)

T, (x)=f(x,,)+f' (1'}"’) (x—x0)+ ... +ﬂ)_ﬁ(iﬁ’_)_(x_xo)n

ayyie APYrMX MHOrOYAEHOB TOH IKe CTelleHM NpeiCTaBaseT QYHKUHIO Auulb
80.2u3u MoKy x ==x, Ecan xe peup HIeT 0 NPUGIHKEHHOM MNPeNCTaBAEHHH
(YHKUME MHOTOWIEHOM n-# crenenu 8 duxcuposannom npomescymre [a, b}, To
TeAIOPOBY MHOrOUAEHY CAefyeT MpeinoyecTh Apyrod MHorouwieH, P, (x), ¢ Tewm,
yroGH «npefen ero YKAOHeHH# OT f(X) B LaHHOM TIPOMEXYTKe OB MeHee
npefenoB YKIOHeHU# BceX APYrHX MHOTOUJAEHOB TOH xe cTemenu». Tak, Bnepsbie
6bia TOCTaBl€HAa 3aflaya O <MHOTOWIEHe HAWIyylIero NPHOAMKeHUs», onpele-
ASEMOTO M3 YCIOBHS, YTO
max_ | Py (x)—F (%)

a=x=<

HMeeT HaMMeEHb Il € € BO3MOXHOe 3HayeHHe; moclefHee OOHYHO 0603HAyaoT
yepes E, (f). WccremoBanus Ye6bimuéBa MOCAYXKHIH HCXORHBIM INYHKTOM JIJs
o6iypHOro psijapabor neTepO6yPrcKof MaTeMaTHYECKOH MKONBL

1885 r. Beftepuitpacc omy6nukoBaa TeopeMy [n® 278}, u3 KoTopoi ABCTBYyeT,
yro Aas moGo#t HenmpepnisHOK B [a, §] dyHKuMHU f(x)

lim E, (f)=0;
n—co

pazyMeeTcsi W, HA0GOPOT, W3 HANMYMA NMOCAEZHETO COOTHOIIEHHs BHITEKaeT Hempe-
priBHOCTH yHxuuA f[n® 266]. 310 6bI0 NpocTediMM NPUMEPOM B3aUMOCBA3H
MEXAY CTPYKTYPHB M CBO#CTBOM (QYHKUMYU f (BEeNPEPLIBHOCTb) ¥ 11 O B €~
neHHeM BernunHel E, (f) (cTpeMaeHue K HYIO).

Wnen Heb6rnména u %eﬂepmrpacca NOAYYHIH CYUECTBEHHOE Pa3BUTHE B MCClIe-
nosanusx axagemuxa Cepres Haranosuua Bbepnmre#ina (ponm B 1880 r.) u
IPYTHX COBETCKMX MaTeMaTHKOB, a TaKke aMepHKaHCKOro yueHoro JaHxema
HAxexcona (1888—1946). Uepes st pa6oThl KPacHOM HUTHIO NPOXOLUT MHCIb
O BAWAHMM JudQepeHnHalbHHX M MHBIX CTPYKTYPHBIX CBOHCTB QyHxumu f(x)Ha
GLICTPOTY CTpeMaeHus Beauumubl E, (f) kx Hymo, u HaoGOpPOT.

V1. ®YHKUHOHAJbHbI AHAJIM3

3710 — camas MOJOJas M3 BCEX BeTBell MaTeMaTHYeCKOro aHaliu3a: ee BO3pPacT
HCUMCASETCH HEMHOTHMHU AecATHaeTHsAME! BO3HHKHOBEHMIO QYHKUMOHANBHOIO aHa=
nM3a CNOCOGCTBOBAaNa HEe Pa3 3aMEYaBIIAsACA aHaJOTr HA MEKRY JaAeKHMH Ha
nepBH#t B3ragx oGbeKkTaMy, NOGYXIAOUIasA UCKaTh KaK OGbeIHHAIONHE UX 11 O H A~
THfA, TaK H O6He pacCy X JeHHs, KOTOpPhe NMOKPHBAAH Obl YacTHhie pac-
CYXTEHHA Hak STHMH OG'beKTaMH, HCNOAb3YysA JAMLIb TO, YTO B HHX Ha Jene cymie-
CTBEHHO.

*) [oanoe cobpanue couunenuii I1. JI. Yeboiwesa, 1. 11 (u3n. Axagemu
nayk, 1947), crp. 23—51.
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3ameyaTensHo NPH ITOM, YTO MHOrooGpasha PaCCMATPHBAEMHX 0GHEKTOB
O0HYHO YNONOGAMOTCA B TEX MAM MHHX OTHONICHHAX DeasbHOMY HpO-
CTPAHCTBY. DT MHOroOGpasMA TOWE HAIMBAT NPOCMPAHCMEAHMY, XOTA
9NEMEHTAMM HX MOTYT ObITh —CMOTDA MO CAY9a10 — OGBEKTH CaMOH pasHO-
06pasHoil NPHPOAL: KPHBHIE WM IOBEPXHOCTH, QYHKUMH OT OXHON HAH HECKONb-
KHX HENPEPHBHO MEHAIOUIMXCA apryMEHTOB, KOHEYHbIE CHCTEMBl WK NOCHENo-
BATEALHOCTH BEMECTBEHHHX YHCEN (T. €. QYHKUMM OT HaTypPambHOTO APryMeHTa)
H T. I. Mbl yie CTaIKMBaAHCh C [OXOGHAIMH <ITPOCTPAHCTBAMH> B n° 125 (aputh-
MeTHUYeCKOe m-MepHOe NPOCTPaHCTBO), B n° 418 (IPOCTPAHCTBO HeNMpepHBHBIX
QyHruuit) u, HakoHen, B pasiene I, MOCBSEHHOM BapUAUMOHHOMY UCYHCAEHAIO
(MPOCTPAHCTBO TMAJKHX KPUBHX MAH HENPEPHBHO AUMPepeHUupyeMux dbynkuui).
B rakom npocrpancTse X=={x} paccMaTpuBAIOTICA U N3YYAOTCA PYHKGUORALD-

Hble Onepamopui
y=U(x) (10)

(0606uenne IPHBHYHOTO HAM NOHATHA <(YHKUMA>), KOTOPbIE COMOCTABAAIOT —
A0 TOMY HIN WHOMY 33KOHY MAM NpPaTtHay — KauAOMY S1eMeHTY x u3 X onpe-
ReNeHHHH sneMeHT y TOro e WM Apyroro mpocrpascTsa Y. B ToM uyacTHOM
clyyae, KOrma Y €cTh NPOCTO MHOXECTBO BENECTBEHHHX YHCEX, TaK YTO 3ie-
MEHTY X COHOCTaBAAETCA YH CH0O, (YHKUHOHAALHBIH ONmepaTop HasmBaeTCA
dJymcI?uouaﬂou —C 9THM NOHATHEM MbI TOME BHLIE YXe MMeIH Heao (CM. pas-
nea ).

Mu OCTaHOBMMCS JAHMIIP Ha OJHOM BaXKHOM THIE HPOCTPAHCTB, UMEHHO Ha
Mempuveckux npocmpancmsax. Tak HashiBAae€TCA NPOCTPaHCTBO X, ecan Jas
KayJOH napbH NPHHANAEKAIMHUX €My IMEMEHTOB X W X oOnpefiefeHO paccmosnue
(emeTpHYecKana QYHKUMAY), T. €. HEOTPHUATEAbHOE BEUECTBEHHOE YHCIO p (X, X),
uMeKulee crenyouue CBOHCTBA:

1) p(x, X)="0 paBHOCUABHO X == X;

2) p (%, x)=0p (x, X) N, HakoHey,
3) p(x, Ty<<p(x, X)+p (% T) [cancHoma TpeyroabHukar; cp. n° 125 u 418].

CXomMMoCTb NOCHENOBATEAbHOCTH {X,} K NpeselbHOMY 3AEMEHTY X Ompe-
JeTsercs COOTHOUIEHHEM

P (Xm X)—0
NpH STOM NHUIYT
x=limx, nm x,—x.

lpuBeneM NPHMEPH METPHYECKHUX IPOCTPAHCTB.
A. Apudpmernuecxoe NPOCTPAHCTBO — AHHEHHOE HAH BoOGmIe m-MepHoe,
B nuHefiHoM cayyae 9MeMEHTH X CYTb BelleCTBEHHWE YMCHE H
?(xr x)="x'—xl-

Tipy m > 1 sueMeBTH X ABASIOTCA YXe YNOPAXOUEHHSIMH CHCTEMAMH BElleCTBeH~-
Rex yHcem: X ==(§, §s ..., &), IN€ & — «KOODAHHATH> TOYKH X. B sToM cayuae

6 D=V G —8 + .+ G —
ecny yepes & 06O3HAUMTL <KOOPAMHATHY® TOYKH X.
B. IlpocTpancTso HenpepuBHHX — B NPOMEXyTKe [4, b] — Pyuxunft x == x (f)
C MEeTpHKOH

p(x, X)= max |x()—x(t)]
ast=<d

B. To e MHOroo6pasmue, HO C Apyro#fi MeTpUK OH:

b
p(x %)= Sum—nwa

[cp. n° 418, samevanue].
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I, TIpocTpanCcTBO MOCHELOBATENbHOCTEH BEHIECTBEHHBIX YHCEN

x=(Elv Eﬁ? seey En, u.),

o0
A5 KOTODHEX pPAl Zﬁi CXO0NnTCcsaA Merpuka:
1
® —
o6, D=1/ DE—E)7,
]

J. TIpocTpanCTBO OTr pPaH U Y € HH W X NOCNENOBAaTeAbHOCTEH BeiecTBEHHBIX
ypcen ¢ METPHKOH

p (X, x)':S“'? Hen—En

Jlerko nmokasaTh, NOIb3YACh <AKCHOMON TPeYroNbHAKA», 4TO — I 110 60T O
MeTpUYeCKOro MpOCTPAHCTBA — M3 CXOXMMOCTH MOCAeOBATENbHOCTH SAeMEHTOB
{xp} ¥ npefenbHOMY 3JeMEHTY X BbLITCKAeT BHIIONHEHHE YCIOBHs, aHAJIOTHYHOrO
usBecTHOMY ycaosuio Boabunano — Komw [cp. n°® 52):

p (%, X,)<<e aulb TOILKO 7, n' > N,

O6paTHOE 3aKAOYEHHE — O CYLLECTBOBAHUY NPEJEeJbHOTO MeMEATa X JIa KaKIOH
HOCNe0BaTeNbHOCTH {X,}, YAOBIETBOPAONIE! ITOMY YCHOBHIO, ~— BEPHO He Had
BCeX MeTPUUYECKHX TNpocTpaHctB. Te NpPOCTPAaHCTBA, Has KOTOPHX OHO BEpHO,
Ha3bIBAIOTCA MOAHLLMU; TAaKOBH, Hanpumep, npocrpancrsa A, B, I', 1. B 10 xe
BpeMs npocTpaHcTBo B He moano *).

Teneps, mAsi TOro YToGbl YHTATENdl0 CTada sICHOH MONE3HOCTH TOH BLICOKOMH
cTemeHH OTBIeYeHHs M 0GOGWIERUsA, KOTOpas OCYU[eCTBIAETCs B QYHKUUOHANHHOM
ananuse, NpuBeJeM B BUiE IIPUMEPa OJHY TEOPEMY H3BECTHOTO MONBCKOrO Mare-
maTnka CredraHa b anaxa (1892 — 1945), ogHoro us cosgaremelf COBpeMEHHOro
@yHKUNOHANBHOTO aHanu3a. OHa raacur:

IIyems Oan gyuicyuonarvroii onepamop (10), onpedesennoiii 8 noOrHO M
Mempieckom npocmparcmee X={x} u nepesoosauuii snemenmo. x uz X cHosa
8 3semermo. moeo e npocmpancemea. Ecau npu smom sceeda

p(U(x), U(X))<<a-p(x, X), 20e 0<a<<],
mo cywecmeyem (1 npumos eOUHCMIBEHHAS) MOYKE X, MAKAS, 4mo
U (x) == xo. 11

dra TOYKa HA3bIBAETCA HENOLBUXHON TOoukoM omepaTopa U; oHa
€CThb He YTO MHOE, KAK «KODEHb» (FYHKYUOHAALHO20 YPABHEHUS

x=U(x).

Caenywouee coofpaxende NOCTYXHT Kak Gl HaBeReHMEM K JOKasa-
TenbctBy. Ecan x—ni06as TOUKa, a X,—HENOABIXHAA TOUKA (IPEATON O XU M,

*) OHO MoMeT GbITb CleNaHo NONHbLIM, €CIH K HeMy 06aBHTb M BCe pas-
puiBHbIE QYHKUMK X (), uHTerpupyemsie mo JleGery Bmecte cO CBOMMH KBajpa-
Tamu. Tlpy sToM ABe QyHKUMH, KOTOPHE <IOYTH BCIOAY» COBNAJAIOT, PaccMaTpH-
BAOTCA KaK OJMH 91€MEHT NPOCTPAHCTBA.
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YTO OHa cymecTByer!), TO
p(U(x), U(xe))=p (U (x), xo)<<a-p(x, xo),

TaK yto snement x;=U(x) 6auxe x x, yeMm x. EcrecrBenHo mosropursh
STOT Npouece, UCXOAS H3 Xyt

p (U (x1), xo) S a-p Xy, Xo) <<a?-p(x, xy),

u sneMeHT x,=U(x,) oKa3biBaercad eme 6aAUxe K x,] D70 U NOACKa3niBaer
MbICIb, WCXOIA K3 IPOU3BOABHO B3ATOrO0 3AEMEHTA X, MNOCTPOHUTH, MOBTOPHO
npunaras onepatrop U, nocnenoBaTenbHOCTH SMeMEeHTOB

x,=U(x), x3=U(xy), ..., Xp=U(xp_y), ... (12)

Han sToli mocaenoBaTeabHOCTH {xy} MOKa3bIBAaETCA BLIIONHEHHE YCIOBH A
Boabuano—Kowm, orkyna (BBugy no afore NPOCTPAHCTBA) CleyeT, YTO OHA
CXOIUTCA K HEKOTOPOMY NpelXeIbHOMY 3JMEMeHTY X, 3aTeM YCTaHABIMBAeTCA,
YTO 3TO M €CTb MCKOMBl HeNOIXBUMHHH 3NeMeHT (M DPUTOM eluH-
crBenHbil). TakoB ImaH XOKa3aTeabCTBAa, KOTOPOro B MOAPOGHOCTAX HPOBOIUTH
He GyneMm.

O6pamaeM n1Mmib BHAMaHue YMTaTead Ha NMPHMEHEHWe, 1A MMOAYUEHHS X,
MeToOJa nocnejgoBaTenbHbX NpHOANKeHUu i no cxeme (12). Jlerxko
NONYYHTb H OLEHKY n-TO NPUOGIHKEHUS:

p (Xn, Xo)<< Ma® (M =const).

[TepeuyncauM Tenmeph HECKOAbKO 3aJjay U3 pas3HbIX oGracrel, KOTopele Cpa3y
nonyyaloT pelleHxde 6rarofaps MCHONB30BAHMIO YCTAHOBIEHHOIO <«IPHHIUNA
HEMOXBHXHONA TOUKH».

1) UsBecTHoe B TeopeTHyeckolt acTpoHoMuu «ypasHenue Kemaepa»

xX=m,-}+e-sinx (13)

onpejenserT TaK Ha3blBAeMYI0 3KCLEHTPHYECKYI0O aHOMAAHKIO X MiIa-
HeTHl 110 JHaHHOW ee CpeXHEe# aHOMAad U M, ¥ IKCUEHTPUCHUTETY IIAHETHOH
op6utn & (e <<1).

ITyctb «mpocTpaHcTBO» X €CTb IPOCTO MHOMECTBO BCeX BeUIECTBEHHBIX
yucen (CM. A), a «QyHKUUOHANLHBIR omepaTop» e€CTh OObLIKHOBEHHads QYHKUHA OT
YUCAOBOH MepeMeHHOH Xt

U(x)=m,-+¢- sin x.

ficHO, YTO HENMOJBHXHAA TOUYKA X, 9TOrO <OMEPaTOPa» KaK pas ¥ eCTb HCKOMEI
KopeHb ypasHenus (13)!
Tak xak

p(U(x), UX)=|U(x)—U(X)|=¢-| sin x — sin X|<
<elx—X|=c-p(x, X)
TO ycioBue Teopemsl BhimonHeHo. Takum o6pasoM, MbI DPHXONUM K YTBepXKIe-
HHIO O CYIIeCTBOBAHMHM €JIWHCTBEHHOrO KOPHA X, YypaBHeHus (l13), mpuuem ero
BBIYMCIEHNE MOXET GhiTh BHINIOJIHEHO 11O METOLY NOCIEN0BATeAbHBIX HPUOAHKEHNIT,

2) Iycrb nano mHTerpanbHoe ypasHenue ®PpeiaroabMa BTOPOro poja, COLEP-
Kaliee MPOU3BOABHBIA YMCIOBOH mapamerp A

b
x(8)=F(s) 4+ S K(s t) x(8) dt, (14)

rie f(s) HempepmBHa B mnpomexyTke [a, b], a K (s, f) HenmpephiBHA B KBAI-
pate [a, b; @, b], ¥ nyCTb MmeTCs HempephBHOE ke pelieHHe X (S) STOro ypas-
nenus. [1pocTPaHCTBO X 3eCh €CTh MPOCTPAHCTBO HeNpephiBHbIX dyHKUUH B [, b]
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€ MeTpuKoH
p( Xy=max jx(t)— % ()|
PEIRY

(cm. B). Oneparop
b
U () =F(s) 4+ SK(S, £) % (¢) dt

COTIOCTABNAET Kaxk A0 HeNpepHiBHOK QYHKUMU X (£) TOME HEKOTOPYIO HeNmpephB-
By (ynkuuo ot s. U smech memommxkHam TOuKa x, (f) 9TOro oneparopa 6yser,
OYeBH/IHO, pelleHneM ypasHeHna (14).
[IpoBepuM BHIIOAHEHWE YCIOBHA TeopeMsl. I10 OrpaHMyeHHOCTH Henpepuis-
noft ¢yskuun K:
|K(s, t)| <M (M==const)
GyneM HMeTb:

3
p(U(x), UX)=|r}|- agz;ib‘ S K(s, &) [x (t)—x () dt | <
<IN -M-(p—a): max |x()—2()|=[A]-Mb—0)p(x, 2)

Orciona fAICHO, YTO, JHIIb TOJABKO

<

MG—a)’

ycnosne TeopeMu BhNonHeHo. CexoBarTenbHo, Aas HOCTATOYHO MANHX (IO a6co-
JIOTHOH BeJMUHMHE) 3HAUeHHH napamerpa A ypaBHenve (14) mMeeT eIHMHCTBEHHOE
Pemienne X, (£), KOTOPoE K TOMY e MOXeT GHTh NOAYUYEHO 1O CHOcoby mocie-
JOBaTEAbHBIX NPUGIMKEHNH.

3) B xauecTse mocneHero NpuMepa PacCMOTPHM BOIPOC O PEUICHHM CHCTEMH
M3 6ecCKOHEUHOro (HYMEPOBaHHOTO) MHOXECTBA JAWHeHHWX ypaBHeHHH
C 6eCKOHEYHHM X e (CHOBa — HYMEPOBAHHHIM) MHOXECTBOM HEH3BECTHMHIX;
TaKas CHCTEMa BCErja MoxeT GHITb HaNHCAHA B BHAe:

G=Dambe+b (=123 ..) (15)

k=}

rae ap, ¥ b;— nasnnie KosbduuuentH, a & — HewssecrtHnle. [Ipeanonoxum,
YTO KOIQQHUHEHTH 8;p, ¥ b; YAOBAETBOPAIOT YCAOBHAM

©
Elaivk]éa<1v 'biiép (i==l,2,3...). (16)
k=1

Hac 6yner uatepecoBatb OrpaHuyeHHOe peuenue cucreMs (15), 1. e. Takan
OrpaBMyYeHHAaf NOCAENOBATENbHOCTL uyMcen {§;}, KOTOpas ynosieTBopsaaa Gu
BceM ypaBHenusu (15).

‘-lmaremo, BEPOATHO, ACHO, YTO B OCHOBY 3Ji€Ch HANJNEXHT NOJOXHMTH npo-
CTPaHCTBO X OrpaHHYEHHBIX NOcaeloBarenrbHOCTed x == {§;} ¢ MerpHKOH

p(x 2)=Siul>15t-€_il

(cM. [). PaBencrBa

0
ni:};:lai,kgi.*_b, (=123 ..) an
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KAWAOMY OrPAHHYEHHOMY Ha60py x == {§,} CONOCTaBIRIOT OrpaHHYeHHHH Xe —
B cuay (16)—mabop y=={n;}, T. e. TOxe OSNIEMEHT NPOCTPaHCTBA X, 9THM H
onpenensercs oneparop U(x). Ecan B3aTh emie 3neMeBT X=={f;}, T0 coorBer-
crBylomuM eMy anavenuem . U(X) storo onepaTopa 6ymer siemenr J=={7;},
onpenenseMsit paBeHcTBaMy, ananoruunbiMu (17). Tak kak [mo mepsomy u3 mepa-
BencTB (16)]

P () i)=sgp{Ikzlai,k(ék——gk)l}éa-sgp (& —8|=a-p (x, %),

TO— BCE MO TOH e TeopeMe — MCKOMOE pelieHMe CYIHECTBYET M eRMHCTBEeHHO.
Jna nonyyenusa ero Takxe MOXeT GHTh HCNOJb30BAH METOX [10CHEZOBATEIBHHX
npubInKeHuN.

BecbMa moyyuTenbHa caMas BO3MOXHOCTb PEIIEHHSA CTONb Pa3HOPOIHLIX 3a7aY,
WCXONA H3 OJHOTO HCTOYHMKA. ITOT NPHMEp MO3BOAHT WHTATENIO NyYile NOHATH,
Kak obumiue TeopeMbl (DYHKUWOHAaILHOTO aHANM3a MOIYT HAaXONWTh NIPHIOXEHHA
B CaMHX pa3Hoo6pasHbiX ofnactax. Cuaa 9STOrO0 METONA, KAaXYUIerocs CToub
a6CTPaKTHBHIM, WMEHHO B TOM, YTO OH MCCTeAYeT OOBEKTH ¥ OTHOMIEHWA MEXAY
HUMH B npocTelmef dopMe, OTBIEKAaACh OT HECYNIECTBEHHHX AaA Jena
UX WYaCTHHX ocoGeHHOCTel. Kak 4acro u B TNPOULIOM NPOrpecc B MaTeMaTHKe
OCYILIECTBIANCA TOAOGHBIM e myTem!

Uro6n mogyepkHyTh 3HayeHHe (YHKIMOHAABHOIO aHANH3a B LeNOM (MH Befb
KOCHYAHCh JMIlib €T0 SA€MEHTOB), NOCTATOYHO YNOMAHYTh, YTO QYHKUHMOHAAbHHINA
aHAAU3 — B €r0 BHICOKHX YaCTAX — CYIIECTBEHHO MCHONb3YeTCs B COBPEMEHHON
meopemuyeckoii Pusurxe, 0COOEHHO B KB6AHMOBOL MexanuKe, KOTOpas W CaMa,
B CBOK OYepefib, HECOMHEHHO, BIMANA HA DPa3BUTHe QYHKUHOHANLHOrO aHanu3a.

WUrax, npecdosesass ne pa3 ownubku u 3a6ayncOeRus OmOCAbHOLX UCCAEF0=
sameseii u Oaxce noxosexuli, mamemamudeckuii aHaAu3 snaomp 00 HAWE20
BPEMEHL NPOGOAICAE™ PACMU U PA3BUBAMBCS, YKPGIULASCH BCC HOBLLMU 1l HOBKML
orcussmu nobezami. HHbe HOBbe 8eMBL GHAAU3E BOHUKAIOM HENOCPEOCIMEERHO
U3 nOmpebHOCINU NOSHAKURA OKPYHCAIOWE20 HAC MUpa, 8 OPY2UX JHCE CAY4asx
OHtL NOSBASIOMCA, NOOYUHSIACH ECMECMBEHRNM 3JGKOHAM pA3BUMUR CAMO20
GHAAU3G, U AUWL NOMOM O000208UQIOMCS NPUNOIERUAMY. Pasaudnvie semsy
GHAAU3G NOCMENEHHO NPORUKAIOM OONG 8 OpY2yl0 u, COXPANARA cneyuduyrocms
csoux 3a0aq u mMemodos, 8ce ace obpa3zywom eduroe yesoe!



AJI®ABUTHBIM! YKA3ATEJb

Abess 92, 108, 177, 444—446

AGens Teopema 92, 108

AGcomoTHO HMHTErpUpyeMas (GyHKuUA
118, 128

— CXORAumeecs npouspefenue 47

— — —, IepEMEeCTHTENbHOE CBOKCTBO 47

— cxonsmMics HecoGCTBEHHbIH HHTe-
rpan 118, 128

— — pan 30, 54, 107

— — —, NepeMecTHTEIbHOE

— ——, ymuoxenue 41, 55

AnnuruBHas QyHkuus o6aacTH IAo-
cxolt 245

— — — npocTpascTBeHHod 333

— — mpomexyTKa 246

Aunep 447

Apboza 430

Apkcunyc, crenenHo#t pan 95, 103

ApxranreHc, crenesHol pap 55, 94

Apxumena 3akoH 343

Acxonu 435

CBOHCTBO

Banax 452

Bepuyaru fanuun 427—429, 436, 439,
435, 437

— Hozann 32, 103, 104, 142, 436, 439

— Sko6 104, 107, 436

Beprwmeiin 99, 451

Bepuurteiina MHorouneHs 99

becceav 96

Eecceig%m@bepeﬂuuanbﬂoe ypaBHeHHe

— HepaseHcrso 411, 412

— rtoxpectso 411, 412

Bera-pynkuna 167

— —, pexyppeHTHas popmyna 167—168

— —, CBA3b C ramma-QyHKuuedi 172

— —, CUMMeTpHYHOCTH 167

BusomuanpHeit pax 59, 102, 104, 108

boasyano 107, 448

Boabuano— Koy ycnosie CXoAHMMOCTH
psaa 29

bopeas 447

Bpoynrep 102

Byusixoseruii 420
Bynakosckoro HepaseHcTBo 420
Bap 447, 449

Baasre [yccen, e r2a 178, 413
Bansuc 102

Baxmuca ¢opmyna 59, 133
Bau-dep-Bapoen 86
BapuaunorHoe McyucneHue 438
Beiiepumpace 85, 109, 447, 450
Betepiitpacca mpusnaxk 74

— teopemsl 98, 398

Bekrop 356

—, Hopma 419

— motoka rtemaa 361
BektopHas nunua 357

— noBepxXHOCTb 358

— Tpy6ka 358

— —, UHTEHCUBHOCTbH 364
BexropHoe none 357

— npoussefenne 357

— mpocTtpadcTBo 419

Busuanu rtero 290, 311

Buxps 365

Boasmeppa 446, 448
Bpautenns nosepxsocts 298, 312
BriyncieHue WHTErpanos:

Insin x dx 132

e ** dx 132, 164, 173

sin

X dx 134, 152, 163
X

w3 Oy g o(’}wla



ANGABUTHHIN YHABATRIb

Bhiyucaenne vnTerpanos:

(2] o
cos ax X sin ax -
2,
| o e 3
o £
v 1
P
§ TFx dx 161

— aorapudmMoB, npubamxenHoe 65

~— MOJyas Jis Nepexoia OT HATypadb-
HBIX JOrapndMoB K HeCATHYBHIM 66

~— OnpeneneHHbX MHTerpanos, audde-
peHuMpoBaBue N0 napamerpy 147,
163, 165, 166, 170

— — —, HHTET'PHPOBAHHE IO NapaMeTPy
147, 164, 172

-—%—, HCKYCCTBEBHbIE MpHeMH 132—
3

~— — —, OCHOBHaA QOPMyJa HHTErpaib=
Horo ucuucnenus 112, 124, 271

— — —, mojxcraHoBka 130, 132

— — —, IpelenbHb Nepexo 1o napa-
merpy 163, 165, 169, 402

— — —, pasnoxenue B pan 82, 135, 162

— yucna =, npubauxeHHoe 64

FamuabToH 359

Famma-pynxnus 169

— —, rpaguk 171—172

—~— —, AonojHeHusa dopmyna 173

— —, Jlexanapa dopmyna 174

— —, pexyppentHas dopmyna 171

— —, dhaepa—Taycca ¢opmyaa 170

I'apMonnku 373

Fapmonnyveckne koneGauua 373

Fapmonuyeckuit ananns 373

— pax 16, 21, 23, 27, 29, 104, 105

Tayce 107, 170, 177, 263, 294, 341, 342,
443

laycca — dftnepa popmyaa 170

[FayccoBn K03 (UUNEHTEH NOBEPXHOCTH
310

Teiine 434
l'unepreomeTpuyeckuit pan 107
I'naBHOE 3HaYeHHe HECOGCTBEHHOTO WH-

o0
Terpana § 404
{oo]

I'napkas xpmBas 228, 237

— nosepxHocTs 300, 367
I'pannent 359

I'pezopu 103

Tpun 263, 341

I'puna popmyaa 263, 326, 341

457
ﬂ(ﬁ({um’p 106, 107, 425, 430, 431, 437,

lanam6epa npusnak 22, 23, 32
lla2%68y CYMMbI 14 ABOMHOrO MHTErpana

— — — TPOHHOro MHTerpara 332
Hsottnoit unterpan 234, 238, 291
—276 nuddepensuposanre no odaacTu

_2:6 KaK aJliuTHBHAs GYHKIHA 061acTH

— —, KJIaCChl HHTErpupyeMuix ¢ yaxuui
240045 pupy oy

— — Heco6CTBeHHbH 256—257, 291

— —, IpUBeJeHNEe K MOBTOpHOMY 234,
247, 252

— —, cBoiicTBa 242

— —, YCIOBHe cymecTBoBaHus 239

JBYCTOpPOHHSA NOBEPXHOCTH 299

Mxncexcon 450

Juamerp TOYEYHOro
238

Huseprennus 362

Hunu 77, 109

— Teopema 77, 78

— —, ananor 157

— —, o6oGmenue 139

ﬂuguxﬂ§5 (Jearcen-) 36, 108, 172, 433,

— TeopeMa 36, 108, 433, 434

— nnrerpan 381

— opmyna 256, 337

Juddepennnan TOYHbIA, UHTErpUpPOBa-
Hue 269—271, 329

— —, npHu3Haku 269, 329

Ilmb(pepgﬂuﬂanbnoe ypasHenue Beccensn

, 43

— — xoneGanna cTpyHn 425

————, pemenne [JanamGepa u
diinepa 425—427

— — — —, pemenue Teitnopa u 1, Bep-
Hynnu 427—430

JunbdepeHunaibusle  ypaBHEHUA B
Zacmmx npousBonHbix 425, 430,
37

— —, obnikHOBeHHbte 103, 104, 166, 436,
437

— —, Teopusa 436

JuddepeHnuposaHne HHTErpana mo na-
pameTpy 1OX 3HaKOM UHTerpana 142,
146, 159, 161, 177, 178

— — no obnactu 246, 334

— pajga nounenHoe 84

- — cTeneHHoro nownensoe 95, 97

Honrkun 207

Jw Bya-Peiimon 435, 444

MHOXECTBa
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Ezopos 449
Epmaros 107

Kunkoctu nsumenue 36!, 363

— — NI0CKOe ycTaHoBUBIIeecs 230,273
— HCTOYHMKH H CTOKH 232, 363

— koanuecrso 231, 361

— 1noToK 361

JKykoscruii 444

3asucuMocth GyHkuuit 203—206

Saiidess 109, 149

3amena nepemMeHHOH B HeCOGCTBEHHOM
unrerpaie 129

— mnepeMeHHHX B JIBOHHOM HHTerpaire
285, 292

— —— TpoOlHOM HHTerpane 352, 356

3aMKHYTOCTH ypaBHehme 413, 423

- — 060o6enHoe 417, 423

3aMKHYTOCTb OPTOrOHANbHON CHCTEMBI
Gynxunst 412

— TPHI'OHOMETPHYECKOH cCHCTEMEl PYHK-
nuft 412

3HakonmepemeHHblt pan 32

— -—, OlleHKa ocraTka 33, 103

Hnepnuy MoMeHT nmocko#t ¢purypm 258

—— Tena 338

— — UIHIMBApPHYECKOro 6pyca 259

Huterpaabuas cymma 213, 219, 237,
313, 320, 331

Unrerpanbume ypaBHeuus 406, 407, 444

— — Bouabreppa 446

— — Ppenroabma 446

Huyrerpambumift kochnyc 121

— unorapugpm 127

— cunyc 121

——lnpnaﬂax Maknopena — Komn 26,
05

VHrerpupoBanne HHTErpaja no mapa-
MeTPy NOJX 3HaKoM HHTerpana 144,
157, 159, 161, 177, 178

— mnoxcraHoBxo#t 130

— no yactsm 129

— psna, nowxennoe 81, 108, 156, 177

— — CTeIeHHOro, novaesHoe 94

— — dypoe, nounedsoe 418—419

—?quuux nuddepenunanos 269—271,

Wnterpupyemas ¢ynkuua 110, 122, 238

Wnrerpupyemocty ycnoue nas nudde-
peHIMANbHHX BHpaxkenu#t 269, 329

— —— oOynxuun 239, 332

Hcrounnku xumkoctu 232, 363

Mcrtoynukos naorHocts 363

— INpPOU3BOZHTENbHOCTE 363

AJIGABHATHHI YKASATR/bL

Kanmop 434, 447
Ka;;renbuaﬁ MIOCKOCTh K OBEPXHOCTH
6

Ksagpupyemas maockas ¢urypa 237

— nosepxHocth 311

KsaxpupyeMoctn ycnosue 237

Kaeepo 177, 272, 432, 437

Kosazesckasn 437

Komnnexcrnaa nepemennas 53

— —, npexen 53

Koopaunarseie nunum 276, 295

~— NoBepxXHOCTH 346

Kocunyc uurerpanbumfi 121

— -npeo6pasoBanue Pypre 407

—, crenenno#t pax 52, 105

Kotranrenc, pasmomkeHMe H3 INpOCTHE
Zpobu 396

Kowu 23, 51, 61, 62, 105, 107, 108,
177, 399, 404, 405, 407, 420, 433, 437,
441443, 448

—Q-gonbuano yClIO0BHe CXOXUMOCTH PAIA

— -Maxaopena npusHak 26

— npusHak 21

— reopema 30, 41

— QopMmyxna 442

Kparnuit ugrerpan 367

KpusonnHeHHbie KOOPAMHATH B NPO-
crpancTBe 346

— — — —, 97ieMeHT o6beMa 350

— — Ha mrockocTu 276

— — — —, 31eMeHT mromann 281

— — — moBepxHoCTH 295

— — — —, 9JeMeHT maomanu 310

KpuBonuselinsil uuTerpan BTOporo Tumna
219, 272, 442

—— ——— —, BHIYHCAEHHE Yepes NepBo-
o6pasnyic 271

-—2—7———, Iubdepennuposanne 269—

— — — —, HE3aBHCHMOCTh OT nyTH 266,
272, 328

— — — — 110 3AMKHYTOMY KOHTYDY 224,
265, 327

— — — —, NpHOAMKEHHE MHTErpazoM
no noMawoit 267

- — — —, CBEJEHHE
Homy uuTerpany 221

~— — — —, CBA3b C KPHBOJAHHEHHBIM HH~
TerpaioM mepeoro Tuma 228

— — nepBoro tuna 213

-— — — —, CBEeJleHHe K
HOMY mHrerpany 214

KyckoBa gepmyna 354

Kycouno-rnagkas xpusas 229, 237

~ = — MOBEPXHOCTH 303

K OObiKHOBEH~

OGBIKHOBEH=



ANIGABUTHHI YKASATRIb

K)gé)qﬂO-ﬂﬂd)(bepenuupyeman DyHKIHA
4

~— -MOHOTOHHaA (yHkuns 433
— -HenpepoiBHas ¢Qydxuusa 374
— -nocTrosHHas ¢yHkuus 414

Jlazpanoic 51, 62, 105, 106—107, 198,
203, 356, 432, 437, 440, 443

Jlansac 165

Jlebez 447—449, 452

JleBas koopaMHATHAA
302

— OpMeHTallls MIOCKOCTH 225

Jlexcandp 167, 169, 170, 174

Jlexxanapa dopmyna 174

Jetionuy 32, 103, 142, 177, 437

Jleit6uuua npasuno 142, 177

— pan 56, 103—104

~— Teopema 32, 103

Jluneftuniit uaTerpan 364

Jlobavescrcud 107, 135, 170, 176, 384,
418, 433—435

Jlorapudm unTerpaibrbift 127

Jorapudmuyeckas GyHKuus, CTEIEHHOR
pan 56, 94, 102, 103

JlorapudMos Bhiyucaeane 65—67

Jlokaansauun npunuun 383

Jy3sun 449, 450

Janyrnos 437

cucreMa 225,

MaxopanThuit pan 74

Maxaoper 28, 104, 107

Maxropena — Komu npusnak 26

— pan 51

Macca xpuso#t 212

— nosepxHocty 316

— mI0cKOH ¢urypu 257

— tena 330, 337

Mé6uyca aucr 299

Meprxamop 102

m-xpaTHuA uHTerpan 367

~— —, NpPHUBEJIeHHE K TOBTOPHOMY 368—
369

Ha6aa 360, 363, 365

Haxépasnemle Ha 3aMKHYTOM KOHTYype
225

Hayasbubie ycaosus 425

HeaGconmoTHO cxomsameecs mpousBepe-
Hue 47

— CXORAUMACA HeCOGCTBEHHHH MHTe-
rpax 118, 121

— —psan 31, 34

~— — —, HapYUIEeHHE nepeMecTATeNbHO~
ro csofictea 38

HesasucuMmocte ¢yuxuust 201—203

459

Heonpenenenunx kosdduunenros me-
tTox 96—97, 103

— MHOMMUTeneH merox 198

HenpepuisHan dynxnus 6e3 npoussoi-
Ho# 85

HenpepnsHOocTh uuTErpaza no napa-
merpy 141, 145, 157, 161

— npepensHolt Qynxuum 77, 189

— CyMMH! pana 76, 108

- — — creneynoro 90, 92

Helxi?)suouepﬂaﬂ CXOAMOCTb MHTErpana

— — (nocnenopateabHOCTH M) paxa 71

Heco6ctBennbfft  muTErpa’, aHalIoOrus
c pagamu 113

-— — nBofino#t 256257, 291

— —OT HeOrpaHHyeHHoH ¢yHKuunm 122

— — ¢ GeckoHeynnM npegenoM 28, 110

—l-——zzcxonnmnﬂc;l, pacxogauuiica 110,

— —, MPHU3HAKH cxonumocty 115, 116—
117, 119, 125—126

~ —, TeopeMsl cpaBuenns 116

— — Tpo#inott 337, 339

~——, ycaosue cxomumoctu 117, 128

HeveTHas dynxuua 389, 405

Hessueie @ynxunu 180—191

— —, reoMeTpHyecKue npuaoxeHus 185,
186, 190, 295

— —, naddepenmuposanne 191

HopMmanp K MOBEDXHOCTH, HaNpPaBlsio-
mue kocuHyew 297, 300—301, 302

HopMmanbHas oOpTOroHanbHas CcHCTEMa
dynxunt 877, 419

Hyvromor 60, 102—103, 177, 436, 441

Holoronos sakon npuramenus 217, 316,
317, 338, 355

— noreHnuan 273, 317, 318, 339

OGpamenne cucTemn dynxuntt 209

— crenenHoro paga 102

O6vem Tena B KPHBONHHENAHKIX KOOPAU-
Harax 348

-—-3;4—-— HUIMHIPHYECKUX KOOPAHHATAX

— —, BBIpaxkeHHEe MOBEPXHOCTHHIM HH-
Terpaaom 342

— —, ycaoBue cymiecTsoBanua 331

— UHIMHApHYecKoro Opyca 233, 240

~— m-MepHOro mapamienenunexa 367

— — Tena 367

— m-MepHOlt nHpamMunn 368

— — chepn 369

OfHOCBA3HOCTL MIOCKOH ofGnacrn 263

— NpocTpaHcTBeHHOM o6aactu 327, 345

OnHoCTOpOHHAA HOBEPXHOCTH 299
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Opuentauus naockoctH 225

— nosepxuocru 301, 304

— —,CBS3b C BHIGOPOM CTOPOHBI MO-
sepxuoctu 302, 304

Opneﬂmponannaﬂ naockas o6aactb 288

— — —, ugrerpaa no uelt 288

Oproronaneubie ynxunn 377, 421

OproroHanbHas CHCTEMa tpymumﬂ 3717,
409

OcuoBuas  QopMyna WHTErpaabLHOIO
ucyncaenns 112, 124, 271

Oco6aa Touka kpusoit 190

— — noBepxHoCcTH 295

Octarox psaga 13

— —, oteHka 33, 63

OcraToyHoe npoussenenne 45

Ocmpozpadexcuii 177, 207, 283, 285,
203, 341, 351, 356, 368, 384, 437,
440

Ocrporpagckoro  ¢opmyra 339—341,
362, 368

Mapamerp 137

[TapamerpHueckoe NpejcraBleHKe MoO-
BepXHOCTH 294

IMepBooGpasnaa Qynkuusa nas pudde-
peguuanmoro BhIpaxkenusa 269, 271,
32

[TepemecTHTEAbHOE CBOMCTBO a6COMOTHO
CXONAINErocs mpoussefexus 47

—-—-——paga 36

TMepuoauveckan ¢yukuua 371

—— —, UHTErpan no mepuony 379

Tlnockoe yCTaHOBUBIIEECH JBUKEHHE
wupkoctd 230, 273

MaoTHOCTL dnHelHas 212

— o6bemuas 331

— noBepxHocTHas 257, 316

Maowaas xpusod nosepxuoctu 307—
311

— NIOCKO! UrypHl B KPUBONMHEHHBIX
koopauHarax 281, 283

— — —, BBIPaXeHHe  KPHUBOAMHEHHBIM
nHTerpaioMm 263

HO%%pXHOCTHbIﬁ HHTerpan BTOpPOro Tuna
3

— — — —, HE3aBHCHMOCTb OT (OPMHBI
NIOBEPXHOCTH 345

~— —-— — 10 3aMKHYTOH MOBEPXHOCTH
345

— —-——, CBeJleHHe K
321, 323

— —— —, CBSI3b C MOBEPXHOCTHHIM HH-~
Terpajaom nepsoro tuna 322, 323

— —nepBoro tHma 313

— ———,CBejeHHe K [BOfiHOMY 313

ZIBOHHOMY

ANGABUTHBIN YKABATEJD

[MosepxnocTb Bpamenus 298, 312

— yposHa 357

HosTopuni#t uHTerpan 234, 247, 251,
291, 356

HoxaaaTeanan (GyHKUHA, CBA3b C TPH-
TOHOMETPHYECKHMH 53

— —, cTenenHo# pan 52, 103, 105

— —'B KOMMIEKCHON 06racTu 53, 55

[lonHoTa OPTOroHANBHOM CHCTEMBL ‘pym(-
unit 417

-— TPUTOHOMETPHYECKOH CHCTeMB! (DYHK-~

nui 416
HoaspHble KOOPAKHATH B IPOCTPAHCTBE
347

— —-— —, 3IeMeHT oGbeMa 351—352
[TongpHbe KOOPIMHATH Ha MAOCKOCTH
277

— —— —,3%eMeHT maomany 281, 285
Mocaen0BaTe bHOCTb (DYHKUMOHATAbHAS

— —, npeneapHas Qynknus 69
[loTeruuan HBIOTOHOBCKUH, CO3JaHHBIHA
MaTepHanbHOR MoBepxHocThio 317

— —, — MaTepHanbHO# Touxol 273

— —,— ctepuyeckuM croem 318

— —,— renaom 339

HMotennuaabHan ¢ynkuua 272, 366

[Motennuanbuoe none 272, 366

[ToTok BexTOpa Yepe3 mMOBEPXHOCTHL 361

— tenna 362

— —, BexTop 361, 362

[Mounennoe numtpepenunposaﬂne paxa
84, 95, 97,

—nmerpuponanue psaga 81, 94, 108,
156, 177

— —— Pypoe 418—419

— cloxeHne papos 14

— yMHOXeHue psagos 40, 55

HO':)JICHHBIFI nepexofx K mpefieay B paje
7

[IpaBas koopauHaTHaa cuctema 225, 302

— OpHMeHTalus MIOCKOCTH 225

[Tpenenbnas QYHKUHMs, HENPEPHLIBHOCTH
77, 108, 139

Hpenenbﬂme ycaosus 425

[IpeneanHuft mepexopx B WHTErpane mo
napamMeTpy MOJ 3HAKOM HHTerpaisa
83, 140, 155—156, 161

— —— psle, nounennsift 79

[TpeoGpa3oBanne NIOCKUX oGnacrelt 274

— NIPOCTPAHCTBEHHBIX oGiacTell 346

r[%lagnnmeﬂne ¢ yHKUHMH paBHOMEpHOE

— —B cpenHem 409
[Tpu6ankeHHble BLIYMCIEHHS C [0-
Mompo psanos 62—67, 83, 95, 103



AIOABUTHHI YKA3ATE/b 461

IMpunoxenna Kk Mexanuke H ¢u3nKe
HHTerpana asoHHoro 257—260

—————— KPHBOJAMHENHOrO BTO-
poro tuna 230, 232, 272—274, 364

——————— nepeoro THma 212,
217—218, 230, 231, 364

—————— NOBEPXHOCTHOry 316—
318, 343—345, 361, 363

—————— Tpo#tHore 337—339, 355

[puTsxeHne MaTePHATLHON TOUKH KDH-
Bolo 217

— — - 7I0OBepXHOCTHI0 316

— —— cepuyeckum caoem 317

— — —ctepoli 355

— —— teqaom 338

Tlpoussenenne GeckoneyHoe 43

— — a6comoTHO cxopameeca 47

— —, npeo6pa3oBanue B pay 48, 49

— —, NPU3HAKH CXOXMMOCTH H Pacxo-
ouMocTy 46—47

— — pacxopsameecs 44

— —, CBA3b C paAfamu 46

-— — cxoasameeca 44

— —— octatoyHoe 45

— yacTuyHoe 43

IMponsBognas QYHKUUE KOMIJIEKCHOM
nepemeHHolt 444

— — 10 3aJaHHOMY HanpasieHu 358

— — — o6aacru 246, 334

Ilpocras kpusas 212

— NOBEPXHOCTH 295

IpocrpancTBo BekTopHOE 419

— Mmerpuyeckoe 451

Ilpocthie xpo6w, pasnoxenve Gynkuut

105, 162, 396

ctgx u !
g sin x

ITyanxape 437
ITyacron 435, 437

Paabe 24

— NpHU3HaK 24

Pa6ora cunosoro moas 229, 272, 364,
366

PaBHOMEpHas CXOXUMOCTb MHTerpaia
148, 152

— — —, npussakyu 150, 151, 153

— — —, ycaosue 150, 153

— — (nocaeRoBaTeNbHOCTH M) paxa 70,
109

———, NpH3HaK 74

~— ——, ycaoBue 13, 74

— — — crenesnoro 90

PaBHOMepHOE CTPEMIEHHE K ipeieAbHOM
¢ynxunn 138

————— , ycnosue 138

Pacxopumocts 362

Pacxonsmteecs 6eckoneynoe mpoussee-
Hue 44

Pacxonammiica HecoGCTBEHHBII HHTe-
rpan 110, 122

Palc()](ozmmuxca PAIOB CYMMHpOBaHHe

Punan 49, 108, 263, 382, 384, 434, 435,
441, 443—444 448

Pumana reopema 38, 108

Porop 365, 366

Pan Geckoneynniit 11

— rapmonuyeckuii 16

— runepreomerpuyeckuit 107

— 3HAKOMEPEMEHHbIN 32

— KOMIIIeKcHbilt 54, 105

— neft6runeBckoro Tuma 34

— MHOroY1eHOB aiare6panyeckux 98

—- — TPHTOHOMEeTpHYecKux 397

— pacxoaswubica 12, 104, 105—106

— cxopamuitca 12, 106

— — a6conioTHO 30

— — Hea6conoTHO 3]

—, ocratok 13, 14

—, cymMma 12

—,~— yacThyHas 11

-—, YCIOBHE CXOOUMOCTH 29

— (DYHKUMOHAUbHBIH 68

~— cu. marosice Crenenno#t pan, Cxonu-
MOCTh GeCKOHeyHoro psma, Tpuroso-
MmeTpuyeckuii psap, Teiinmopa pan,
Pypbe pan

Cunopas ¢yHxuus 272, 356

Cunosoe none 357, 366

Cunyc, GeckoneyHoe npoussenenve 105

— HHTerpanbubifl 121

— -npeo6pasoBanne Pypbe 407

~—, pPasnoxeHue o6paTHOH BEIHYMHBI Ha
npoctele xpo6m 135, 162, 396
—, CTenenHol pax 52, 103

Ckaasp 356

Cxansaproe noxe 357

— npoussenenne 357, 421, 424

ConeHoupanbHoe none 363

Conun 446
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